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PREFACE 


The  following  pages  contain  solutions  to  all,  or  nearly 
all  tie  problems  and  exercises  giren  in  the  Author's 
Elements  of  Algebra.  I„  many  oases,  two  or  more  soktions 
of  the  same  problem  are  offered,  so  as  to  afford  the  student 
additional  illustrations  of  the  best  and  neatest  modes  of 
worhng ;  and  of  the  application  of  artifices  employed  by  the 
experienced  algebraist  in  order  to  obtain  a  required  result. 
On  this  account,  also  nearly  every  operation  has  been 
giren  at  full  length. 

The  Author  hopes  that  the  Key  will  prove  serviceable 
to  the  many  who  are  privately  prosecuting  the  study  of 
Algebra,  or  endeavouring,  without  the' aid  of  a  iivin- 
teacher,  to  prepare  themselves  for  entrance  into  our  Univer" 
cities;  and  that  it  may  likewise  be  of  advantage  to  those 
teachers  whose  school  duties  are  so  many  and  varied  as  to 
render  them  unable  to  devote  (o  the  subject  that  time  and 
Btudy  which  long  and  intricate  algebraic  solutions  in 
general  require. 

Toronto,  October,  18C4.  \y 
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KEY 


ELEME]!^TS  OF  ALGEBRA. 

Exercise  IV. 

2.  3^-3  X  3  =  27-9  =  18 
^.   1x2-1-3x4  =  2  +  12  =  14  " 

4.  =12  X2''- (3-1)  =1x4-2  =  4-2-2 

5.  V2  +  3  +  4^9  =  3 
•^.  0  •. 


M' 


7.  6  X  (1  -  3^)  =  6  X  (9  -  1)  =  6  X  8  =  48  | 

8.  (2'x4^-3x0)^  =  (4xl6)'  =  (^^2,  4^=16  ^ 
V    9.  (1+  2)  X  f4  -  0)2  =  3  X  42  =  3  X  16  =  48  H 

10.  4{l-(4-3)}'=4(l-l)'  =  4x0^  =  4x0  =  0  1 

11.  6cti=  2  X  3  X  4  =  24                               •  ; 

12.  (4^  -  2  X  3)2  (3^  -  2  X  3  X  4)3  =  (16  -  6)^  (27  -  24)^  \ 
^  lO^x  33=  2  700  i 

I  •>     111  ^i.,            6  +  12  +  1         3          3        6  ^ 

1 

14.  14x1 -(3x2 +  3)=  14-9=5;  42-2(2  +  3)=  16-  10      1 

=  €,  and  5  <  6  ' 


^  KEY   TO  [Ex.  IV. 

15.  Each  =  0  •.•  ffi,  one  factor  of  each,  is  equal  0 

16.  yix  4x27-4(2  +  4)3  =  Vl08  -  4  x  6  x  3  =  V36  =  G  • 
V(2  +  3)  x(16  +  9)  =  ^5  X  25  =  -^125=  5,  and  6  >  5 

1  x4x27-2x4      108-8      100 
^'      1  +  2  +  3  +  4     =  ""lO""  =  To"  =  ^^'  and  2  X  (2  +  3)  +  0 
=  2  X  5  =  10 

18.  1  ^  9  +  0  -  (4  -  3)^     ^  9-1^  _  J_      £  _ 

'  >?/2(l(3  +  9)+2(3  +  4)     ^'2~x25  +  2ir7~<^64"   4    "   ^' 
and  [4  X  3  -  (4  +  3  +  2  +  1)}  =  12  -  10  =  2 

19.  (2-2)(3+8-3)  +  {2  +  (12-6)]-4(6-6)-[l8-(9  +  l)j 
+  {8-(3  +  4)xl]2;  =  0  x8 +  (2  +  6)-4x0-(18-10)  +  (8-7)x2  ; 
=0+8-0-8+1x2=1x2=2 

20.  (9  -  1)(4  -  0)  +  0  +  3  [1  +  3  (4  -  3)]  =  8  X  4  +  0  +  3  (1  +  3) 
=  32  +  3x4  =  32  +  12  =  44. 

21.  {(l-2)  +  (3  +  4)f  +  {(3+0)-(2-l)}3-((0  +  4)  +  (4-3)p 
=  (  -  1  +  7)2+  (3  -  1)3-  (4  +  l)2j  =  62+  2«-  52=  36  +  8.-25=  19 

23.  V(l  +  3)x4"  +  ^9x(l  +  2)  +  [2(4  +  6)2+(28-12)}^-(24  +  l)^ 

-  V4^4  +  V9ir3  +  (2  X  102+  ig)^  _  (25)i  =  ^Iq  +  8/J7  +  8/215 

-  (V25)3  =  4  +  3  +  6  -  53  =  13  -  125  =  -  112 

-_    7xV0  +  3V4-(8  +  12)      36  -  28  +  (64 X (1  +  3)}^        

0  +  6-20      36-28  +  V256        _        14      24 

-  2  +  0     +  rx~2 -'^8  =  --2-  +  --2  =  -7  +  6-2  =  -3 

24.  ^2(1  +  2)}  -  i  (6(3  +  l)]  +  i  {(3  -  2)(2  +  3)]  +  }  {(4  +  3) 
(I  +  6-6  +  4)2}  =  J(2x3)-i  (6x4)  +  Hlx5)  +  U7  X  25) 
=  2-6  +  1  + 25  =  22 

3(l  +  2-3)Hll{(3+6)(2-2  +  2)|    |(l  +  12)2-(27+10)-(3+4)}^ 
{(9  +  2)-V4](4  +  3  +  4-0)     +  o+V36-i 

,  (4+12-8)(4  +  3)  _  3x0=^+11(9x2)      (169-37-  7)^      8x7 
7(4  +  4)^        "(ll-2)(U-0)+  6-ri  +7^8 

11x18      (^125)2     56  52 

=  -9rir  +  --5— +5^  =  2+--+l  =  2  +  5  +  l=8^     . 


25. 


^^-  ^.  iiJ  ]  ALGEBRA.  7 

Exercise  IX. 

1-  a  +  7/r-c  +  6  +  5-;/i-a-g  +  c  +  3-5c-  in\  14  -ni-5c-e 

2.  a-b-c-b  +  c  +  a-c  +  b  +  a-a-b-c=2a-2b-2c 

3.  3a  -  4  -  6y  +  X  -  5a  +  i  +  6y  -  3a  +  4  -  6  =  X  -  5a  -  2 

4.  6  +  (  -  {  -  (  -  [  -  (a)  J  )  I)  .  6  -  {  -  (  -  {  -  (m)  j  )  } 
C  +  (  -  [  -  (m)  }  )  =  6  -  [  -  (m)  j  =  6  +  (m)  =  6  4-  w 

5.  2a-3c+4(i-5(i-f-(w  +  3a)  +  5a-(-4-rf)-3a  +  (4a-5i-4) 
2a  -  3c  +  4'i  -  5i  +  m  +  3a  +  5a  +  4  +  rf  -  3a  +  4a  -  5(/  -  4 
Ha  -  3c  -  5d  +  m 

G.  w2  -  c2  +  a2  +  7n2  ^  2a^  +  2a^  -  m^  -  5^2  +  c"  +  d' -  c^  +  3in^ 
2a^  -  m2  -  c2 

7.  1  +  1-1  +  1  +  1-1  =  2 

8.  a2+2x-a2+a2+2x2-2/n2+M2^a2+2j:  +  7/i3  +  3a2+3x  +  3//i2 
5a^  +  7x  +  2x2  +  3^,j2_ 

9.  a'^^ftc  +  3c-  +  3a26c  -  m  -  c  +  4a2&c  +  c  -  Sc^  _  ,;i  =  Sa^ic  -  2m 

10.  3a-2a-l+a-2  +  a  +  l-a-2a  +  2+a+l  =  a+l 

11.  -a-6-c  +  a-c-c  +  a+ 2a -36 -2c- 36 -a-6-c-a 
a  -  86  -  6c 

12.  aw -c-  7  +  5-  '/a/?i  +  c  +  3a+5a»i-4u;n-6  +  c-9-3c-4a 
-  a  -  5aiii  -  2c  -  1 


-  7a/ 
17^ 


Exercise  XIT. 
1.  3am  -  3x  +  3?y  +  5ax  +  15ay  +  2a?a  -  2my  +  4aar  +  4x 
=  5'iin  +  x^  3y  +  0ax  +  l5ay-2my  =  5a7n  +  x  +  0ax  +  3y+15ay-2'my 
■-  5am  +  ( I  +  9a)x  +  (3  +  ]  5a  -  2m)y 

2.  a//i  -  7/ix  +  my  +  3inx  +  3(/j;  +  4a  -  4y  +  3a?/  +  3zy  =  am  +  2.'/ix- 
+  /«7  +  3:7x  +  4a  -  4?/  +  3^7/  +  3xy  -  4a  +  aw  +  2ma:  +  3a.r  +  3xy 
-  47  +  my  +  3ay  =  (4  +  m;  a  +  (2m  +  3a)  x  +  (3x  -  4  +  w  +  3a)  y 

3.  7a  +  76  -  7c  -  56  -  5j:  +  56c  -  3m  +  3a  +  3c 

=  10a  +  26  -  4c  -  5x  -  56c  -  3m  =  10a  -  5x  -  56c  +  26  -  4c  -  3m 
=  5  (2a  -  a;  -  6c)  +  2  (6  -  2c)  -  3m 
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KEY  TO  [Ex.  XII,  xviii. 


4.  ax  +  mx  -  Zamxy  -  ^cxy  +  2a2/2-  2cmu'^-\-  ax  +  ai/  +  cxy  +  axy 

=  2ax  +  mx  -•  3ania:r/  -  2cxy  +  Sai/^  _  2cm^^  +  axy  -  by'^  -  fi/ 
=  2ax  +  mx  -  Zamxy  -  2cxy  +  axy  +  3ay'^  -  2cniy^  -  by^  -fy^ 
=  (2a  +  7n)  x-  (3a7»  +  2c  -  a)  xy  +  (3a  -  2cin  -  6  -/)  y^ 

5.  Say  -  Zby  +  3cy  -  2mx  +  ex  -  3amx  -  Zamy  +  Zamz  -  (3amx 
+  3amy  +  Zamz  +  2cx.+  2cz  +  acy  -  acz)  =  Say  +  3by  +  3cy  -  2m£ 
+  ex  -  iamx  -  Samy  +  3a7nz  -  Samx  -  Samy  -  Samz  -  2cx  -  2c2 

-  acy  +  acz 

=  Say  -  3by  +  Scy  -  2mx  +  ex  -  Qamx  -  Gamy  -  2cz  -  acy  +  acz 

-  Say  -  Zby  +  Zcy  -  Gamy  -  acy  -  2»ix  +  ex  -  Gamx  -  2cz  +  acz 
=  (3a  -  36  +  3c  -  Ga7n  -  ac)  y  -  (2m  -  e  +  Gam)  x  -  (2  -  a)  cr 

e.  llamy  +  llbmy  -  Saxy  +  Sbxy  ^Zcxy  -  (2acp  +  2acxy  -  3c?n 
+  Gcxy  -  3cy2  _  3ay  -  3ac) 
=  llamy  +  llbmy  -  Saxy  +  Sbxy  -  Sexy  -  2acp  -  2acxy  +  3c?7i 

-  Gcxy  +  3cy2  +  3ay  +  3ac 

=  llamy  +  ll6my  +  3cy2  +  Say  -  Saxy  +  36xy  -  2acxy  -  9exy 

-  2acp  +  Scm  +  Sac 

=  {11  (a  +  b)m  +  3  (cy  +  o)}  y  -  |3(a  -  6)  +  (2a  +  9)c}  xy 
+  3  (m  +  a)  c  -  2acj» 


Exercise  XVIII. 

l-^Ka  -b)  +  c]{(a  -  6)  -  c{  =  (a  -  by  -  c^  =  &c. 
{a  -  (6  -  c)}[a  +(b-  c)}  =  a^  -  (b  -  c)^  =  &c. 
[a  +  (6  4-  c)]{a  -  (6  +  c)}  ■=  a^  -  (b  +  c)^  =  &c. 

2.  [4  f  (3a  -  2c)}{4  -  (3a  -  2c)|  =  16  -  (3a  -  2c)2  =  &c. 
j2a  -  (X  -  3m2)}{2a  +  (x  -  3m2)}  =  4a*-^  -  (x  -  Sm'^y  =  &c. 
|2xy  +  (2a  -  3y)}{2xy  -  (2a  -  3y)}  =  4x'Y''  -  (2a  -  3y)2  =  &c. 

3.  {(2a  -  3c)  +  (2x  -  3y)}  {(2a  -  3c)  -  (2x  -  3y)|  =  (2a  -  3c)' 
-(2x-3y)2=  &c. 

\(a  +  3d)  +  (2c  +  4m)|{(a  +  3d)  -  (2c  +  4m)]  =  (a  +  3^/)^-  (2c  +  4m)» 
-&c. 
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4.  {(3a  -  m^)  -  (2  -  xy)}  {(3a  -  m^)  +  (3  -  xy)\  =  (3a  -  m^ 

-  (2  -  xyy  =  &c. 

{(2a2  -  3x2)  ^  (i  ^  y2)}{(2a3  -  3x^)  -  (1  +  y^'jj  ^  (2a2  -  3x2)2 

-  (1  +yT=  &c. 

5.  (5a6  +  6a2  -  662)  _  ^4^2  _  iQ^b  +  iQb-)  -  4(9  -  0=)  -  4(4a2 

-  iab  +  b-)  -  5ab  +  ed^  -  66^  -  4a2  +  I6ab  -  IQb^  -  36  -i-  4a2  -  ISa^ 
+  16a6  -  46^  =  &c. 

6.  (2iaxy  -  lea^  -  Ox^yZ)  +  3(4a2+  4ax]/  +  x^j/a)  -  1(xY-  9a^) 
+  4(4a3  -  I2axy  +  9x^y)  =  24ax?/  -  lea^  -  Qx^j/^  +  I2a2  +  12axy 
+  3x2y2  _  ^xY  +  t>3a2  +  13^2  -  48ax(/  +  36x2j/3  ^  ^^^ 

7.  (1  -  x2)(l  +  x2)(l  +  X*)  +  &c.  to  1  terms  =  (1  -  x^){l  +  x*) 
(1+  x«)  +  &c.  to  6  terms  =  (1  -  x^)(l  +  x8)(l  +  x^S)  +  &c.  to  5 
terms  =  (1  -x^6){l  +  x^^)(i  +x32)  +  &c.  to  4  terms-  (t  -  x^^) 

(1  +  X32)(l  4-  X64)  =  (1  -  X'54)(l  +  X6*)  ^  1  -  X^28 

8.  Product  of  first  two  terms  =  a^  -  x'^y'^;  of  first  three  terms 
=  a*  -  x*^* ;  of  first  four  terms  =  a^  -  x^y^,  and  so  on. 

Now  the  index  of  each  term  in  the  product  of  the  first  two 
factors  =  2  =  21  =  22-1 

Index  of  each  term  in  the  product  of  the  first  three  factors 
=  4  =  22  =  2^-1 

Index  of  each  term  in  the  product  of  the  first  four  factors 

-  8  =  2^=  2*-i,  and  so  on 

Therefore  the  index  of  each  term  in  the  product  of  n  such 
factors  ^  2"  -  1  .-.  (a  -  xy)(a  +  xyXa^  +  xY)  ....  to  n  terms 
=  a-         -  (xyf 


Exercise  XIX. 
\4.  (a»J-6«)(a»-63)  =  &c. 

5.  (a'*)3  -  (x^  =  (aCx3)(a6  +  a'x^  +  x^)  a  &c. 

7.    (a2  +  /7l2xZ)(tt2_,rt2x2)  =   &C. 
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KEY   TO  [Ex.  XIX 


8.  (2ay  +x^  =  (2a  +  x){(2a)*  -  (2a)^x  +  (2a)2x^  -  2ax»  +  x^\ 
=  &c. 

9.  3*  -  (2c)^  =  (3^  +  (26)^}{32 .  (2cyi  =  (9  +  4c^)(3  +  2c)(3  -  2c) 

10.  (3/n)«  -  (2c)5  =  (3//1  -  2c)[(3/ft)*  +  (3m)\2c)  +  (3?/i)-(2r)? 
+  (3/«)(2c)3  +  (2c-)4}  =  &c. 

1 1.  (a'y  +  (x-'y  -  (a'  +  a;7)(aii  -  a^z;'  +  x")  =  &c. 

12.  (a4)s  +  (m^y  =  (a<i  -h  m^Xa^^  -  ai^/^i*  +  a^w^  -  a%i^+  m '  f^) 

13.  (c«)«  +  (a;'')3  =  &c. 

14.  (a;io)«+(nii'^)^=(xi"  +  m'0)  (a;2o  -  a:iO/7iio  +  m^o)  =  &e 

15.  (^2-*+  c24)(ai2+  ci^)((i6  4-  c6)(a3-H  c^)(a^-c'') 

^  {(a^y  +  (c^y]l(a^r  +  (c^yiKay  +  (c^y](a'  +  c3)(a3  -  c')  =  &c. 

IG.   (a^'^y+  (m^-y  =  &c. 

17.  (a54  +  c5-*)(a27  +  c27)(a27  _  c"^)  =  {(a^^^y  +  (c'«)«} 
{(a^y  +  (cy}{(a^y~  (c^yi  =  (a^^  +  ci«)(a36  _.a»«c^8  +  c's^) 
(aS  +  c9)  (a^8  -  a9c9  +  c^^)  (a^  -  c^)  (a^^  +  a^c^  +  c'') 
=  [(a6)a+  (c6>^]{(a3)3  +  (cy}{(ay  -  ((^y](a"-^  -  a'^c^^  +  c-^e^ 
(ai  8  _  a9c9  +  ci  8)(a' »  +  a^^c^  +  c' »)  =  (a^  +  c^Xai^  _  a«c6  +  ci^) 
(a^-r  c3)(a6  -  aV  +  c^X"-^  -  c'*)K  +  a'^'  +  cQ)(a^^  -  a^^c-i^ 
+  c36)(ai8  _  ^^9^9  +  ci8)(ai8  +  a^c^  +  c'^)  =  {(a^  +  (c'^yj 
(a^  +  c')  (a3  -  c3)  (a3  6  _  a^B^is  +  ^sc)  (^^^  -  a^c^  +  c^^) 
(a'«  +  a9c9  +  ci«)(ai2  »  a6c6  +  c^-'X^'S  -  aV  +  c^)(a^  +  a^c^ 
+  C*')  =  &c. 

18.  (m^^y    +    (C48)3    =    (^m^B     +    ^48)     (,^96    _    ^^,48^48     ^    ^90^ 
=  f('/il6)3  ^  ((,.16)3|(^96  _  ;;i48c'^«  +  C96)  =  &c. 

19.  (a^y  +  (/7i2)7  =  &c. 

20.  (a^-m^^y-(p^^y^   K^?;i27_^i7)(,,54/,,54  +  „27;,,2r^27 
+  ;>'•«)  =  {K»l^)'-(P^)'|(a5=«m54+ai7^27^27+^54)  =  (^9„,9_^9) 

(ai^wi^s  +a9mf'i>9  +/J^8)(a5'«»i5't  +  a2  7;;i2  7p2i  ^.^54)  ^  ^^^a^f^y 

-(;^3^>='](al^m^8+tt9^9p9+^18)(^54^54+a27,^27^27^.^o4)=&C. 


^-  ^^  J  ALGEBRA.  Jl 

EXERClSfl   XX. 

1.  a-£+x-a-ai-a  +  a-x  +  a-'X-a~a-2x 

2.  3(a2_  x'O  -  2(rt2-  4a.r  +  4z'0  -  (12a:c  -  Da^-  4a;2)  - 4(9x2-  a^) 
=  3a'-  3x^-  2a' +  8ax  -  Sx^  -  Uax  +  da^  +  Ax^  -  36a;2  +  4a^ 
-  14u-'-43x2-4ax 

<^>  (5) 

-a^x^-P-x^^i  -a"-ix-a»-2a;2 


;+  m 


(7)  ^«-2x2  +  a«    3^3 

1  -  1)  1  (1  +  1  +  1  +  1,  &c.  ^^^^^^^"^^r^V&c^ 

1  -  1 
+  1 
1-1 


1 

1  -  1 


8.  (a^  +  x^)  (a^  -x9).  |(a3)3  +  (^^y^  ^^^sy  _  (^3^3|  ^  (^3  ^  ^a^ 
(.t^  -  x-0(a6  -  a3  x3  +  x6)(a(5  4-0^x3  +  ^6)  =  &«. 

0.   a-^  ?;i^  (a*  x'  -  4^2  x;,  +  4p')  =  7^2  a;2  (^2  ^  _  3^5)2^ 
-\  '^~^'^l  +fo  -  f(2{3  +  ^^y+Jl-jl2(3^+  4)  +  1  j 

^^-0  o  +  V'i(i2TTy^'^T^2T3Tr) 

v.;  i  _  '^_L*j:iZii)_:L(?i±l)  ,   C       (169  +  6)-85 
1-i  V^^-  3-6  12""        y49-6 

1       175-85       1 

=  T--7:r^=Y-9o  =  -.89i 

(11) 

1  +  2-^3  +  2  +  1  1  +  2  +  3  +  4. 

1~2  +  1  1_2  —  3 

i  +  2  +  3  +  2  +  1  i  +  2  +  3  +  4 
-2-4-G-4-2  -2-4-G-8 
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KEY   TO 


[Ez.  XX. 


1+2+3+2+1 


3-6 


12 


1+0  +  0-2+0  +  0  +  1  1  +  0-4-8- It -12 

x^  +  Ox«  +  0a;4-2x3  +  0cc2  +  0a;+  1   a^^  +  Oa^b  -  Aa^P-  Sa^b^^llab*-  126« 


x^  -2x^+1 


ia%'^-  Sa^b^-  llab^-  I2b^ 


(12) 


x^  +  Ox^  _  (a2  _  5  +  c)  x^  +  (a6  +  ac)  x  -  6c  +  xH  ax 


1  +  0- 

(a-^. 

■b  + 

c) 

+  (a6 

+  ac)  -  be 

-a  + 

a^ 

-ab 

+ 

c 

-  ac 

+  bc 

1 

-  a 
+  c 

1-0+6  =  a;2  -  ax  +  6. 

13.  (a64  _  7ft64)  ^-  ^^^2 4-  m=*2)(a»2  _  m«'0  =  (a^^^.  ^82>)(„i6  +  ^1 6^ 
(a'6  -m^6)=  &c. 

U.  (a2+  c2)  X  4^'!  factor  =  a22  +  c'^^  •  (a  -  c)  x  S^h  factor  =  a"  -  c^^ 
and  (a  +  c)  ^  last  factor  =  a>^  +  c".  Hence  required  value 
=  (a"  -  c")(a^^  +  cii)(a2i!  +  c^^)  =  (a22  _  c=«)(a22  +  c^-')  =  ^44  _  ^44 

15.  a  +  6  =  0  and  a  =  I  .-.  6  =  -  ^  ;  a  +  6  +  c  =  0,  and  a  +  6  =  0 
.'.0  =  0',  Hi- (^  mi  =  i  (i  -(_>)}=.  (I  +.)  =  i  X  ^  =  ^ 

16.  aS-  6»-  3a26  +  3a62  +  Sa^b  +  3a62  +  a=»  +  6^  ^  2a3  +  6a6^ 
=  2a  (a2  +  36^) 

17.  3  (a  -  wi)2  -  2  (4a^  -  Dw^)  _  (io//i2  +  q^/^i)  +  7  (a2  -  7n2) 
+  (lOa/zi-  47ft2)  ^  3^2  _  Ga7M  +  Bni^  -  8a^  +  IBwi^  -  lO/n'2-  6am 
+  7a2  -  7m2  +  lOawi  -  4m2  =  2tt^  -  2a;/i  =  2a  (a  -  m) 

18.  =  ml(m  -  2a){m  -  26)  +  (m  -  26)(m  -  2c)  +  (m  -  2f)(m  -  2a)| 
=  »i{(6-a  +  c)(a-6  +  c)  +  (a-6  +  c)(a  +  6-c)  +  (rt  +  6-c)(6-a+^)] 
=  ot{c2  -  (6  -  a)2  +  a2  -  (6  -  c)^  +  6^  -  (a  -  c)^} 

=  m(c2  -  62  +  2a6  -  a^  ^  ^^2  _  ^2  ^  26c  -  c^  +  6^  -  a^  +  2ac  -  c^) 

=  7n(2a6  +  2ac  +  26c  -  a2  -  6^  -  c^) 

=  ;n(2a6  +  2ac  +  26c  -  a2  -  6^  -  c2  -  4a6  +  4a6) 

=  ffi(2rtc  -  2a6  +  26c  -  a^  -  6^  -  c^  +  4a6) 

=  m{(c  -  a  -  6)(a  +  6  -  c)  +  4a6]  =  m{(c  -  a  -  6)(a  +  6*+  c  -  2c)  +  4a6} 

=  w{(c  -  a  -  6)(m  -  2c)  +  4a6}  =  m{m(c  -a-b)-  2c(c  -  a  -  6)  +  4«6| 

^  8abc  +  m^(c  -  a  -  6)  +  4a6ni  -  2cm (c  -  a  -  6)  -  8a6c 


Ex.  XX,  XXII  ]  ALGEBRA. 
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=  8abc  +  m\in  -2a-  2b)  +  Aabm  -  2c7?i(m  -  2a  -  26)  -  8abc 
=  8abc  +  viQa^  -  2am  -  2bm  +  Aab)  -  2c(ni^  -  2am  -  2bm  +  4ab) 
=  8abc  +  (»i  -  2c)(m2  _  2aiii  -  26»i  +  Aab) 
-  8abc  +  (ffi  -  2c) (/n  -  26) (m  -  2c) 

EXBBCISE  XXI. 

1.  36  X  6ab^m,  and  4am^  x  Gaft^/n. 

2.  Sa^m^  X  Ta^,  Sa^wi^  x  6am,  and  Ba^in^  x  Sm^. 

3.  axy(8ax  +  Urn  -  Zam'^x)^  and  a:y(5  +  3a  -  Ua^x). 

4.  (x2  -  mx^)  +  (2x  -  2mx),  and  (x^  +  4r  +  4)  +  (ax  +  2a) ; 
thati3ofx2(l  -m)  +  2x(l  -  w)  ;  and  ("x  +  2)2  +  a(x  +  2)  ;  that  is 
of  (x2  +  2x)(l  -  m),  and  (x  +  2)(x  +  2  +  a)  ;  that  is  of  x{x  +  2) 
(1  -  7n),  and  (x  +  2)(x  +  2  +  a). 

5.  That  is  of  3a2(a  -  x)(a  +  x),  and  4a2x2(a  -  x)^ ; 

6.  That  is  of3m\a^-in^)(a  +  m)]  Am\a^-m^y,  Sind 4m\a^ -  ni^) 
(a-m);  that  is  of  3m^  (a^  -  m^Xa^  +  am  +  nv")  ;  4?«.3  (a^  -  m^, 
and  4/n2  (a^  -  m^)(a  -  wi) 

7.  That  is  of  (x  -  Y)(x  +  3)  ;  (x  -  7)(x  -  5),  and  (x  -  7)(x  +  12) 

8.  That  is  of  a\x  -  1  y,  and  a'^(x  _  l )  (x  -  2) 

9.  That  is  of  (x  +  4)(x  -  1) ;  (x  -  1)2,  and  (x  -  l)(x  -hi) 


Exercise  XXII. 

(1)  (2) 

a'2-x.6)x2-5x-14(l    2x3-12a;2+21x-10)x*-8x'+21x2-20x  +  4 


-4x-8 

-4(r  +  2) 

z  +  2)x2-x-G(x-3 
x2  +  2r 


2 

2x*  -  16x3  +  42x''^  -  40x  +  8(x  - 
2x*- 12x^  +  21x2-  lOx 

-2 

-  4x3+21x2-30x  +  8 

-  4x»  +  24x2-42x  +  20 

-    3x^+  12x-  12 
3x-6  -3(x'^-    4x  +  4) 

3x  —  6 


-4a;^+ 13a;- 10 
-4x2+  le-c^jg 

-3x  +  6 
-  3(a:  -  2) 
X  -  2)x2  -  4x  +  4(x  -  2 
a;2-2x 

-2x  +  4 
~2x  +  4 

3.  (a^  -  ax)  -  Oa  -  U),  and  (a3  _  «2^)  _  (3^  ,  3^^ 
a(a  -  X)  -  7(a  -  x),  and  a2(a  -  a:)  -  3(a  -  x) 
(«-7)(a-x),  and(a2-3)(a-a:) 

4.  x(x^  +  a;  -  12),  and  x\x  +  4)  +  5(x  4-4) 
^(x  +  4)(x  -  3),  and  (x^  +  5)(x  +  4). 

5.  a^-ab^2b-')a'^3ab  +  2b\l 

d^-ab  ~2b'^ 
^ab  +  46^ 
-26(a-26) 
«- 26)a2_a6 -262/34.  J  ^ 

a2-2a6  : 

c6  -  262 
ab  -  262 


6.  a2  .  5^6  +  462)a3  _  a%  +  33^2  ^  3^^^  ^  ^ 
o^  5a26  +  4«62 

4a^b  ^  20a62  +  ig68 
19a6^-  196» 
1962(a-6) 
a  -  fc)a2  -  5ab  +  AU^a  -  46 

-Aab  +  Ab^ 
-  4a5  +  46« 


£^-  x^ii  ]  ALGEBRA. 

7.  IXejectiug  the  factor  2  from  the  first  quantity 

60x6  _  36a;5  +  i88x*  -  84x3  +112x2 


(4x2-28 
15a'4-9x3+47x2_21x  +  28)60x6_36x5+48x^-45x3+42x2-45x  +  12 


-  140x*  +  39x3  -  70  x^  -  45x  +  1 
3 

-  420x*  +  117x3  _  2ioj2  _  i35x  4.  35 

-  420x4  +  252x3  -  1316x2  +  588x  -  784 


-  135x3+  1106x2-  723x  +  820 
135x3  -  1106x2+  723x  -  820)15x*  -  9x3  +  47^2  _  21  c  +  28(x  +  205 
9 


135x*  -  81x3  +  423X-2  _  i89x  +  252 
135x4  _  ii06a:3  ^  ^23x2  -  820x 

1025x3-  300x2 +  631X  +  2"2 

27 

27675x3  -  8100x2  +  1  7037x  +  6804 
27675x3-226730x2+  14821 5x-  168100 
2 1 8630x2-  l"31l78x+  1749<  4 
43726(5x2 -3x  + 4) 
8x2  -  3x  +  4)  1353.3  _  1 106x2  +  723x  -  820(27x  -  205 
135x3-      81x2+1083; 

-  1025x2 +615X- 820 

-  1025x2 +  615X- 820 


8.  That  is  of  2t(3a3  -  Ba'y  -  7/  +  ay^),  and  3iC4a2  +  7/2  -  Bay) 
That  is  of  26{(3a»-  Za'y)  +  (ay2_  7/)},  and  36{(4fl2_  4ay)  -  (ay  -  y^) 
2b{3a\a  -  y)  +  y\a  -  y)],  and  36[4a(a  -  7/)  -  j/(a  -  y)] 
2b(a  -  yX3a'  +  7/2),  and  3b(a  -  y)(4a  -  y)  ■ 

Otherwise, 
4a2  -  5ay  +  y^)  3a^  -  3a^y  +  m/-y^ 

4 

12a3  -  12a2y  +  4^2^4p  (3a  +  3y 
12a»-  I5a^y  +  3ay^ 

3a^y  +    f/j/2  -  4y3 

4  

•  12a^y  +  4<ii/2_  i(j.^8 
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a  -  J/)  4a2  -  Bay  +  y^  (4a  -  y 
4a^  -  4ay 


-ay  +  y^ 
-  ay  -k-y^ 


G.  a  3T.  =  6  (a  -  2/) 


9..  a^  +  I2a  -  28)  a"  +  9a2  +  27a  -  98  (a 
fl?+_12a2  -  28a 
-  3a^  +  55a  -  98 
-3a2-36a+    84 


91a-  182 
91  (a -2) 
rT-2)  a2+  12a-28(a+14 
fl2-2a 

14a -28 
14a -28 


10.  862  (^3  _  3^26  +  3a62  _  jS)^  ^nd  12a2  (a^  -  2a6  +  h^ 
That  is  of  8b^  (a  -  6)',  and  12a2  (a  -  6)2 

11.  Rejecting  the  factor  2  from  the  first  quantity  and  mul- 
tiplying the  second  by  3  ra  +  " 
3ai+10a4-6a3-24a2+lla+6)3a6+12a'5-9a*-48aH33a2+36a-27 

Sgg  +  IQq^  -  6a^  -  24a3  +  llg^  +  cg 
2a'5  -  3a4  -  24o^  +  22a='  +  30a  -  27 
3 


6a^  -    9a*  -  72a'*  +    GGd^  +  90a  -  81 
6a5 +  20a*- 12a8-    48a2+22a+12 


-  29a*  -  eOa' +  114a=^+ 68a  -  93 
29a*+G0a'-114a2-68a  +  93)3a5+10a*-6a3-24a2+lla  +  6(3a  +  110 
29 


87a3  +  290a*  -  174a^  -  696a^  +  319a  +  174 
87a5  +  180a*  -  342a3  -  204a2  +  279a 

110a*+ 168a3-492a2+    40a  +  174 


x29  ^ 


^XII,   XXIII 


ALGEBRA. 


3190a4  +  4S72a»- 142680'^ +1160fl+    504G 

3190a^+6600a«-m40a''  -  7480a  +  10230 

-  1 72  Sa^  -    1 7l8(r^T8640^-r-^  1 84 

-  1728  (a^  +  , 7,2 -5a +  3) 

a'  +  a'-5a  +  3)  29a4  +  60a^  -  l  Har  -  6Sa  +  93  (29./  +  3 1 

29a^  4-  29a5  -  145a-  +  87a 

3 1  a«  4-  31a^^^55a:r9~3 
310.^  +  31tt2_-_155a  +  93 
12.  Rejecting  the  factor  2  from  the  first,  and  3c  fromthe  second 
-  d'b  -  8ah^  +  eb')  a^  -  3a'b  -  8aW-  +  iSab^  -  86^  (a  -  2b 
a*-    a^b  -  8a^'^  +    Qab^ 

-  2a^  +l2ab-^~^~8bi 

-  2a»6  +  2a^b'^  +  iQnb^  _  126^* 

■  -  2a^6=*  -    4a6N^~46* 
'  -  2b'  (a2  +  2ab  -  26^) 
a'  +  2ab  -  2b^)  a'  -  a'b  -  8ab''  +  Qb^  (a  -  36 
a^  +  2d'b  -  2ab^ 
-  3a^b  -  6a6^  +  66* 
-3a26-6a62+658  /    . 


Exercise  XXIII, 

1,   ix-3x  a^b'^xY  =  -  Ua^b^x'Y 
I.  4  X  3  X  aVyV  ^  i2a2j;z^2,2 

3.  (X  -  yy  (X-  -yy={(x-  y)  (x^  -  y) p  =  (^  .  ^^^  _  ^^  ^  ^,^, 

4.  (x^  +  xy  +  y^)  (x^  _  y4>,  =  ^.  ^  ^,y  ^  ^,^,  _  ^3^,  _  ^^^  _  ^^ 

5.  xXl  -  xy-  (x  -  iXx  +  1),  and  4x(l  +  x)  that  is  x\l  -^y- 
(1  -  x)(l  +  X),  and  4x(l  +  x)  =  4x^(1  -  ^y  (1  +  x)  =  4x^  -  4x* 
-  4x3  ^  4j.i 

B 


1^  KEY  TO  [Ex.  XXII,  xxiv. 

6.  a^  -  b^  eontaing  a^  -  6^,  and  a^  +  b^  &s  factors ;  .*.  I.  c  m 

=  36  (a  -  b)  (a''  -  6«)  =  36  (a^  -  a^b  -  ab^  +  b'')  -  36a^  -  3Ga^b 
-  36u66  +  3G6^ 

7.  X  (X  -  3)  ;  (X  -  3)  (X  -  1)  ;  and  a;  (x  -  7) 

.-.  l.  c.  7)1.  =  X  (x^-  lOx  +  21)  =  x3  -  lOa;^  +  21a? 

8.  (a^  -  x^),  and  (a^  -  ax)  -  (a  -  x) 

a^  -  x^,  and  «  (a  -  x)  -  (a  -  x) 
d^  -  a;^,  and  (a  -  x)  (a  -  1) 
.-.  /.  c.  m  =  (ft''  -  x^)  (a  -  1)  =  a*  -  a^  -  ax"*  +  x^ 
9    G.  C  ilf.  of  two  given  quantities  is  a^  -  1a+  12 
a3  -  9^2  +26a-  24 

a2_7^+12        "  "  "  2 
(a^  -  8a2  +  19a  -  12)  (a  -  2)  =  a*  -  lOa^  +  SSa^  -  50a  +  24 
10.  3(a  -  6)(a2  +  a6  +  6^)  j  4  (a  -  6)=*;  5(rt  -  6)(a  +  b)(d^  +  b'^) 
6(a  -  6)2,  and  {(a  -  6)(a  +  b)f 

Or  of3(a-6)(a2+«6  +  62);  4(a-6)3;  5(a-6)(a  +  6)(ft2  +  62). 
6(a  -  6)^  and  (a  +•  by(a  -  bf 

.-.  I.  cm.  =^3x4:  X  5  (a  -  6)^  (a  +  6)^  (a^  +  ab  +  6^)  (a^  +  b^) 
^  60(aio  +  ^95  .  a»62_  2a763_  2a«6*+  2a*6^  +  2a^b''  +  a%^  -  aft^ 
-61°) 

Exercise  XXIV. 

a(a  -  6)  m ( 2a  +  mx  -  m^) 

"  a(x  +  y)  '       7n(3a2  +  m) 

c(l+a)  0^6(1  + 6 +  m) 

^-  n(I+a)  *•    x(1+1Tot) 

o6c2  axV 


6(a  +  c)  "•  x(d^xm  +  a?/  +  x^j/ V) 

7xV(3-5x) 


a  - 
8.  7: 


14xV  (a-7n)(a  +  7/i) 

(g  4-  6)(a2  -  06  +  6=*)  («  -  6) (a  -  6) 

9»         /•  _  .   IN/--      i\  —  10. 


(a  +  6)(a-6)  *"'  (a -- 6)(a2  +  a6  +  6^) 


£x.  xxiii,  xxiv.j  ALGEBEA.  I9 

(a  -  6)(a2  -f.  a5  +  b^)  12. -^--^ .^ 

13.  &--;^2i^.t^)  ,,      7(x^-3.  +  5) 

15.  ^-:4^^^IL1>  (2x  +  3)(2a-  +  3) 

ix  -  7)  (X  4-  3)  1^-  (i^iy(~^^ 

17.  -^^±1^±^^  ,3        (a^  -  ab  +  6^)(a  -  6) 

(am  +  bm)  +  (2ap  +  2bp)  "  /lK^T6)i:i^(^ir6) 
(^^Kft  +  6)_  (a- +  «)(.  + 6) 

(.  -1)(7.  -  5)  23.  (.^TT^^-^Ji^SJf^^:!:^^ 

(a  +  m){a^  +  2am  +  m^  _  x^) 
la'T2^m  +  m^  -  aJT(^^"^^^^^T2^„rr^ 
24  (a^  +  x4)(aS,a4^4  +  ^8^ 

•  (a*  +  X*)  (ai  6  ^^"^^^^*T^^^r;i4^1T:jr^ 


Exercise  XXV. 


a-  1 


a-  1 


3    2!^^±£:IZi!^zi^r<!f!zl5)-3j«i9a-.y-3y.3a^+30 
X  +  3  ~  ■ ^ 

4.  ?^:i:i£^tf^^j:i^lzif^   ^  3«a^3_3a_^!2a.y^ 

a  +  x 
3a2x  -  ay2  _  2xy^  +  am  +  mz 
afT -^ 
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xyz  +  2mxy  +  mz^  +  2m^z  +  xyz  -  z-m  -  2m?z  _  2xyz  +  2mxy 
2xy(g-t-.m)  (a  +  6)'^-(a-fc)° 

„  __  -—  ^  ~a  +  b~a  +  b 

a2  +  ,n^  -  a^  +  m^       2 m^  a--'+a:^-a^  +  2ax-a:''  _    2ax 


EXKRCISB  XXVl, 

2x'^ 
5.  a-x)  d^  +  x'^  (a  +  x  +  - — - 

_2  Qi  —  X 


ax  +  x^ 


y»  +  y* 
3.  X  +  y)  a;2  +  2xy  +  y^  +  x»  -  y*  (x-  f  y  +  x^  ^  a;y  +  y^  .  -^^ 

x^  +  xy 


xy 

+  y' 

xy 

+  y' 

x"- 

-/*      ■ 

a:»-f 

■x-^y 

- 

x^y-y^ 

1- 

x^y^xy^ 
xy'^-y* 
xf  +  y' 

\        3 

A.  m-p)  5/7i3-5/  +  3(5m2  +  5mi)  +  5p2  +  ^^ 
5m'  -  5m2p 

5m^  -  5;)''  +  3 

'  5mp2  -  5^"  +  3 

57np2  -  5jj* 

3 
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5.  ab  -  b)  d^b  -  ab  -  a  +  1  (a  -  rz 7T  =i  a--r 

a^b-ab  b(a-l)  b 


6. 

m  + 

b) 

-a+l 
m+ab  +  Zam  (1 

TO  +  6 

Cam  +  ab  -b 
ham,  +  6a6 

f  5a. 

6(4a  +  l) 
~    m  +  6 

4aZ;-6 


Exercise  XXVII. 

2  (X  +  y)  3ar     2(4a:  +  y)     (a;  -  y)  (2a;  -  3y)  . 

•  2(a:2-y2.)    ;2(x2-y2)J  2(x2-y^)        r  &C. 

ct^    4x    ar^+l  Sa:  +  2       3a(a;2-l)    4x(x2-l) 

•  1  ,    3  »  a:2-  p  a^d  ~^~»  =    3(x2-l)'     3(ar2-l)' 

3(x^4-l)  (3a:  +  2)  (a:^  -  1) 

3(x2  -  1)'  «°^         3(x^-l)        • 
6a^(a -  b)  la  a-b 

Ga'ra^  _  h'iv  an^na  _  /.2v>  and 


6a^(a^  -  6=^)»  Ga^Ca^  -  by  """  6a»(a2  .  ^^ 


Exercise  XXYIII. 

1    ^°»t  +  S/n  -  25c  y(x  +  3)  X  +  2  (fl  -  b) 

2bm  2.  yii(x  +  3)        ^ 

(g  -  6)2  -  (g  +  ^,)2   ^      .  4q5  4^j 

0^-62  -  a2  _  ^2  =  62  _  ^a 

315X--  18x  +  35x  +  63x' 
63 

^    x«  +  y  (X  +  y)^  -  xy  (X  +  y)  _  x»-|-x^y  +  2xy'+y»~xgy-xy2 
(^  +  2/?  ""  (xTy)» 

c  (g  -  6)  +  g  (6  ~  c)  ~  6  (g  -  c)         0 

«6c  ~  a6c  ~ 


4. 


22  KEY  TO  rEx  xxviii. 

m  (711  -  p)-  p  (m  +  p)     m^  -  mp  -mp  -p' 
(in+p)(in-p)       ~    {m  +  p)(m  -  p)  * 

3  (2a  -  1)  -  4  (1  -  5fl)  -  7  (2a  +  1)       12a- 14       14-12fl 
^'  40=^-^1  ""     4a2-l    "^    l-4a^ 

9.  Multiplying  both  num.  and  den.  of  1st  fract.  by  -  I  in 
order  to  change  the  signs  of  the  den.  we  get 

x(x  -  16)  +  (X  +  2)(2ar  +  3)  -  (2  -  3x)(2  -  x) 

4-3:^ 

x^-  lGx  +  (2x^+  1x  +  6)  -  (4  -  8a;  +  3x2) 


,2  =    &C. 


x-\-y     x  +  y    x  +  y     x-y    x  +  y    x-y    x+y-x+y  ^ 
a  b     "    a  b     ~     b     "     b     ~  b  ~* 

(m  +  /))  (m  -  p)  -1-  (p  +  x)(p  -  x)  +  (m  +  x)  (x  -  m) 
iP  -  ^)(^  -  niXiii-p) 

(m2  -  p2)  4.  (■p2  _  3,2)  +  (^2  _  ,,j2)  0 


12. 


{p  -  x)(x  -  m){m  -  p)  (p  -  x)(x  -  m)(m  -p) 

(a  -  b)(b  +  c)  +  (b  -  c)(a  +  b)  2ab  -  2ac 


(a  +  6)(6  +  c)  ab+ bc  +  ac  +  bc -be  ^b'^ 

2ab  -  2bc  -  2a6  +  2ac 


ab  +  ac  +  be  +  b'^ 


=  &c. 


1  +x-(l  -x)       3(l  +  2x)-3(l  -  2x)  2x  12x 

'^-      r-^     "*■       im^       ^  1-^2  "^  1  .r^^ 

2x  -  8x3  +  12x- 12x3         I4x-20x' 
(l-x^)(l  -4x^)       ""  1  -  5x2  -^-^ 

14.  Multiplying  both  terms  of  each  of  the  last  two  frac.  by 
■  1  we  get 

rh  m  m 

a{a-b){a-  c)  ~  b  (a-b){b  -  e)  "  e  (a  -  e)  (e-b) 

bem  (b  -  c)(c  -  6)  ^  acm  (a  ~  c)(c  -  &)  -  abm  (b  -  c)(a  -  b) 
abc  (a  -  b){a  -c)(b-  c)(e  -  b) 

m(2bh^-b'-'c-be^-ah^+2a'be +a(^-  abe^-  a%^ + ab^  -  ab^e)     m 
a6cC26 V - b^c -be"- a^c^  +  2a^bc^ac^^abc'^-d'b'^^ab^-abh)  "^  ^c 
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Otherwise  thus 

ilultiplying  both  terms  of  2nd  fraction  once  by  -  1,  and  of  Srd 

fraction  twice  by  -  1,  we  get 

^ m  m 

a(a  -  b)(a  -  c)  "  b(a  -  6)(6  -  c)  "^  c{a  -  c)(6  -  c) 

whence  we  have  I.  c.  m.  of  the  den.  =  ahc(a  -  6)  (6  -  c)(a  -  c) 

,,        .         „      ,.  hcm(J)  -  c)  -  acm(a  -  c)  +  ahm(a  -  b) 

.'.  the  given  fractions  =  ^^ t^t zr; tti ^^ -- 

abc(a  -  b){a  -  c)(b  -  c) 

_  b^cm  -bc^m-  a?cm  +  ac'^m  +  a^im  -.  ab'^m 

abc{a  -  b){a  -  c)(b  -  c) 
_  ac^m  -  bchn  -  a^cm  +  bhm  +  a%m  -  ai^;;! 
abc{a  -  b){a  -  c){b  -  c) 
Iv^  c^in(a  -  6)  -  cm(a^  -  6^)  +  a6ffl(a  -  b)       c^m  -  c?n(a  +  b)  +  abm 
abc{a  -  b)(a  -  c){b  ^  c)  "^      abc(a- c)(^b  ^  c) 

^  m(c^  ~  ac  -  be  +  ab)  _  m{(ab  -  6c)  -  (ac  -  c^)\ 
"^      a6c(a  -c)(b-  c)      ~         abc(a  -  c)(6  -  c) 
.  ^[^(^-g)-<^(^-g)}  _  m(6-  c)  (a-c)        m 
ab€(a-c){b-c)      "  a6c(a -c)(6-c)  ~  abc 


EXBECISE  XXIX. 

5  X  2a        5a  '  xy  x  my  x  x 

o    ^(^  +  ^)       a;(a-6)       2a -- 2& 
a;)/        ^  3(a  +  t)  ~       3y 


3  a 


^+  1       ^-1       3(a;  + l)Cr-l)       3x2-3 


'1  2a         a  +  6  2(a  +  6)         ~  2a  +  26 

5    (^^  -  3:)(a  +  X)       (a  +  6j(a~6)  g  a(a  -  6) 

« +  6  ^  a  +  x  ^  x(a^x)  "^        x 

»jy  a  -m  ~~  my  wT^ 

7    (l."L^)X"  "^  ^)         4aj:^    ~     4ar(a  ~  a:)       4ax  -  4^2 
Sjor  ^     a  +  x     ~  3  ~  3 
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(x-1)(x-G)     (3:-5)(x~4)     (3;- '7)(x-4)     k^.u^-^jS 
^'       x(x-5)      ^      x(x  -  6)      '  x=^  ""  icH 

ofccrf/n  am 

^'  bcd/Y^  ^  7V^ 

(a-2)(a  +  2)     g^- 1     a-  2     (a  -  2)(a  -  2)     C^  -•  2)' 
(a2-l)        ^     2a     ^a+2^  2a  ""       2a 

(a;  -  a)(a;  +  a)         a-(a;  +  6)  +  c  (a:  +  6) 
•  a;(x  +  6)  -  a(x  +  b)  ^  xlx  +  c)  +  d(x  +  c) 
_(x^-a)(x  +  a)       (x  +  b)(x  +  c)       x  +  a 


(X  +  b)(x-a)  ^  (x  +  c)(x  +  d)  ~  x  +  d 
\-J)  (x-3} 
ll)''("x^8> 
{(a2+l)-fl|[(a2+i)+a} 


(X  +  4XX-3)      (X-5XX+1)      (x-3)(x  +  ^)     x^+4x-21 


13. 

1  -  a  +  a^'       a' 
1          ^-- 

'  +  a+  1 

(a^ 

+  1)^- 
a' 

-0?       a* 

—   —  — 

4-a2+  1 
a? 

14- 

(2a  + 

4»i)(2a- 

-4»i) 

a-  2m 

5a                     rt  4-  2m 
X 


5(2a-h4m)(2a  +  47tt) 
2(a  -  2OT)(a  +  2m)        1 


2(a-2oi)(a  +  2m)  "    J 


s    1 


5. 


Exercise  XXX. 

1 

X 

X         1 
—  =  —  X 

y      X 

X        x^ 

a+  X 
a 

a-  X 
^      a      = 

a+  X          a 
a      '^a-x' 

a-  X 

a+  b 
a-  b 

(a -by 

(a +  6)* 

a-b 
~  a+  b 

(a2+a:2)(a+a;)(a- 

X)    (y+2)(y-2) 

3a 

y  +  2 

a-x 

%^+x^ 

x-3 
ar-9 

^(x-9)( 
(^•-8)( 

x-8)     x-a 

X  -  7)    ■  u;  -  7 

Ex.  XXX,  XXXI.] 
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a^  +  62       a2  +  62       ^2  +  55 


62 


a2  -  b'^  •   a^  -  h'^  ~  ail  . 

(a='-x3)(a3  +  a:3)  1 

(a  -  a:)2  " 


62  "^  a^  +  62  =    1 


=  1 


a  +  a;       a^  +  ax  +  x2  ^  a^  -  ax  +  x^ 
^  (g  -  3:)(a^  +  ax  +  x^)(a  +  x)(a2  .-03;  +  x^)         i  a-x 

(a-x)(a-x)  '^^T^^a^  +  ax  +  x^ 


a'  -  ax  +  X* 


T  =  i 


3(q^-  1)       2a(a  +  6)       3a(g2,i)       3a»  _  3a 


2(a  +6)     ■      x^-  1 

;2\    .    „2 


X2-l 

g    (^y  +  y2)  +  7^2  +  a;  (X  +  j/)  ^  (2xy  +  1y^)  +  x  (x  +  y)  -  xy 
^  2t/2  +  2xy  +  x2  xy  +  3^2 


10.  - 


xy  +  y^         '•  2^2  +  2xy  +  x2  -  ^ 
40^62  4ab  4a%^ 


a2  -  62  ab 


a*-  6*   •   a2  -  62  -  (a2  -  62) (a2  +  62)  ^  "4^  =  ^^^2 


Exercise  XXXI. 


a-b 


1  3         ^  5(a-  6) 

■  10a  +  96  ""  10a  +  96 


15 


7a -2x 

7  7a  -  2x 

3        "        21 


3. 


a  +  2x  a  +  2x 


21-  12x 


4. 


20        ^  3(21  -12x) 
3x-l     ~    10(3x-  1) 


]  5  -  Gx  +  6a 

^0  -     3(15-6x  +  6a) 

IQq  -I-  lOx  -  6  "    2(10a+10x-6) 

15 


4a 


8a 

1  -  4a2 

2  -I-  8a2       1  +4a3 
1  -  4a2 


-2a 
1  -  a' 
2     ~ 
1  -a* 
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a^  +  b^-ob 

b                a^-b^  a(a:^-ab  +  b^)         (a  -  6)(a  +  &) 

"^ 

xY  -  1  -  ar22/2  ^                       ^-J. 

9             3;y  a^y           _              xy 


1- ^ 1- — -       1- 


xy  zy-l-xy 


xy  -  1                  xy  -  1  xy-l 
xy 

-1  -1                   -1  "1 

xy        ^  xy                    xy        _  xy      _        1 

xy  -  I  ~  I  -  xy  "  1  -  1  +  ary  ~  xy             x^y'^ 


6  + 


c  a 

T  a  T 


df-\-e  cf  bdf->rbe^cf  adf+ae 

f         __      ^^df+e      ^        df+e        ^  bdf+be+cf 
ad/'-ac  adf  —  ac  adf-  ac  adf—ac 

bdf-i-be  +  cf      bdf+be  +  cf       bdfVbe  +  cf       blf  +  TeTcf 
adf+ae      a(df+e) 
''  adf-  ac  ^  a{df-c)  ""  **^' 
2  +  8m2  1  +  4wi2 

-  1  -  4m2  1  +  Am^ 


-  8»i  -  1 


Exercise  XXXII. 

1.  12x  +  4x  =  84  -  Sx,  or  19x  =  84,  or  a:  =  Af^ 

2.  lOx  -  x  =  5x  +  20,  or  4x  =  20.  or  x  =  5 

3.  lG8x  -  28x  +  12x  =  63x  -  231  +  84x  +  756,  or  5x  =  525, 
or  X  =  105 
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4.  30x  -  105  +  9x  -  3  =  5a:  +  40  -  30x,  or  64a:  =  148,  or  a:  =  2^^^ 

5.  56  -  4x  +  20  =  84  -  7a:  +  49,  or  3x  =  57,  or  x  =  19 

6.  5Gx  -  8a:  =  21x  +  7  +  14a:  +  84,  or  13x  =  91,  or  a:  =  7 

7.  8a:  -  65  =  35  +  2x,  or  Gx  =  100,  or  a:  =  16§ 

8.  15x  +  45  -  12a:  -  48  -  960  =  -  20x  -  20,  or  23x  =  943,  or  a:  =  41 

9.  80r  -  8x'  -  76  =  300  -  35x  -  55,  or  107a:  =  321,-  or  a:  =  3 

10.  112a: +  480  =  3024  -  39x  +  84,  or  151x  =  2628,  ora:  =  17^5^- 

11.  208x  -  442  +  308a:  +  374  =  858x  -  4433  +  143x,  or  -  485a: 
--  4365,  or  X  =  9 

12.  4x  +  4  -  3x  =  6  +  14  -  3a:,  or  4x  =  16,  or  a;  =  4 

13.  360x  -  160x  +  200  +  48x  =  2040  +  60  -  180x  +  45x  +  15, 

jr  383x  =  1915,  or  x  =  5 

40x  -  60       34x  -  108 

14.  Multiplying  by  12  we  get  x  + = -^ 

39x  +12       36  -  23x 

=  12 — — '■ • 

4  2' 

160x  -  240       136X  -  432 
rhis  X  4  and  reduced  gives = r-^ —  =  3x  -  3C, 

5r  800x- 1200- 952X  + 3024  =  105x  -  1260,  or  257x  =  3084, 
arx  =  12. 

15.  60 
Dr  X  =  8 

16.  336  -  lOx  +  10  -  776  +  56x  =  16x  -  3x  +  11  -  144,  or  33x 
=  297,  or  X  =  9 

17.  30x  +  20x  +  15x  +  12x  +  lOx  =  60x  +  25x  +  240,  or  2x 
r240,  orx=120 

18.  12x  -  20  +  X  +  60  -  9x,  or  4x  =  -  40,  or  x  =  -  10 

125X  +  500    125ar  +  500 

19.  30  +  20x  -  20x  =  86  -  -g^^n^,  or  9^  .  ,g  -  50,  or 

[25x  +  500  =  450x  -  800,  or  325x  =  1300,  or  x  =  4 


20.  331  -  30z +  9  +  5a;  = (i) 
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120  +  '70i  15a: -65       B5a:  -85 

I 

=  the  given  equat,  x  10 

960  +  560x 
2720  -  200x =  15a:  -  65  -  110a:  +  170  (ii)  =  (i) 

reduced  and  x  8 

945x  +  960  +  560a:  =  23535  (iii)  =  ii  reduced  and  x  9 

1505a:  =  22575,  or  a:  =  15 

144x  -  432 

21.  9a:  +  20  =      g^  _  ^ —  +  9a:      (i)  =  given  equat.  x  36 

lOOx  ~  80  =;  144x  -  432  (ii)  =  i  reduced  and  x  (5a;  -  4) 

44a:  -  352,  or  a;  =  8 

22.  30x  +  20a:  +  60  -  15x  +  60  =  12r  +  60  +  1900,  or  23x  =  1840, 
or  a:  =  80 

23.  90x  -  35a:  -  70  =  75  +  20x  +10-51  +  9a;,  or  26a;  =  104, 

or  a:  =  4 

12a:2  +  36x  +  27 

24.  15a:  +  lOr" -  lOa;^  +  18  =  27  +  18x sTax ^'^ 

=  given  equat.  x  (3  +  2a:) 

12a;2  +  36a;  +  27 
3x  +  9  = 5-7-7 (11)  =  (1)  transp.  and  collected 

9x  +  27  +  12r^  +  36a:  =  Ux^  +  36a:  +  27  (iii)  =  (ii)  x  (3  +  4a:) 
.'.  9x  =  0,  or  X  =  0 

2\x  —  39 

25.  6x  +  12  -  I  ,2x    =  ^^  +  '^  (0  =  given  equat.  x  9 

5  +  lOx  =  21x  -  39  (11)  =  (i)  red.  and  x  (1  +  2x)  ;  llz  =  44  .-,  x  =  4 

c-b 

26.  ax  =  c  -  &,  or  X  =  — — • 

362  4.  2bc 

27.  9ax  -  362  _  3^^  _  2ax,  or  llax  =  36c  +  362,  or  x  =  — ^i^ — 

28.  86x  -  6x  =  a  -  62  +  Sax,  or  (86  -  6  -  3a)x  =:  a  ~  b^, 
*^^  ^  =  86-6-3a 


\Lx.  xxxii.] 
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29.  4a^bx  -  Qa?^  2ax  =  2abx  -  abx  +  b^x  (i)  =  given  equa.  x  2ab 
{^a?b  +  2a  -  a6  -  b'^)x  =  6a^  (ii)  =  (i)  transp.  and  bracketed 

•'•  ^  ""  4a^6  +  2a  -  tf6  -  62 

30.  15a6c  -  lOcx  -  5ac  =  20ab  -  I5bx  -  obex  +  b^c  (i)  =  given 
.'quat.  X  56c 

(156  +abc-  I0c)x  =  20ab  +  b^c  -H  5ac  -  15a6c  (ii)  =  (i)  trans- 
posed and  bracketed 

20a6  +  6^e  +  5ac  -  15a6c 
'    ^=  156  +  a6c-10c 

31.  bdx  +  cidx  +  box  =  bdf,  or  (bd  +  ad  +  bc)x  =  bdf,  &c. 

32.  abx  +  4a2  -  Aa^  +  126a;  -  4a6x  =  4a262  -  lOa^  +  126x  +  Aa^x, 
by  multiplying  the  given  equation  by  4a ;   and  this  reduced  and 

-  by  a  gives  36a:  +  4ax  =  10a  -  406^,  or  (36  +  4a)a;[=  10a  -  4a6^ 

IQg  -  4ab^ 
'•  ^  =      36  +  4a 

33.  a6x  -  a^x  -  b^c  +  a6c  =  b'^Xy  or  (a6  -  a^  -  6-)a;  =  b'^c  -  abc, 

hc(b  -  a) 
or  *  =  a6_a^-62 

34.  lla^  -  Zax  -  lla6  +  36j:  -  (Ga^  +  Zc^  -  5aa;  -   56x) 

-  (a  +  6)2  +  2a;  (i)  =  given  equat.  x  (a^  -  6^) 

2ax  +  86a;  -  2x  =  6^  +  19a6  -  4a3      (11)  =s  (i)  reduced  and  transp. 

62  +  19a6  -  4a2 
(2a  +  86  -  2)x  =  b^  +  19a6  -  4a2,  or  a;  =     2a  +  86  -  2 

a 

35.  d^  +  2ax  +  x'  -  4a6x  =  x^,  or  (46  -  2)x  =  a,  or  x  =  -^r — r- 


36.- 


3a6c      6x  2a6  4-62   \  0^6^ 

T6~T  ^^■"a3+2a6  +  62y  +  (a  +  6)^  =  ^^"^  (^) 


=  given  equa.  with  num.  and  den.  of  Ist  term  x  3,  and  2nd  and 
5th  terms  factored 

3a6c      6x  r      a'     ■)  a26"  .... 

~rL  -  —  "1 7 — TTTa  f  +  /r,  .  h\9  *  3cx  (11)  =  (i)  With  2nd  term  red 
a  +  6      a   |^(a  +  6)''j      (a-^by  ^  ^    ^^ 
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3abc  ahx  a?b^ 

^Tb  "  (a +  6)^  ■*■  (a +  6)^^^^^  ^"'^  ^  ("^  '^^^^  ^*^  term  further  red. 
ah  ab      '\  ah      "^ 

3rd,  and  2nd  and  4th  terms  factored 

ah  ah      ) 

37.  3000  +  1720.C  -  2210a;  =  203a'  (i)  =  given  equa.  x  1000 

693x  =  3000,  or  a;  =  4-/3^1- 

3a;  23x 

38.  —■  +  6x  -ax  =  3a-  -— -,   or  33x  +  594a;  -  99aar  =  297a 

-  23x;  or  650a;  -  99flx  =  297a.,  or  (650  -  99a)x  =  297a, 

297g 
^^  ^  -  650 -99a 

39.  42(a;  -  J)  +  35(1  -x-  |)  -  30(a;  -  I  -  -|- j  =  105a;  +  30a:, 

by  multiplying  the  given  equation  by  105;  and  removing  the 
brackets  from  this  we  get  42a;  -  14  +  35  -  35a;  -  14  -  30a;  +  30 
+  10??  :=  135x ;  or  148a;  =  37  .-.  a;  =  i 

40.  72aa;-96-  75&  =  180 -456- 35c,or  72aa;=  180 +  396 -35c 

ISO +  396 -35c 
•••  ^  = 72^^ 

41.  a^b"^  +  a^x  -  6^a;  -  x^  -  Bah  +  3a6a;  =  ex  -  ac  +  ax  -  x^ 

<j?x  -  h'^x  +  3a6a;  -  ex  -  ax  =  3a6  -  ac  -  a^b"^ 
(a?  -b'^+3ab-c-  a)x  =  Sab  -  ac  -  a%^ 
Sab  -  ac  -  a^b^ 


a^  +  3a6  -  62  -  c  -  a 


Ex.  xxxiii  ]  ALGEBRA.  31 

Exercise  XXXIII. 

1.  Let  X  -  greater,  then  47  -  a;  =  the  less,  and  x  -  (4*7  -  x) 

=  13,  or  2x-4T=  13 

2x+  21 


2.  Let  X  =  the  less,  then  a;  +  21  =  the  greater 


x 

or  2a;  +  21  =  3x 

1x       2x 

3.  Let  X   =   money;    "^  +  "7"  ~  ^^^^  ^^^^  away;   then  x 

2x       2x 
=  Y  +  Y  +  $2-50 

a;  -  21 

4.  Let  x  =  the  number ;  then  — p —  =  5 

5.  Let  X  =  the  quotient,  then  2a:  +  3a;  +  4a;  =  54 

2a;  3a; 

6.  Let  X  =  debts  ;  then  -r-  =  1st  payment,  and  -r-  =  remainder ; 

3        3a;     9a;  2a;     9a; 

.-.  Y  ^^  T  ~  35  ~  '^^^  payment ;  then  Y  "^  35  "^  ^^^  ~  ^ 

7.  Let  X  =  the  number  of  cattle  in  the  drove, 
then|-  +  |  +  |  +  9=a; 

8.  Let  X  =  the  number  of  sheep  in  each  flock  ;  a;  -  ID  is  twice 
as  great  as  a;  -  91,  that  is  a;  -  19  =  2a;  -  182 

X  X 

9.  Let  X  =  the  number;  then  T  ~  T  ~  ^ 

3         a;  3a; 

10.  Let  X  =  the  number  ;  then  2a;  -  y  of  Y  "  ^^'  °^  ^^  "  Ti  ~  ^^ 

X 

11.  Let  X  -  the  number;  then  a;  +  —  =  39 

(  X  X\  XX 

12.  Leta;=  the  number;  thena;- f  y  +  Y  )  ~  ■^*''' °^"^~  yT 

=  17  ^ 

'2a;  -  15  3a; 

13.  Let  X  -  the  number ;  then  — ;; —  +  7  =  — -  +  3 

It  4 


5(x  +  11) 
14.  Let  X  -  the  number ;  then ^ =  85 
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15.  Let  X  =  the  number ;  then  -v  +  t  +  —  = +  21 

2        3        4  8 

16.  Let  X  =  price  per  barrel;    then  —  =  number  of  barrels; 

36  /3g 

and  —  -  5  =  number  of  barrels  sold  the  second  load  ;   l~-  5)x 

=  21,  or  36  -  5x  =  21 

17.  Let  a;  =  distance  in  miles,  then  ix  ~  half  distance ;  Ix  -^  I 


X 


-  y  =  times  in  hours  A  travels ;  ^a;  -j-  4  =  —  =  times  in  hours  B 

28i 
travels;  then  \x  -  Ix  =  -^~  =  19,  or  x  =  26| 

18.  Let  a:  =  the  time  in  hours,  and  since  the  three  runs  of 
stones  severally  require  72,  84  and  90  hours  to  empty  the 
granary,  they  will  in  1  hour  empty  respectively  -^V,  -^^  and  ^V 

of  it,  and  in  x  hours  they  will  empty  ^,  ^  and  ~;  similarly 

X  X 

the   teams  will  respectively  fill  in  x  hours  —    and   r- ;  then 

X  X  X  X  X 

72''"84"*'90""60""78"^ 

19.  Let  X  =  date  of  abolition  of  slavery  in  Canada;  then 
3(x  -  1780)  +  1620  =  year  of  massacre  of  Lachine.  Therefore 
x  +  3(x-  1780)  +  1620 

2 +  11*^  ~  1S62 

20.  Let  X  -  J's  share,  then  a;  -  120  =  5's,  and  Jtr  -  106  =  C's. 
Therefore  x  ■{•  x  -  120  +  a:  -  106  ='7400 

21.  Let  X  ~  price  in  cents  of  a  music  lesson,  then  ~ 

^    ^        .      ,                 ,        «                      /24a;-300\ 
=  price  of  a  drawing  lessson;  therefore  32a;  =  24 1  ~ —  )+1000 

22.  Let  X  =  the  number  of  volumes  on  science  ;  then  3a; 
=  number  on  travels,  3a;  =  number  on  biography ;  4^a;  =  number 
on  history,  and  9x  =  number  on  general  literature.  Therefore 
X  +  3x-\-3x+lx  +  9x=  1435;  whence  a;  =  70 
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23.  Let  X  =  length  of  Niagara  river,- wherefore  Ax  -  6  =  length 
of  Rideau  canal  j  then  2(5a;  -  6)  -  100  =  230 

24.  Let  X  =  days  required  to  finish  the  work.  Then  since  ^ 
does  -jV,  B,  ^,  and  C,  -^  of  the  work  in  1  day,  ^  and  B  work- 
ing 1  day,  and  B  and  C  working  2  days  will  finish  -jV  +  iV  +  Vs 
=  i¥o  c>f  it?  and  the  part  remaining  to  be  done  =  ^f § ;   in  x  days 

A  does  ^^^s. ;  B^  Tl^^^-  ^^^  ^i  Ti^^^"   °^  *^®  work,   therefore 

x       a:       a: 

12  ■'■  15  "^  18  ~  ^^0,  or  15a;  +  12a;  +  10a:  =  109 

25.  Let  x  =  greater  part  j  then  n-  x  the  less ;  and  x-(n-  x) 
=  a  -  c 

26.  (i)  Letx  =  minute  divisions  the  hour  hand  passes  over; 
then  since  the  minute  hand  travels  12  times  as  fast  as  the  hour 
hand  it  will  pass  over  12x;  but  the  minute  hand  also  passes 
completely  round  the  circle  (60  minutes),  and  then  in  addition 
over  the  x  minutes.  Therefore  60  +  a;  is  also  equal  to  the 
number  of  minute  divisions  passed  over  by  the  minute  hand  ; 
then  12a:  =  60  +  a:,  or  11a;  =  60,  or  a;  =  Si^,- ;  hence  the  hour 
=  5iV  X  12  =  1  h.  5-^j-  m. 

(ii)  To  be  opposite  the  hands  must  be  30  minutes  apart ;  then 
letting  X  -  space  in  minutes  passed  over  by  hour  hand,  and 
remembering  that  the  minute  hand  travels  12  times  as  fast,  and 
also  goes  over  30  +  x  minutes,  we  have  12a;  =  30  +  a:,  or  11a: 
=  30,  or  X  =  2-,8f  and  2jaf  x  12  =  32-iV  past  12 

(ill)  By  similar  reasoning  to  the  above  12x  =  15  +  x,  or  11a; 
=  15,  or  X  =  l^A-,  and  1/f  m,  x  12  =  16-i^,-  m. 

27.  Let  X  =  price  in  dollars  of  first  field  ;  then  a?  +  90  -  25 
=  price  of  second  field,  wherefore  (x  +  90  -  25)  +  90  =  2x 

28.  Let  X  =  days  required  by  A  and  C  to  finish  the  remainder ; 
then  sji„-  -  (/o  +  -g'j)  =  T^9_  =:  part  C  does  in  1  day,  .-.  in  11  days 
C  does  f  3"J'j,  and  B  and  C  together  in  5  days  do  ^Vo  +  iV  =  ^ij 

C 
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X         19x 
=  1ES3  -  -iWo  =  HI ;  then  in  x  a&js  A  and  C  will  <io  g;^  +  jg^ 

ar         19x 

•*•    50  "^  1300  "  3'^'  °^  2^"^  +  ^^^  =  ^^^'  ^^  ^  =  ^^*«  '^^^^ 

3a, 

29.  Let  X  -  C's  snare  in  cents  ,then  y  -  2540  =  D'S  share; 

2,    a:  4a;  3ar 

I ^"30~  "  ^^"^^^  ■•'  ^^^^  ^  T  "*■  ^^^^  ^  ^'^  ^^^^^'  ^°    (a^  +  -7-  -  2540 

4a;  3a;       4t 

+  Y  +  2984)  =  2x  +  444  =  ^'s.  Then  a;  +  y  -  2540  +  y  +  2984 

+  2x  +  444  =  718900,  or  4a;  +  888  =  718900,  or  4a;  =  718012  .-.  x 

3a;       538509 
=  $1795-03  =  C's  share  ;  y  -  2540  =  — ^ 2540  =  $743-89f, 

&c. 

30.  Let  X  -  the  number  of  days  required ;  then  since  4  men 
san  do  it  in  9  days,  1  man  can  do  ^^  ^^  i^  i°^  ^  ^^1'^  similarly  a 
woman  can  do  -^o)  ^'^^  ^  child  -\q  of  it  In  1  day.    Hence 

^  +  1;:^  +   ^77    =  1,  or  35a;  +  54a;  +  423;  =  1260,  or  131a;  =  1260 

00         TO  oU 

31.  Let  X  -  right  hand  digit,  then  14  -  x  =  the  left  hand  digit 
and  10(14  -  a;)  +  a;  =  the  number.     Hence  i't-CUO  -  9x)  =  \x 

32.  Let  X  -  value  of  the  property ;  then  8600  -  a;  =  gain  had 
the  note  been  good,  and  x  -  (8600  -  640)  =  x  -  7960  =  loss 
when  note  proved  worthless.     Hence  x  -  7960  =  §(8600  -  a;) 

33.  Let  X  =  weight  of  head ;  then  a;  +  9  =  weight  of  body. 
Hence  x  =  9  +  ^(^x  +  9),  or  2a;  =  a;  +  27,  or  a;  =  27  =  weight  of 
head ;  and  body  =x  +  9=:27  +  9=:36.  Hence  fisli  weighs  9  +  27 
+  36  =  72  lbs. 

34.  Let  X  =  his  capital ;  a;  +  Ja;  -  1000  =  capital  at  end  of  1st 

year;  ^x  -  1000  +  J(|a;  -  1000)  -  1000  =  capital  at  end  of  2nd 

16a;  -  21000      16x  -  21000       1  /16a;  -  21000\ 
year  = ^ ;   ^ ^- j[ ^ )  -  1000 
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G4a:- 84000 
=  "~" — ^ -  1000  =  capital  at  end  of  3rd  year.     Hence 

64x  -  84000 


27 


1000  -  2x 


X 

35.  Let  X  =  the  distance  in  feet,  tlien  —  =  number  of  revol- 
otions  of  the  fore-wheel,  and  -^  -  revolutions  of  the  hind-wheel. 

XX 

Hence  —  =  -j^  +  n  .-.  ox  =  ax  +  abn,  whence  bx  -  ax  =  abn  .-. 
abn 


36.  Let  X  =  number  of  minute  divisions  the  hour  hand  passes 
over  before  the  minute  hand  overtakes  it;  then  the  minute  hand 
must  pass  from  XII  to  XII,  i.e.  60  minutes  plus  x  minutes  in  order 
to  overtake  the  hour  hand,  that  is  while  the  hour  hand  passes 
over  X  minute  divisions  the  minute  hand  passes  over  60  +  a: 
minute  divisions,  but  the  minute  hand  moves  through  twelve 
times  the  space  the  hour  hand  travels  in  a  given  time.  Hence 
12x  =  the  space  travelled  over  by  the  minute  hand,  while  the 
hour  hand  goes  over  a;  minutes.  Hence  12a:  =  60  +a:  .-.  11a;  =  60 
and  consequently  a:  =  5  5j-;  that  is  the  hands  will  be  together 
for  the  first  time  after  XII  when  the  hour  hand  has  passed  over 
5v^  of  the  minute  divisions,  i.  e.  in  5-/^  x  12  =  1  h.  5-5j-  m.,  and 
similarly  they  will  be  together  again  1  h.  S-j^^-m.  afterwards,  and 
so  on.  Hence  they  will  be  together  at  1  h.  5-5,-  m.,  2  h.  10}'^  ra., 
3  h.  16-1*,-  m.,  4  h.  2I-i^,-  m.,  &c,,  and  tbey  will  be  together  as 
often  as  1  h.  5-,'^,-  m.  is  contained  times  in  12  h.,  i.e.  11  times. 

37,  Let  X  =  the  greater  part,  then  96  -  a:  =  the  less.     Hence 

X 

Y  +  3(90  -  a:)  =  30  ;  clearing  of  fractions  we  have  a:H-2016-2la: 
=  210,  whence  x  -  90-,5j  =  the  greater,  and  96  -  a:  =  96  -  90f.j 


\ 
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3x  3x     9x 

38.  Let  X  =  5's  share,  then  y  =  ^'s  share,  |  of  —  =  —  =  C's 

share,  consequently  a;  +  y  +  —  =  25G0,  whence  by  clearing  of 

fractions  4a:  +  6a:  +  9a:  =  10240  ;  that  is  19a:  =  10240,  whence  x 
=  $538-94if  =  i?'s  share,  .-.  ^'s  share  =  ^  of  ^'s  =^  $808-42-S,r,  and 
C's  share  =  ^  of  ^'s  =  $1212-63-jV 

39.  Let  X  =  rate  down  .-.  28a;  =  distance,  and  x  -  5  ~  rate  up 
the  river,  and  a:  -  3  =  rate  up  the  lake  ;  length  of  river  =  |  of 
28a:  =  12a:,  .-.  length  of  lake  =  16a: 

12a:         16a;        19/ 28a:  \  3  4  19 

^^^^    ^^  "^  I^  "  2l\a:-5/  ''' x-5  "*"  a:-3  ""  3(x-5) 

4  10 

(^^T^  =  3(^r5)  •••  12a;  -  60  =  lOx  -  30,  a;=  15,  a:-5  =  10, 

a:  -  3  =  12,  and  28a:  =  420 

40.  Let  X  =  the  whole  property,  then  $1800  +  K^  -  l^OO) 

=  $1800  +  Y  -  $300  =  -^  +  $1500  =  share  of  the  eldest ;    also 


5ar 
+  $1500)  =  7"  -  $1500  =  part  remaining,  and  $3600 

5y. 


/5x  5x  5j; 

+  U  y  -  ^1500  -  $3600)  =  $3600  +  §^  -  $850  =  ^-^  +  $2750 

=  share  of  the  second,  but  these  shares  are  equal.     Therefore 
-^  +  $1500  =  ^  +  $2750,  whence  x  =  $45000  and  —  +  $1500 

=  $9000  =  share  of  each ;   also  $45000  4-  $9000  =  5  =  number  of 

children. 

41.  Let  X  =  the  left  hand  digit,  then  a:  +  7  =  the  right  hand 

iligit ;  also  10a:  +  a:  +  7  =  the  number,  and  x  +  a:+7=2a;+7 

10a;  +  a: +7  7 

=>  sum  of  the  digits.     Then  — 2x  +  i  '  ~  ^  "^  2ic  +  1  whence 

11a:  +  7  =  4x  +  14  +  7,  and  .•.  a;  =  2,  a;  +  7  =  9,  consequently  the 
number  is  29. 
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43.  Let  X  =  B'3  share,  a;  -  20  =  C's,  and  f  (2a;  -  20)  +  80  =  .^'s. 

2(2a:-20) 
Thou  a;  +  a;  -  20  + ~ +  80  =  2100  ;  whence  lOx  -  100 

+  4r  -  40  +  400  =  10500  .-.  14a;  =  10240,  and  x  =  $731-42f  =  B's 
share;  also  $731-42^  -  $20  =  $7ll-42f  =  C's  share,  and 
K$731'42^  +  $711-425- )  +  $80  =  $657-14f  =  ^'s  share. 

43.  Let  X  =  the  number  of  rows,  then  a;^  +  75  =  number  of  trees 
also  X  +  e  TOWS  each  containing  a;  -  5  trees  =  ar^  +  a;  -  30  +  5  =  the 
number  of  trees.  Then  a;^  +  x  -  30  +  5  =  a;^  +  75 ;  whence  x  =  100 
.-.  a;2  +  75  :=  10000  +  75  =  10075  =  number  of  trees. 

44.  Let  X  =  one  part,  then  «  -  a;  -  the  other ;  and  x  =  —(a  -  x^ 

no, 
.-.mx  =  na  -  nar,  or  7nx  ■{•  nx  ~  na  .-.  x  =  ;   also  a  -  x 

na  ma  +  na  -  na         ma 

»i  +  ?i  m  +  n  ~  m  +  n 

45.  Let  X  and  60  -  a;  =  the  two  parts,  x  being  the  less  ;  then 
a;(60  -x)  =  3x^  .-.  60  -  a:  =  3a;,  and  a;  =  15  =  the  less  ;  whence 
60  -  a;  =  45  =  the  greater. 

46.  Let  X  =  the  growth  in  acres  of  one  acre  of  grass  for  one 
week.  Then  the  growth  of  3^  acres  for  4  weeks  =  a;  x  ^3^  x  4 
_  40.r 

-.-^-  J  and  the  growth  of  10  acres  for  9  weeks  =  a;  x  10  x  9  =  90x. 

Therefore  the  whole  quantity  of  grass  eaten  in  the  first  case 

40a:  40a;  +10 

""  ~3~  "*"  ^i  =         3         acres,  and  the  quantity  eaten  in   the 

second  case  =  90x  +  10 

Eence  in  the  first  case  the  quantity  of  grass  eaten  by  one  ox 

40a:  +  10  20a;  +  5 

_         ^         X  i  X  -1^^.  =       Y^^      ,  and  in  the  second  case  the  quan- 
tity of  grass  eaten  by  one  ox  =  (90a;  +  10)  x  h  x  -'  ■  =  — ---i^ 

But  by  the  question  an  ox  in  the  first  case  eats  as  much  as  an 
ox  iu  the  second  case 
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20X  +  5     90x  + 10  ,      - 

Therefore      ^.^    •  =  — ^^^^  ]  whence  x  =  i.^  of  an  acre 

Hence  -^^^  =  ^^  =  jy^^  =  ^4  =  fractional  part  of  an 
acre  of  grass  eaton  by  one  ox  in  one  week,  .-.  one  ox  in  18  weeks 
will  eat  -/^-  X  18  =  ^  acres. 

Now  since  each  acre  increases  at  the  rate  of  -jV  of  an  acre  per 
week  24  acres  will  increase  2  acres  per  week,  and  in  18  weeks 
the  24  acres  increase  by  36  acres,  and  therefore  become  equiv- 
alent to  60  acres 

Then  60  acres  -r  -^  acres  =  36  oxen. 

4*7.  Let  X  =  the  first,  then  nx  =  the  second,  and  mx  -  the  third. 

a 

Therefore  x  +  nx  +  mx  =  a,  whence  x  =  ^  ^  ^  ^  ^^  =  first;  second 

na  .  'ma 

=  ^^  =  1  +  m  +  n'  ^^^  ^^''^  =  ^"^  =  1  +  ni  +  n 

mx  P^' 

48.  Letx  =  the  first,  then  —  =  the  second,  and  — ■  =  the  third. 

mx      px  , 

Therefore  x  + +  —  =  a,  whence  nqx  +  mqx  +  npx  =  nqa^  and 


amq 


•  •  ^       nq  + 

mq  +  np 

;  the  first  part 

mx 
n 

m                anq 

Second  part 

n   ^   nq  +  mq  + 

np 

px  _  p_ 
'  q   "   Q 

anq 

Third  part  = 

^    nq  +  mq  +  np 

nq  +  mq  +  np 
anp 


nq  +  mq  +  np 

49.  Let  X  =  the  number  thrown  by  the  first  after  the  second 
commences  ;  then  x  +  36  =  whole  number  thrown  by  the  first ; 

—  =  the  number  thrown  by  the  second.     But  every  4  charges 

8 

of  the  first  consume  as  much  powder  as  ever^  3  charges  of  the 

second,  and  they  are  to  consume  equal  amounts  of  powder, 

.^^JL?5  -  _f  J  whence  x  =  210  =  balls  thrown  by  the  fir^t 
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after  the  second  commences.     Therefore  I  of  216  =  189  =  balls 
thrown  by  second. 


Exercise  XXXIV. 

10.     4x  +  6?/  =  2a  I  11.  12x  +  4ay  =  4m 

15x-6y  =  36  j  12a;  +  3by  =  3n 


19x  =  2a  +  36  4ay  -  3by  =  4/;i  -  3n 

2a  +  3b  (4a  -  3b)y  =  4m  -  3n 

3?/  =  a  -  2a;  ^  =  4a  -36 

3y-«--T^  3x  =  m-ay  =  m-      ^^  ^  ^^  - 

4am  -  36m  -  4am  +  ^an 


a  — 

19 

19a 

-4a- 

66 

19 

15a 

-  66 

L9 

5a- 

26 

3>/  = ^ 3x  = 

15a  -  66 
3y  = T^ 3a;  = 


4a -36 

3an  -  3hn 


4a -36 
an  -  6m 


19  *  "  4a  -  36 


12.  2a6x  -  Aaby  =  26*  13.  x 

-I 

a(x  +  y)  =  b 
ax  +  ay  =  b 


2a6x  -  c6y  =  ac  x^  -y'^-b] 

^aby  =  ac-  26'-  (x-y)(x  +  y)  =  b 


ac  -  262 


ax  ■-  b  +  2ay  =  6  + 

362  ^  2ac  -  462 

«^  = 36 

2ac  -  62 
"^  =  -36- 
_  2ac  -  62 
'"      3a6 


} 


ax  - 

-ay  ^  a^ 

lax 

=  a2+  6 

X 

a2  +  6 

"     2a 

2ay 

=  6-a2 

y 

6-a2 
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14.  ex  -ay  =  acin  "| 

(m  -  c)x  +  (m  +  c)y  =  acm} 

c(m  -  cjx  -  a(m  -  c)y  =  acm(m  -  c) 

c(wt  -  c)a;  +  c{m  +  c)y  =  ac^m 

mcy  +  c^y  +  amy  -  acy  =  ac^iti  -  ac/?i=*  +  oc^m 

acm(2c  -  m) 

^  ~  mc  +  c'^  +  am-  ac 

2a^c^m  -  ahm^ 
ex  =  ac7rt  +  a^  =  acm  + 


mc  +  c""  +  am  -  ac 
a?7i(7«c  +  c'^  +  affi-  ac)  +  2a^cm  -  ahn^ 

mc  +  c^  -ra»ir^^~ac 
am^c  +  amc^  +  a^m!^  -  a^cm  +  2d^cm  -  a%3 


mc  +  c'^+am-ac 

aw?c  +  amc^  +  a^cm, 

mc  +  c^  +  a»i  -  ac 

15. 

bm        bn 

bm          mq 

X     -     y     =*'» 

16.  (a:-7/)(x  +  2/)  =  551 
a;  +  y=ll     J 

ll(a:-y)  =  55 
x-y  =  5 

6/1         m^f 

x  +  y=  11 
2a;  =  16 

(a6  -  bm)y  =  6n  +  mq 

x  =  8 

bn  +  mg 
^  ~  a6  -  6m 

2y  =  6 

y  =  3 

7M 

x 

n                  n 
.    y  ~         bn  +  mq 

It.  459x  -  463//  =  -  495' 

ah  -  6m 

-  5x+    19y=  131    J 

m 

a6n  —  6mn 

2295X  -  2315y  =  -  2475 

X 

~    6»  +  mq 

-  2295a; +  8721y  =  60129 

m 

abn  +  a/n^  -  ahn  +  6mn 

6406y  =  57654 

X 

6/1  +  mq 

y  =  9 

1 

aq  +  6/1 

5a:  =  19!/-  131  =  l7l  -131 

X 

mq+  bn 

5a;:^40 

X 

mq  +  bn 
~  aq  +  bn 

a:  =  8 

;  +  2666j 
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18.  ex  -  ay  =  acp  \ 

♦    ax  -  cy  =  or  +  c^ 
acx  -  d^y  =  d^cp 

acx  -  c^y  =  a'^c  +  c^ 

chf  -  d^y  =  a'^cp  -  a^c  -  (^' 
(j?cp  -  c?c  -  ^ 

IX  =  a2  +  c2  +  cy  =  a2  +  c2  + '^I^^ 

(19) 

Zox  -  126  +  2Bxy  +  49y  =  28zy  +  iGy 
72x2-90xy-Vo'x  +  42j/-^^i=*72a;2-90xy  +  930y-1002x 

35x-      27y=    126^ 
3293x-2960y=  SOltJ 
115255X-    88911^/^414918 
115255X  -  103600^  =  312095    .   ^  _  ,- 
14GB9!/  =  102823  •'*  -^  * 
35x  =  126  +  2ly  =  126  +  189  =  315  .-.  X  =  ^ 
(20) 
3(a2  -  b'')x  +  5(a^  -  b'')y  =  8a=^6  -  2tt6-  ^^^^^ 

3(a''^  -  6')x  +  3(a  +  6  +  r)by  =  3a^6  +  Gaft^  +    ^^^  ^^^^^ 

5(7i^  -  b')y  -  3(a6T6^~60F^8^'^'~2a6^  -  3a^6  -  6a&2  -  -^-|-^ 

5tt36  -  3d^b^  -  8ab^  -  Sab'^c 
rjd^-8b'-3ab-Zbc)y  = ;7:jr6 

(bd'  -  86'^  -  3a6  -  3bc)ab 

Cod'  -  862  _  2ab  -  3bc)y  =  -— 7^+^)  ' 

ab  ^ 

y  =  -^b 

8d^b'-2ab'^  8a^b-2ab''      5ab      8a^b  -  2ab'' -  5a'^b  +  5ab^ 

'•'■  ""  ~~d^~9        ^^^  ~a^^b''        a+  6 "  a^  -  6=^ 

3d'h  +  3a62       3a6(a  +  6)  _  ^    .        _  _^ 

3«''  =  ";?:rF~  ^  ~" a^  -  b^-     '^    ^^  ~  a-b  "      ~  a^b 


^^ 

KEY  TO 

[Ex.  X2t3CV. 

EXBRCISE  XXXV. 

1 

(6) 
1         6 

y  "  6 

a;  +    y  =    icy 

x  +    z  -  2xz 

- 

1 

1 

1         3 

16         3         1 

22/  +  2s  =  3yz. 
1         1 

y 

1 

17  + 

z    "    6    "    4    "  12 

1                      7 

T                   =12 

8 
=  — ;  81/  =  24;  y  =  3 

1         7 
+T=.12 
7         1         1 

y 

2 

1           1 

y 

1 

1 

2         2 
=2 

z         y 

2         2 

T  +  7  =  ^ 

1 

a: 
1 
a; 

1          5 
5        1        1 

o 

(8) 

a;  +  3y  +  22;  =  6 

4                               «. 
-  =  6  .-.  z  =  -j- 

y  =  1  .-.  y  =  4 

1         1                          4 

_  +  „  =  1  ,.  ^  .  _. 

(10) 
Add  all  four  equations  to- 

3x +  5y  -2z  =  m 

gether  and  then  -f  3 

8x  -  2y  +  2z  =  2n\ 

4x  +  8y  =  b    +  m' 

llx  +  By  =  m  +  2n_ 

12a:  +  24y  =  36  +  3? 

V 
V 

n                         V 

+  a;  +  y  +  z=23 
+  x  +  y        =13 

+  a; 

z=10 
+  z=  17 

88a;  +  24y  =  8»i  +  1 

Qn 

y      =  6 

76a;           s5m+U 

>»-36                 v  +  y 

+  2=   18 

5m  +  1( 
76 
5m  +  16ri  -  36 

1Q            +82/ 

)n-36 

=  6  -fc  m               *' 

X 

=    5 

x  + 

y +  s  =  21 

—  o 

—  <^ 
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5m  +  len-  36 


8y  =  b  +  m 


19 


226+ 14m -16/1  ll6  +  Y?rt-8n 


8^= 1^ -J  2/  = 


19  '  ^  76 


5m  +  167i  -  36      116  +  1m  -  Sn 


4  =  /i_4x  +  i/5  c  =  n--- -r + 


19  '  76 

I6n-  207/1 -64n+  126  +  116  +  1m  -  8n 

76 
236  +  4;i-13»i 


76 

(9) 

abx  +  b^y  =  be 
dbx  +  acz  =  a? 


b'^ij  -  acz  =  be  -  a* 

chj  4-  acz  =  6c  26c  -  a* 

(6^  +  c2)t/=  26c-  a2  5  V'  ~WT^ 

^     26c2-a2c            63  +  6c2  -  26c2  +  a^c 
az'-b^cy=b—^,^-^-az^ -^^z 

*  ~      a6^  +  ac^ 

262c  -  6a2  c62  +  c3  -  262c  +  d'b 

«^  =  ^-^^  =  ^--6Mr^j«^- i^-r^2 

t-3  -  62c  +  a'b 


•^  ~      a62  +  a(^ 

(11) 
ax  +  ay  +  az  =  a^  +  a6  +  ac 
6x  +  cj!  +  az  =  a2  +  62  +  c^ 
(a  -  b)x  +  (^a-c)y  =  ab  +  ac  -bf^-c^ 
bx  +  by  +  bz  =  ab  +  b'^  +  be 
ex  +  ay  +  bz  =  a^  +  b'^  +  c'^ 
(6  -  e)x  +  (6  -  a)y  =  ab  +  be  -  a!^  -  <^ 
(a  -  b)x  +  (a  -  c)j/  =  a6  +  ac  -  6^  -  c^ 
(6  -  c)x  +  (b-a)y  =  ab  +  bC'-a^-  c^J 

(2ab-b^-a^)x  +  (a-c)(b-a)y=  2ab'^  +  abc-b^-'bc^-.a^b-a^e  +  ac^ 
(ab  -  ac  -  bc  +  c^)x  +  (a  -  c)(b  -  a)y  =  a26  -  a'*  -  ac^  -  bc'^  4  a^c  +  c=* 
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(b^  +  a'^  +  c^~ab-ac-bc)x  =  b^  +  c^-a^~2ab'^-'abc  +  2a^b  +  2a^c-2ac^ 

_  b^+c'^-aP-  2iib^  -  2ac^  +  2a^b  +  2a?c  -  abc 
•^"  b-'  +  a'  +  c'^ab-ac^bc  =b  +  c-a 

(a  -c)7j=:  ab  +ac-b^-c^-  (a-b)(b  +  c-  a) 
(a  -  c)7j  =  a^  ^  ab  -  (^  +  be  .'.  y  =  a  +  4:  -  b 
X  +  y  +  z  =  a  +  b  +  c  .-.  z  =  a  +  b  +  C-  (b  +  c  ~  a)  '  {a  +  c  -  b) 
z  =  a  +  b  +  c  -  b  ~  c  +  a- a^  c +  b'f   z  -  a  +  b  ^c 

(12) 
ax  4-  a'^y  +  a^z  =  am^ 
ax  +    y  +az  =n    (• 
Ofx  ■{■  ay  +    z  ~  p    } 


"I 

:} 
} 


ay  -y  +     z-  az=p 

(a^  -  l)y  +  (a^  -  0)2:  =  am  -  n" 

(a  -l)y-  (a  -l)z=:p 

(a^  -  1)7/  +  (a^  -  0)2  =  ajn  -  n 

{d^  -  a)y  -  (a^  -  a)z  =  ap   -  ar 

(2a^  -  a  -  1)2/  =  «?»  -n  +  ap-an  .-,  y z-5 ^— ; 

(a  -  1)2:  =  (a  -  1)7/  -  2?  +  71 
fl?n  -  w  +  tfjo  -  a^i 

("  "  ^^^  = 2^Ti -^  +  ^ 

a7/t  ^n  +  ap-an  -  2a/7  +  2tt7i  -p  +  n 

a7/i  -ap  +  an  -  p  am  -  ap  +  an  ^  p 

(a -1)2;=  2a +1  •'•-=       2a2  _  a  -  1 

-  ,  ap  -an  +  am-  ap  Jr  an-v 


(a77t  -  n  + 



2a=*  -  a  -  1 


20771 


2a2 


■n  -  p\  2d^m  -  an-  ap 


_  2a^7/i  -am-m-  2a^m  +  an  +  ap  ap-am  +  an-m 

""-  2a'^-.a-l  -'-^^       2a2-a_l 
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Exercise  XXXVI. 

1.  7(x  +  y)  +  4y=  50,  and  2(x  -  y)  +  3x  =  IQ 

2.  X  +  y  =  a,  and  bx  -  cy  =  0 

3.  Let  X  =  price  in  cents  of  hay  per  ton,  and  y  =  price  of 

4v 
oats  per  bushel :    2x  +  35y  =  4400,  also  —  =  reduced  price  of 

J   ^^      .  St- 

oats and  —  =  increased  price  of  hay  ; 'then  —  +  28y  =  5120, 

TT  1  .  8a; 

Hence  the  equations  are  2x  +  35y  =  4400,  and  —  +  28y  =  5120 

4.  Let  X  =  length,  and  y  =  breadth ;  then  xy  =  area.  Then 
(X  +  20)(y  -I-  24)  =  xy  +  4180,  and  (x  +  24)(y  +  20)  =  xy  +  3860, 
which  two  equations  when  reduced  give  Qx  +  5y=  925,  and  5x 
+  6y=-  845 

5.  ^x  + Jy=  11;  Jx-1  =  iy  \ 

6.  a:  +  y  =  144,  and  4-x  -  ly  =  IJ 

a:        4a; 

7.  ar  +  7/  =  48,  and  —  =  — ,  or  a:i/  =  16a:,  or  dividing  by  x  we 

get  y  =  16 

8.  a;  =  £(?/  + c);  J/ =  |(a- +  c)  +  6  ;  2  =  K^  +  2/)  -  3  ;  whence 
by  reduction  we  get  4x  -  5?/  -  5c  -  0  ;  -  x  +  2y  ~  z  =  12,  and 
-^--7/4- 3c  =  -9 

9.  Let  X  =  sulphur,  y  -  saltpetre,  and  z  =  charcoal 
X  +  y  +  z  =  4000  ;  y  +  z  -x  -  3240 ;  x  +  y  -  z  =  2160 

10.  a;  +  1/  +  c  =  72  ;  ^a:  =  Jy  ;   ^a;  =  {z 

11.  Let  r  =  space  occupied  by  one  shilling,  and  y  =  space 
filled  by  a  ten  cent  piece;  then  16a:  +  27y  =  1,  and  liar  +  I3y 
=  -,\,  whence  x  =  j^f 5-,  and  y  =  -y"y ;  wherefore  the  purse  would 
hold  ^^P  =  40;^,^  shillingg,  or  ''^  t  44 J  ten  cent  pieces. 
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12.  Let  X  -  number  of  lines,  and  y  -  number  of  letters  in  a 
line;  then  a:y  =  number  of  letters  on  a  page.  Then  (x +  3)(y  +  4) 
=  xi/  +  224,  and  (x  -  2)(y  -  3)  =  xt/  -  145  ;  or  4x  +  3y  =  212,  and 
3x'+22/- 151 

13.  Let  X  =  left  hand  digit,  and  y  =  right  hand  one  ;  then  the 

lOx  4-y 
number  will  be  represented  by  lOx  +  y.    Whence  2 — .  ^    _~: 

lOx  +  y 

-  3,  and — r  =  13 ;  or  4x  -  5i/  =  -  12,  and  23x  -  \1y  -  65 

y  —  x-T  \i  ^ 


14.  Let  X  -  number  of  ten  cent  pieces,  and  y  -  number  of 

5y 

tweuly-fiv^  cent  pieces;    then  lOx  +  25^/  =  8160,  and  —  -  6x 

a 

=  4 ;  or  5y  -  12x  =  8,  and  5y  +  2x  =  1632 

X       x(a  -  1) 

15.  Let  X  =  rate  before  the  accident  .-.  x = 

a  a 

=  rate  after  the  accident 

Let  n  =  the  number  of  miles  from  Kingston  at  which  the  ac- 
cident occurred. 


n  an  n 

+  ^   •••  W.-1^   =   IT  +  &   (I) 


•  •  x(a  -  1)         X  "  x(a  -  1)        X 


a 


n  -  c  n-c  arn  -  c)        n  -c 

And  ^.         T>,    =  +  d  .-.  — ^ rr  =  +  d  (11) 

x(a  -  1)  X  x(a  -  1)  X  ^  ^ 


a 


an             n  n 

From  (I)  -7 rr  -  —    =    -; rr    -  6   (ill) 

'^  ^  x(a  -  1)        X  x{a  -  1)           ^    ^ 

a(n-c)        n-c  n-c 

n  c                                     n 


•••  ^^^"^  (^^>  x(a  -  1)  -  x(a  -  1)  =  '^^    ^^^  <^°)  x(a  -  1)  =  ^ 
•••  ^  -  ^(^4rr)  =  ^5    or  6x  -  ^  =  rfx 
whence  x(6  -  '0  =  ^  .-.  ^  =  («  .  i)'(6  .  rf) 
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16.  Let  X  =  the  number  of  inside  passengers,  and  y  -  the  fare 
in  dollars  of  each 

Then  a;  +  4  =  number  of  outside  passengers,  and  |(4y  -  O 
=  fare  of  each 

Then  xy  +  (x  f  4)  x  \(iy  ~  i)  =  45  ;  or  22xy  +  32y  -  x  ^  634 

Also  ly  =  fare  of  inside, passengers  for  half  way,  and  -/4-(4y  -  O 
=  fare  of  outside  passengers  for  do.,  and  the  whole  fare  was  in- 
creased by  -i\  of  $45  =  6 

Then  iy  +  -,\(4?/  -  i)  =  6  j  or  38y  =  I7l ;  or  y  =  $4|,  and  this 
substituted  in  the  first  equation  for  y  gives  us  22  x  fx  +  32  x  ^ 
"  X  =  634,  or  98x  =  490 ;  whence  x  =  5  =  inside  passengers 

17.  Let  X  and  y  =  the  digits  ;  then  the  number  will  be  lOx  +  y 
Then  lOx  +  y  =  2xy  (i)  and  lOx  i- y  =  4x  +  4y',  or  6x  -  2y  =  Q -, 

or  2x  -  y  =  0  (ii) 

Adding  equations  (i)  and  (ii)  we  have  12x  -  2xy  =  0,  and 
dividing  this  by  2x,  and  transposing,  we  have  y  =  6 ;  whence 
X  =  3,  and  the  number  =  36 

18.  Let  X,  y  and  z  be  the  digits,  then  the  number  will  be 

lOOx  +  lOj,  +  ..    Tben  j,  =  i  (-  +  --)  I    ""J'^V?/'  '  48,  and 

•*'  T  y  T-  2 

lOOx  4-  lOy  +  2  -  198  =  lOOz  +  lOy  +  x.     These  reduced  give  the 

equations  -  x  f  2y  -  «  =  0,  52j:  -  38y  -  47s  =  0,  and  x  -  ;r  ^  2,  &c. 

19.  Let  X  =  the  oz.  of  J,  and  y  =  oz.  of  5;   then  x  +  y  =  p  (i) 

since  p  oz.  of  J  lose  6  oz.  in  water,  1  oz.  will  lose  — ,  and    •  x 

bx  P 

oz.  lose  —  ;  similarly  y  oz.  of  B  lose  —  oz.  in  water  •.  —  +  — 
,  ^    P  P  P       P 

=  a  (II) 

From  (II)  bx  +  cy  =  ap  (lu)  and  multiplying  (i)  by  6  we  get 

bx  +  by  =  bp  (IV) ;  then  (in)  -  (iv)  gives  u^  cy^by  =  ap-  bp 

(a  -  b)p      .  (c-a)p 

.-.  y  =  -^^y-  ;  similarly  x  =  — — r- 
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EXBECISB  XXXVIII. 

7.  (2a  +  3)6=(2a)6+6(2a)53  +  15(2a)43"^+20(2a)33'+15(2a)23* 
+  6(2a)35  +  36 

8.  (3  -  27ft)«  =  35  -  5  X  3\2m)  +  10  x  3'(27n)2  -  10  x  Z\2my 
+  5  X  3(27ft)*  -  (2m)« 

9.  (3a  -  2yy  =  (3a)«  -  5(3a)4(2y)  +  I0(3a)\2yy  -  10(3a)2(2y)« 
+  5(3a)(2y)*  -  (2yy 

10.  (26  -  5c)'  =  (26)3  _  3(26)2(5c)  +  3(26)(5c)'  -  (5c)» 

11.  (3x-4y)*  =  (3a:)4-  4(3x)3(4y)  +  6(3x)2(4?/)^  -  4(3a;)(47/)» 

+  (4y)* 

12.  (ab  +  Scy  =  (ahy  +  5(a6)4(3c)  +  10(a6)3(3c)''2  +  10(a6)^(3c)5 
+  5(a6)(3c)4  +  (Sc)'' 

13.  (2ac  -  xj/z)3  =  (2ac)3  -  3(2acy(xyz)  +  3(2ac)(xi/5)2  -  (xyzf 

14.  {(a  +  6)  -  cf  ^  (a  +  6)«  -  3(a  +  hfc  +  3(a  +  6)0^  -  c«  =  a' 
+  3a='6  +  3062  +  63  -  3c(a2  +  2a6  +  60  +  ze(a  +  6)  -  c' 

15.  {2a  -  (6  +  c)}*  =   (2a)*  -  4(2a)3(6  +  c)  +  6(2a)2(6  +  c)2 

-  4(2a)(6  +  cf  +  (6  +  c)*  =  16a*  -  320=^(6  +  c)  +  24a2(6^  +  26c  +  c^ 

-  8a(6=»  4-  362c  +  36c2  +  c^)  +  6*  +  ^hh  +  66^  +  46c3  +  c* 

16.  (2(a  +  6)  -  ZcY  =  2«  X  (a  +  6)5  -  5  X  2*(a  +  6)\3c)  +  10 
X  2»(a  +  6)3(3c)='  -  10  X  2''*(a  +  6)2(3c)=«  +  5  x  2(a  +  6)(3c)*  -  (Zcy 
=  32(a«  +  5a46  +  10a362  +  10a'*63+  5a6*  +  6')  -  240c(a*  +  4a'6  +  Sa^P 
+  4a6»  +  6*)  +  720c2(a'  +  3a26  +  306^  -1-  6^)  -  1080c^(a2  +  2a6  +  6^ 
+  810c4(a  +  *)-243c« 

17.  {(1  +x)-  x'l*  =  (1  +  xy  -  4(1  +  x)3(x2)  +  6(1  +  xy^x^y 
-4{l  +  xXx^^+(x^y=l+Ax  +  6x^+4x^  +  x*-^x\l  +  3x  +  3x^  +  x^) 
+  6x*(l  +  2x  +  x2)  _  4x6(1  +  x)  +  x8 

18.  {(a  -  6)  +  2c}«  =  (a  -  6)'  +  5(a  -  6)4(2c)  +  10(a  -  by(2cy 
+  10(a  -  6)2(2c)3+  5(a  -  6)(2c)*  +  (2c)»  =  a*  -  5a*6  +  10a362-  lOa^fi' 
+  5a6*  -  6«  +  10c(a*  -  4a'6  +  6a^b^  -  4ab^  +  6*)  +  40c2(a'  -  3a^ 
+  Zal?  -  6»)  +  80c»(a^  -  2a6  +  6^)  +  80c*(a  -  6)  +  32c« 


50  KEY  TO  [Ez.  xxxix. 

EXBRCISB  XXXIX. 

(1)  (2) 

4  +  2a;  -  12x2  ^2^  2x^  -  2a:* 

ix^  -  3x^  X*  -  2x'^ 

'_ +9x*  +x6 

(3)  (4) 

4a:^- 12a:''- 2x*  l-a  +  4a2-2a* 

92*  +  3x«  \a^  -  2a3  +  a* 

+ia:6  4a*-4a« 

+a6 

(5) 

1  +  2x  -  a;2  -  a:8  +  2x* 

x^  -  a:'  -    X*  +  2x* 

ix*+ix«-x6 

ix6  -  x'' 

+  x» 


(6)  (7) 

4a2  -  4a2^  +  Sa^x^  1  +  26x  -  2cx2 


a^x^  -  4a2x'  52^2  _  26cx» 


(8) 

a2  -  2«6x  ~  2acx2  +  2adx^ 


6^x2  +  2bcx^  -  26(fx* 

c^x*  ^2cdx^ 

+  (Px^ 


(9) 

1  -  2a  +  262j;2  _  2c^x^  +  2d*x* 

a^  -  2a62a;2  +  2a(^x'^  -  2ad*x* 

6*x*-262c=*x5 +  262#x« 

c6x6  -  2c3<i*x7 

+  d^x^ 
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(10) 

{(a  +  6)f  =  (a'  +  zd'b  +  Zah^  +  b^f  = 

Pa462+i8a%3+6a^6* 

9a264  +  6a65 

. . +66  ' 

(11) 

K«-Of  =  (a2-2ac  +  c2)* 
=  {(a2  -  2ac  +  c2)f  =  (a*  -  4a«c  +  Ga^c^  -  4.ac^  +  c<t)2  =, 
a8 -8a~c+ 12a«c^-    8a^c^+    2a^c^ 

36aM-48a3c5  +  Ud^c^ 

\Qahf  -  Sac 7 

. . +c8 

(12) 
(a2x2-  4ax  +  4)2  =  a^x*  -  8aV  +  Sa^x^ 

16a2x2  -  32ax 
+  16 

(13) 

4-12r+16x2-.    2x3+  jj^,* 

9x2 -24x3 +3x*- 2x5 


16x*  -  4x 

5  +  |X6 

ix6 

+  ^x' 

1- 

-4x. 

-  2x2  +  4^3 . 
4x2  +  4x3- 

(14) 

.2x* 

-  8x*  +  4x5 
X*  -  4x5 

+  2x« 
4x9- 

4X'' 

+  X5 

52  KEY  TO  [Ex.  XLi. 

Exercise  XLI. 

(3) 
4j:*  +  12a:''  +  5x^  -  6x  +  1  (2x^  +  3x  -  1 

4x* 

4a;2  +  3x\Ux^+  5x^ 
12a;3+  9x« 


4x2  +  6x-l\      -4x2-6a;+l 
-  4a;g  -  6a:  +  1 

(4) 

This  may  be  worked  by  the  rule  or  it  may  be  bracketed  so  a^ 
to  show  the  sq.  root:  thus  a:*  -  2x^(y^  +  1)  +  (y^  +  1)2 

(6) 
9a*  +  12a3  ^  340^2  +  20a  +  25(3a2  +  2a  +  5 

9a* 

6a2  +  2a\     12a»  +  34a2 
12a3+    4^2 


6a2  +  4a  +  5\  SOa^  +  20a  +  25 

30a''  +  20a  +  25 

(12) 
(X  -  3/)*  -  2(a:2  +  t/2)(a;  -  yy  +  2(x*  +  y*)  =  a;*  -  Ax^y  +  6x'^y^ 
-  4x!/3  +  2^4  _  (2x*  -  4a:3y  +  4^x'^y^  _  4x2/8  +  2y^)  +  2a;*  +  2?/ 
=  X*  +  2a:2y2  +  y^  j  and  V^*T2^V~+7*  =  a:^  +  r/2 

(13)  (a2  _  63  4.  c2  _  d2) 

a*-2a2  62  +  6*  +  2a2c2-262c2+c*-2a2d2+262£i2_2c2^Z2+d* 


2a2-62\  _2a262  +  6* 
-2a2  62  +  j4 


2a«-262+c2\  2a2c2-262c«+c* 
2a2c«-262c2  +  c* 


2a2  -  262  +  2c2  -  ^2  \  _  uU^  +  262cZ2  „  2c2rf2  4.^4 
-2a2<Z2 +  262^2  ^2c2i2+d* 
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(14) 

1  -  §x  +  yz^  -  Ix'  +  Ix^  -  ix^  +  ^a;6(l  -  ix  +  x2  -  ^x^" 


2-?x  +  x=^\   2x*-  ^a;3+  7a;-4 


2x2  _  A^3  ^  3,4 


2  -   §X  +  2X2  _  1^3^  _  1^8  ^  ^^4  _  ^a;5^..X.^6 
-ix3  +  la;4_lx5  +-,1^x6 


(15) 


i^'  +  7''5^-'^^-'-'^<^^'-^7- 


X  ^ 

X 


x2  4- 


\  X^        X' 

/  y       y^ 


y  '^y'' 


X2    + 


2x       y 


^) 


xy-2+- 


-^y-2  +  ^ 


Exercise  XLII. 
(2) 


3a* 


+  Ga^ 


4-  4a5 


3a-i  +  ea-i  +  4a'' 


ea"-  -  40a3 

6a''  +  12a*  +  8a' 


3a*  +  12a3  +  12a2 

-  12a2  -  24a 


+  16 


12  u  = 


24a  +  16 


-  12a*  -48a3  +  96a  -  64 


-  12a*  -48a3  +  96a  -  64 
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[Ex.  XLII. 


(4) 

aS  -  6a5  +  15a*  -  20a'  +  Ua'  -  6a  +  ira^  -  2a  +  1 
a9 


30* 


Ga^ 


+  4a2 


3a*  -6(^  +  4a^ 


■6a^  +  15a*-20a» 


-  6a5  +  12a*  -    8a» 


3a4-  12a«+  12a2 

3a2  -  6a 


+  1 


3a*-  12a=*+  I5a2-6a+  1 


3a*-  I2a3+  15a2-6a+  1 


3a*  -  12a3  +  15a2  -  6a  +  1 


(6)  |2a:^-3aa;  +  4a^ 

8x6-36ax5  +  102a2a;*-  inaV  +  204a*x2-  144a5x  +  64a6 
8a;6 


12a^* 


-18aa;S 


+  9a''^a;2 


12a;*-18az^+9a2a:2 


12x*-36aa;3+2ta2a:^ 

24aV-36a3a; 


-  36ax  5  + 1 0  2a2a;*  - 1 7 1  a%» 


■  36aa;s  +  54a2x*  -  2  la^x^ 


l48a2x*-144aV+204a*x2-.144a5a: 
+  64a6 


+  16a*| 


1 2a;*- 36aa:«+  5Ia2a;2- 36a«ar+  16a*  48a2a:*-144a3a:3_204a*a;2-] 44a^x 

I +  64a6 

(8)  (a  +  b  +  c  +  d  +  e 

a3  +  3a2  J  +  3a52  +  ^s  +  3^^^  +  ^y^  ^  3,^  ^  ^^^^^  ^  ^^_ 


3a* 


+  3a5 


+  62 


3a26  +  3a6«  +  63 
3a25  +  3ab^  +  b^ 


3a^  +  3a6  +  b^ 

3(«  +  ^y  +  3.^  ^.  jy  3(a  +  6)2c  +  3(a  +  6)c2  +  c! 

3(a  +  b)"^  +  3(a  +  6)c  +  c^  |  3(a  +  bye  +  3(a  +  &)c^  +  c- 

3(a  +  6  +  c)2   ,   ^,     .    ^        ^  , 


3(a  +  6  +  c)-^  +  3(a  +  6  -^^  c)d  +  ^2 


3(a  +  6  +  c>^(i  +  &c. 
3(a  +  6  +  c)2(/  +  &c. 
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Exercise  XL  111. 

■■  {(S)"T=  (£)-.. -(S)"-©" 

6.  (a-txa-i)-^(«-i-l)-^(,Mf)-^,^^«^ 
8.   {(<^i^)J(a*«v)lxa=iV({„i6jJc6)*xa->6-ic-'-^}¥ 


=  a;"*'  +  wwt  +  pr«  -  mtrqy^nrq  -  4n2  -  4r«  -  7«g 
=   ^mtra  -qj  +  (nt  +  prjSyArsfq  -  l;  -  g'4n  +  7*; 

a«-3aM+3ai-aM  («»  +  .')'-(«)' 


^^  KEY  TO  CEz.  rLm. 


4a:-2x^y~^  +  2xM-2/-i  +  y-y 


(12) 

+ 
2x^+y~^-.2i 

So:-^  -  4:c2/ "■  ^  +  4a:z^  -  2a;^y  - 1  +  2x*y  "  M 

^x^  - 4a:^y -  1  +  6a:^y-y  +  2^-i^*»2,-^_2:,iJ„y-M 

(13) 
'-3x-*t/-2x;»)9ar-9y-4x-72/-i(-3a:-5+2:c-4y-i 

(14) 


£ 


£.-  _  2.  5 


-ah-KJb-i-ah-^-J'b-i.ah-i-l-i 
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(15) 
^'  ^  +  1  +  x^)x-y-  +  x'  ^  ^  I  +  x^  +  xix"^  ^x"^  +  l^xhx^ 


x-^  +  x-'^ 

+  x 

-h 

- 1  -f 

■  X 

■  x^  +x 

■*-l 

x" 
x" 

^  +  1  +  ar* 

-1+a; 

x5 

a;*  +  x^  +  X 

(16) 

W  -  a  +  J  +  I  -  a'  ^  ^  a'l  +  a'^^y 
=  «*-  2a^  +  2a2  +  2a2-  -  2«  -  2a^  +  2 


a* 

-2a 

2a  +  2a5  +  2 
a  +  2a^  -  2  ■ 

-2a" 
-2a- 

■1 

■^  +  2a" 

1 

1. 

-2a~ 

i.2a- 
a' 

^  +  2a- 

•i+2a" 

a-2, 

■  ^-  2a 

-2a~ 
a  " 

■i 

3 

=  a''-2a^+3a«- 

■3a+2a^ 

+  3-6a~^ 

■fa-J 

■  +  4a'" 

i.a- 

-2a" 

i 

a? 

2a^ 

-1- 

.  2«' 

(17) 

.*^1 

.«-* 

2a*  +  l) 

2a* 
2J 

-1 

+  1 

2a*  +  2-a-*). 

-2- 

2a" 

■*  +  a-8 

-2- 

2a' 

"Ua-J 
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KEY  TO 


[Ex.  XLIIt. 


(18) 
(J 


2x^  +  3  -  2a: 


-i 


+  X 


ar^  -  4x  +  lOx^-  lGa:*+  19  -  IQx  "  *+  lOx^^^Ax-^+x'-' 


2ar    -  2x')-4x  + 10a;* 


-ix  +    4x^ 


2x^  -  Ax^  +  3)      ex^-lGx^  + 


19 

6x^-.12a;-'+    9 


2x^  -Ax^  +  6-2a:~^)  -  4x^  +  10-1 6a;  *"^  +  10x~* 


4x*+    8-12a;     V   4a;""^ 


2x- 


-4x^  +  6-4a;'"^+a;"^) 


2-    4a;     "^  H-Ga-~  •"  -  4x-i  +  .r  ~  ■' 
2-    4a;~^  +  6a;^^-4x-i  +  x~^ 


(19) 


3a;~^^  S+arV^')^  V-3^~^2/+3a;^2/"^-a;y3(a;~^y-  a;iy-i 


-33;     Kj  +  Sx^y-^-  xy* 


-  3x     ^y  +  3x^y 


K-i- 


xy 


(20) 


\x^  -  2a;*yo  +  3y' 
a;*-6x^j/^>  21a;^^*-  44x2/^+63a;^y^-54z^y^+27y 


3x'3 


6xy6 


+  4a;^y* 


3a;^  -Qxy'^  +  Ax^y^ 


Qx^y^  +  2lx^y^  -  4Axy^ 


~  Gx^y^  +  Ux'^y^  -   8xy^ 


3x3  _  i2xy^  +  Ux^y^ 


9x^y^  -  ISx^y^ 


3x^ -  I2xy^  +  2lx^y^  -  ISx^y^ 


+  9y' 


4     1  1  2     2  ).     ft 

9x3  j/^-  36x2/^+63x'i/'-54x'*y6+27y 


9x^2/^-  36x1/^+63x^2/  -54x*y 6+2 7i/ 
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Exercise  XLIV. 
,     1.  2^  =  (22)*  =4^;  7i  =  (73)^  =  343^;  2^  =  (2*) 5  =  165" ;  Q)^ 

=  {(t)'J-' ■{©?■©'■©' 

2.  a  =  a^  -  («')'  ;  3^  =  9^  ;    (|)-^  =  (a^i)^  ;    (2a)^  =  {4.a?y  ; 
(3a26)'^  =  (9a462)^  ;    (4a:V)2  =  (16a;*j/6)^ 

K.i.)-^[(2a)-3r*.(^)-^K3a2.)-3ri-(^)"^; 

K4-¥)-r*=(^)"* 

a  =a^  =  (a*)^;  3^  =  (81)^  ;  (#  =  (^fJ^)*  -(2a)*  =  (16a*)*  ; 
(Zd'hy  =  (Sla^fi*)^  ;  (4x2i/3)t^  (256x^2/^2)^ 

3.  a- a'h  (a-)- ^  (^J_y  ^  .  3^  =  (3-i)H  =  (J)- i  . 

K2«^^vr^=(^)~^  {(ac2)  .r^=.(-^)-^;((-)-^-^^ 

2  /3a6\|  a/6\t^      a 

SCO*  =  5 W)*  =  J  X  iVU  =  ivu ;  KsV)*  =  K-a-)*  =  -AVao-; 

3o/6\-J     30/2  \}     3o/4\J     3a/46\i     3a  _ 

t{j)      ^T[j)   =T(,i^j   =t(pJ   =36^"* 


^^  KEY  TO  [Ex.xLiv. 

5  V    4    ;     ~    5  W6  ;      "    1^3125  ^"IF^    "\3T25J 

^.  (135)^  =  (27x5)^  =  3^5 ;  Vl62  =  VSlTi  =  9V2  ; 
V80=:Vl6ir5  =  2V5;    T^324  =  7  ^271712  =  7  x  3-^12  =  2 1-^12  ; 
iV?  =  iVlT=iW2r,- 

h         

(az  -  z^y 

3V2  and  3^3,  or  IS^-and  81*,  or  18^  and  81^j  or  (5832V6 
and  (6561)^ 

or(^r)*;  (44)^  and(5103)«,-  or  (^^0^)^,(85184)^  and  (5103)^, 
or  (3528,%)^,  (85184)^  and  (5103)^ 
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10.  12V2  +  12VV- V2  -  8V2  +  35^/2  =  59V2  -  9v^  =  50V2 ; 
8V(I)  +  4^05  -  Wis  +  ^/|T  =  4V3  +  4Vl5  -  J^iVl^  +  ^-/H 
=  4V3  +  4Vl5  -  2Vl5  =  4V3  +  2Vl5 

11.  2V7  +  6V7  +  3^3  -  4^3  =  E*jn  -  ^3  ; 

_       t'"*   —       /  c*\    

dab\lac  +  2aVac  -  -r\lae  =  (  3a62  +  2a2  _      \  ^^^ 

12.  ^2"*a'»i'6"»«  X  ;7^^4-  ^S^o^-^'^i™  x  J^^^ft?  -..j^?^  x  J^^s 

13.  6V200'=  6V100  X  2  =  60V2  ;  35V60  =  35Vr^5  =  ^OVlS; 
(3  X  66)  X  (4  X  306)  =  (3  X  4)  X  (2166  x  3600^ 

^  12^64  X  12150  =  24^12150 

14.  16^x8^  =  Vl6x  16x8x8  x  8  =  -^4^  x  32  =  4^32; 
28a^'  x  a^  =  28a6  =  28a^a ;  2  x  3^  x  '726'=  2  x  (2T  x  72)6 
-  2^1944;  7^  x  ^^5  =  14^3  x  i^5  =  1^ 

ax     by      c^d  i  i  i  i 

(X  -  V^y  +  2/)(Va;  +  V^/)  =  ^^  +  2/2     j-gee  Alg.  Art.  179.] 

16^(2V3  +  §Vf)(3V2l  -  4V3)  =  (2V3  +  AaA5)(|V10  -  4V3) 
=  3V30  +  iVTSO  -  8V9  -  1%-^/'^  =  3V30  +  V6  -  24  -  f V5 

2(?  ■^  f )*  =  2V^s^  =  §Vr^;  §(f  V  i,a)i  =  g^||  =,  y^.  ^  ^..^j^ 

/27x7ni  ^  ^  ^     '^ 

=  4x  f—y^—)=  4^64827 

lf^±\-l^^^^\      3/16\^      3/16xl25\i  

2  {\/5)=  2  l^J  =TVl25;    =Ti— 6^~j     =  iWOOO 

±(^1\.±(^IA      ^fMl      4/32U      4/96U    4    - 

4  /^ux\       4  /yd'x\       4  /a^x2\  ^     J^/a«x«\^       4     

3  VV^/  ~  3  Ve/^3;  -   3  UW     "  3  V^e^j     =  3^V«'*' 


62  KEY  TO  [Ex.  2LIV. 

4V'3_5^4  6^Y_4V9  5^^256  €'^49 
2V3  2V3  +  2V3-2V3"2'Vn  ■^2^.^27 
=  2V3  -  ^ei^y^^  +  3(^?)i'^=  2V3  -  -1^5038818  +  1^964467; 

a'ct-^     )     -   (       a«6^      )     =   (         ^3^^ ) 

=  &c. 


20.  Multiplying  hj  ^1  -  6  we  have  (VT)^  -  6^  =  7  -  36  =  -  29 
Multiplying  by  ^3  +  V2  we  have  (^3^  -  (V2)2  =3-2  =  1 
Multiplying  by  4V3  +  GV^Jwe  have  (4V3)2-  (6V2r)2=  48  -  90  =  -  42 
Multiplying  by  y^  -  ^2  we  have  (^Vi)'-  (IV2)'=  tf  "M  =■  2^1^ 
Multiplying  by  y^,  +  y^-we  have  (iVi)'-  (iVD'= ^^5 -3\  =  -t-/4-o 
2(V3-2V5)  2V3-4V5        2V3-4v5     4V5-2V3 

•  (V3  +  2V5)(V3-2V5)  -  (V3)=^-  (2V5)=^  ~     3-20     "         l7 
_(y2   +  V3)(2V5   +   3V6)_  _  2V10   +    2Vl5   +   3Vn  +    syTs 
(2V5   -   3V6)(2V5   +   3V6)  ^  20"^ri4 

_  2^10  +  2^  +  6V3  +  9V2 

-34 
(2V3  +  Vn)(7V8  +  8V7j  _   14^24  +   7^88  +  I6V2T  +  8v^7 

(7V8  -  8v^7)(7V8  +  8V7)  "  392  -  448  

_  28V6  +  14^/22  +  I6V2T  +  8/77 
■  ^  ^^56 


JC. 

22  3(V3  +  ^x)         _  3^3  +  3V.r  ^  {a^Jm-m^Ja)  {a^Jm-^^Ja) 

•  (V3-V^)(V3  +  V^)''      3  -  ar      '  (a^m-ni'Ja)  (a^Jm+ni'/a^ 
(^a^m  -  m\fay      a?m  -  2am^/ma  +  m^a       a  -  2\/'ma  +  m 

(2  +  3^|lW^J\  +  §Vf)      _  §Vi  +  |V|  +  V^  +  2Vi- 

_  ^2  +  -,t-vi5  +  ^ V3  +  gyio 

_  19  ~  &c 

90 
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'  (V^'  +  ^  +  1  +j/^^^£^l)(V.^M^T+'l  -  v^"^^^^^) 
(Vx'^  +  3:  +  1    -    Y-^'"  -  a;  -  1)2 

^  ^^  +  a:  +  1  -  2(V.r'^  +  a;  +  l)(Va;^  -  x  -  \)  +  a;^  _  ar  -  1 
~  (x'^  +  x  +  l)-(x^-x-  1)  ■ 

^  23:^  -  2^x^  -  a;^~:r^^^ri  _  x^  -  ^x^  -  x' -  2x  -  j 
2a- +  2  -  ^^n  ' 

24    V3-V2-V5 

•   (V3  -  V2  +  V5)(V3  -  V2  -  V5) 

=  V3_-j/2^-V5 V3  -  V2  -  V5 

{(V3  -  V2)  +  V5]{(V3  -  V2)  -  V5l  -  (V3^"^7r5 

3-276T2^-          -2V6—    =— ^-^V^ITV^ 
=  aA8-VI2-V3Q  _   2V3+V30-3V2 
-12  -  I^ 

-Jl7Av'l)(lJ:^jtV3)_  V3  -  3V6  -  1 7  V3  -  3V6  -  1 7 
(1  +  3V2-V3)(H-3V2  4-V3)  =  (TTsV^TTs  =  ^IT6:^^2- 
^  (V3-3V6-17)06^;^2)       26V3  -  27V6  +  51V2  -  136 

(16  +  6V2)(16-6V2)~  =  ^2~ 

_Ji±V3)0^fV3_+  V2)  20  +  7V3  +  2V2  +  3/6 

(1  +  2V3  -  V2)(l  4-  2V3TV^  =   iT^-^Z 

(20j^^V3jfjyi+3V6)^^       136  -  3V3  -  14/2  +  25/6 

(n+4V3)(rr:iV3)       "  = — " 73-^^ ~ 


EXERCISB  XLV. 


6.  Let  V42  +  3V174|  =  /-r  +  /    ' 
Then  V42  -  3/174^  = /a:  - /y 
Or  Vl764-i568  =  VT96  =  14  =  x  -  y 
Also  42j^r74|_=^.f2^~  +  y  or  42  =  a:  +  y 
.-.  2x  =  56  or  a:  =  28  ;  2y  =  28  or  y  =  14  " 

/.  V42  +  SVml  =  V28  +  VU  =  2/7  +  /14 


64 


KEY  TO 


lEx.  XLV. 


9.  Let  Va  -  2V«  -  1  =  V^  -  Vz/  (0 
theWc^+jVa"^^  =  ^x  +  ^Jy  (ii)j 

or  Va^  ~  4a  +  4  =  x  -y 
or  a-2~^'-y 
Squaring'  (i)  we  get  a  =  a;  +  w  .-.  2a  -  2  =  2x,  &o. 

10.  Let  V2a  +  2^^^^  =  V-^  +  Vl/ 

V2a  -  2V^"^r62  =  ^x-A/y 
V4a2  -  4a2  +  46^  =  y46a  =  2&  =  ar  -  y 
And  2a  =  X  +  y 


11.  Let  Vs  +  V39  =:  v^  +  Vy 

Then  VS-  V39  =  y^:  -  Vy 
OrV64-39  =  V25  =  5  =  a:-y 
Also  8  =  ar  +  y 
.-.  2a;  =  13  or  a:  =  13,  and  2y  =  3  .-.  y  s  | 
.-.  V8  +  39  =  V¥  +  VI  =  iA/26  +  ^V3 

12.  Let  y'—  +  |6V<*^  -  6^  :.  V^  +  Vy 

1^2  ZZZI 

VT  ~  ^^'^^^  -  6^  =  ya:  -  Vy 


2a;  -  26  +  2a ;    or  a;  -  a  +  6 
2y  =  2a  -  26  J    or  y  =  tj  -  6 


a26=i     !,* 


|a*  la*      a^Z)!^ 

^^-i6>^-6^)  =  ^-.  — + 


6* 


=  a;-y 
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t« 


Then  2x  =  ----;  or  a;  =  .-^- 


And  -J-  =  *  +  2/ 


22^* 


4 
62 


ory  = 


4 
v&o. 


Ex.  XXVI,  XL VII. j  ALGEBRA. 

Exercise  XLVI. 


1.  V32  -'V24  =  V8(2  -  V3)  ••.  VV32  -  V^4  =  VV8(2  -  V^) 
-  .V8V2"^^^  '-  V8(iVG  -  ^2)  =  t/8ili^36'  ^V^)  =  KV^«8  -  V'sT) 
-^-V2  

2.  3v'5  +  V50  =  V5(3  +  2V2)  .-.  VsVo  +  V^O  =  VV5(3  +  2V2) 
=■  V5V3 +~2V2  =  V^(V2  +  1)  =  V5(V4  -fl)  =  V20  +  V^ 

3.  3V6  +  2Vn"  =  V6(3  +  2V2)  .-.  -Js  ^6  +  2'jT2  =  VV^(3T2V2) 
=  {fe^fJV2^2  =  V6(V2  +  1)  =  V6(V4  -M)  -  V^+  Vg 

4.  VT8  -  4  =  Vl8  -  VJ^  =  V2(V9  -  V8)  =  V2(3  -  V^) 
/.  VvTs  -  4  ^  VV2(3  -  V8)  =  V2V(3  -  V8)  =  V2(V2  -  1^ 

=  V2(V4-1)  =  V8--V2 


Exercise  XLVII. 

1.  4V'^r77  _  2V*^T2  =  i2V"^  -  4V":r3  =  8V'^ 

(a  r  V^^)  +  (a  +  V~^)  =  2a  +  (V6  +  V0V~1 

2.  V^^  +  V"^  +  V^l^  =  (V5  +  V^  +  VTT)V^n 

3.  Vt  +  6V^  =  V-r  +Vy ;  Vt  -  6'^^^  =  ^x-.  y^ 

V49T72  =  11  =  a;-y 

And  7  =  x  +  y 

.'.  X  =  9,  and  y  =  -  2 

4.  (4V'^  +  V^)(4V"::i  -  V^=^)  =  (V^^)'  -  GyT^^y 

=^  (IG  X  -  3)  -  (49  X  -  2)  =  -  48  -  (  -  98)  =  -  48  +  98  =  50 

5.  (V"32  _  3V^3)2  =  -  2  -  GV6(V"=^)^  +  (9  x -  3)  =  - 29  +  6^0 

g  V2-v":r5 V2-^rr'5  _  V2j^V"^ 

*  (V2  +  V^)(V2-V"^)   '    2 -(-5)    "=  7 

7.  a^^  X  -  V^  =  -  at^^V^ ;  +  1 ;  V"^ ;  -  1    [See  Algebra 
Art.  193  (III)] 

8.  (a-V^'  =  a»-2aV'^  +  (-a)  =  a»-2ay^-.a 


^^  KEY  TO  ^  [Ex.  xLVii. 

9.  (V2  -  V^=T/=  (V2)3  -  3(V2)2(V™4)  4-  3V2(/:^)2  -  (V^  4/ 
=  V8  -  6V4V"31  +  3V2(  -  4)  -  (V4V"=1)3  =  2V2  -  U'f^-  Uy/2 
+  8V"=ri  =  _  4V"^  -  10V2 

10.  Let  V  -  2  -  2V"-^f5  =  ^x  --^y^  then  V-2  +  2V^ 
=  V^  +  Vi/  •••  V4-4(-.l5)  =  V^  =  8  =  x-y,  andx+y  =  -2 

.-.  2a:  =  6  ;   x  =  3  j    2?/  =  -  10  ;   and  y  =  -  5.     Hence  V*  -  V7 
=  V3-/"^ 

11.  We  are  to  find  the  square  root  of  0  f  V*^ 

Let  Vo  +  v~  =  V^  +  Vy 

then  Vo  +  V^  =  V^  +  Vy 

or Vo-(-n[>« Vl  =  l  =  ^-y,  and;c-|-i7=»0. 

.-.  X  =  1,  and  y  =  -  i 

Hence  Vo  +  V  ^  ;  that  is  of  iV~  =  Vi  iVHT 

12^^Lety31+42V^=V^+Vyj  thenV31-42V^  =  V^  -  Vy 
.  .  V9«l  -  17(>4(  -^2)  =  V9t^l  +  3528  =  V4489  =  67  =  a;  -  y 
and  31  =  x  +  y  .-.  2x  =  98,  and  a;  =  49  ;  2y  =  -  36,  or  y  =  -  18 
Hen9e  ^/x  +  ^y  =  ^49  +  ^/^^Ts  =  7  +  3V^^ 

13.  ^  +  V3?  =  (4  +  v^r^)(2  +  yri)  _  8  +  4V^r2  +  2V::^-  2 

*  ^  1^~  2  ^  (2  -  V^^)(2  +  V"^)  "  i-(-~2) 

6  +  6V  -  2  

=  Q =  1  +V-2 

14.  7-vrrB)  14 -vII~7V— -2^:^6(2^^/^ 

14  -  2V^ 

-  7V^  -  Vl5 

-  7V'^  -  Vis* 

15.  (a  T  6V"^)(c£'-i>V'^>  =  a*  -  (6/rT)2  a.  a2  ^  (&2  jf-  1> 


•Thus-V-5x-V-3==-V5V-lx-V3V-l  =  VlSCV"^)' 


Ex.  XLviiy  ALGEBRA.  67 

Exercise  XLVIII. 

1.  U-rX'^Ai-A-Jx  +  x-  or4Vx  =  8;  ota/x  ^  2y  or  x  =  4 

2.  3x-Q  =  2x',  ora:  =  6 

3.  x-24-a:-4Va;  +  4;  or4Vx  =  28;  orV:«:=7;  or  a;  =  49 

4.  x-2VxY%  flx-i  =  a  4-  X,    or  -  2Va  +  ax  - 1  =  a; 

-  2   +  ^"=V^;or^"  =  V«+2;or4=-J ^..^^ V^ 

or  VVV^+123  +  4  +  5  =  3;  or  W^Tm  +  4  +  5  =  9  j  or 

VV^  +  123  +  4  =  4;   or  V^TT23  +  4 ^  16  J   or  V^Tr2"3  =  12  ^    or 
x+  123  =  144;  or  a:  =  21 

7.  2x+V^*-x^  =  ar'  +  2ar+l;  or V^*^^  =  a:»  +  1 ;    orx^-a^ 
=  x*  +  2x2+l;  or3x2  =  -i;  orj;2  =  -j;  or  x  =  ±  V"^  =  i  ^V"^ 

8.  x  +  34Vx+168  =  152  +  42Vx  +  r;  or-SV^^lG;  orVx  =  2. 
or  X  =  4  ' 

9.  Vx4-Vrr2  = -^=r;  orVa:V^T2+x  +  2  =  4;  orV^V^Ti 

=  2-x;   orx(r  +  2)  =  4~4x  +  x2;    or  x^  +  2x  =  4  -  4x +a-2;  or 
Cx  =  4  ;  or  X  =  § 

10.  a  +  x  +  2Va2-x=*  +  a-ar^->ax;  or  2V^^^n^  =  ox  -  2a ;  oi 
4a2-4x^  =  a2x2-  4a2x  +  4a^;   or  a^x^  +  4x2  ;=  4^2*  ^-    or  a^j  +  4i 

4/,a 
=  4a^  orx<a2  +  4)=4a-^;  <^^-:^—: 

(r  +  4 


^^  ^EY  TO  [Ex.  xLvm. 

11.  tf2+  2ax  +  x^.  a2+  xV6^T^;   or  2ax  +  x^  ^  x^jWTP ; 
or  2a  +  x  =  V6'+  a;"*1  or  4a2+  4ax  +a^  =  fiz  +  j^j  or  4ax  =  6^ - 4<i=* ; 

or  X  =  — 

4a 


12.  V6'+ax  +  a.-2=a-&-x;   or  6*  +  ar  +  a;^  =  a»-  2ab  -  2ax 
+  62+26x  +  x2;  or3aa--26j:=a2~2c6;  or  xCSa- 26)  =  ^- 2a6,- 
a^-  2ab 


orx 


3a  -  26  . 
13.  a;  +   2a^x  +  36Var   +  Gab  =   4^6  4-  ^y^i  +  4i7Vj 

or  26Vx  -  2aV^  ^  -  2^6;   or  V-r  =  ~t  ;  or  a-  =  — ^^ 


Sa. 


14.  V^  +  V4a  +  a:  =  — ==  ;  or  V^  +  a:'^  +  V4a  +  4aa;  +  x  +  x'-^ 

yi+x 

=  2a;  or  V4a  +  4ax  +  x  +  x' :=  2a  - yJT^ ;  or  4a  +  4ax  +  x  ■[- x"^ 
=  4a=*  -  4a  Va;  +  x2  +  a:  +  a;2;  or  4a  +  4ax  -  4a2  =  -  4a  ^^+7^  ; 
or  l  +  a:-a  =  ~V^2  +  x;  or  1  +  2a;  -  2a  +  x^  _  2cj:  +  ^2  _.  ^^^  ^. 

or  a:  -  2aa;  =  2a  -  a2  -  1  ;  or  x  =  ^^  ~  ^  "  ^ 
'  1  -  2a 

15.  X  -  32  =  256  -  32  V^  +  ^;  or  32  ^/x  =  288  ;  or  V^  -  9| 
orx  =  81. 

=  0  ;   or  a6  -  Z»x  +  a^+  ex  =  Oj   or  6x  -  ex  =  a6  +  ac;    or 
a(6  +  c) 

6-c 

-^ 3Vx 

17.  X  +  Vx  -  V^  -  ^  =  -^-  =  given  equation  multiplied  by 


X- 


Vx  -fVx;  or  V^  +  1  -  V-^  -  1  =  §  (dividing  bj  V-^)  J  or  2Vx  +  2 
=  2Vx  -  1  +  3  ;  or  2Vx  -  1  =  2  V-^"^;  or4x-  4Vx  +1  =  4x  -  4  ; 
or  4  i/x  -  5 ;  or  16x  =  25  ;  or  x  =  f^^. 

18.  X  +  a  =  c2  -  2c  Vx~T6  +  x  +  6  ;  or  -  2c  ^jTVb  ^a-h-e-^ 
or  4c2  (X  +  6)  =  (a  -  b  -  ef-^   or  4ex  =  (a  -  c2  -  6)2  _  4^.^^  j 

(a-.c2-6)2^4c26      /a-.c2-6\3 

or  X  =  ^^ -~ =  / . _  \       A 

4c^  \      2c      )       ^ 
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^^J_21        1         14  9  1        3         |4       9 

14449  149 

I-"  "^  ^  "^  ;i5-  =  ;pr  +  ;^  ;  or  -  +  -  =  -  ;    or  a  +  4x  =   9a  :    or 

4x  =  8a  I  or  x  -  2ii 


^/x  +  a  +  ^/x  -  a  _  m  ^^2^x^a     m-¥l 

20.    —         :zz::z=.  -  —    Or  — - — = j 

^x  +  a-'^x  -  a      1         2  ^/x-a     "^  -  1 

V-c  +  ^     w  +  1  a:  +  «     7rt2  ^  2m  +  1 

Vx  -a  ~  wi  -  1  '     ^  X  -  a  "■  ?/i2  -  2/ft  +  1  ' 

2x     2  (;/r  +  1)  x      vi^ -h  I  a  (m^+  1)    ' 

^''2a  =  ~4^r-    '•  ^^■;r  =  -2;r5  0r^=        2«t 


Exercise  XLIX, 

1.  x2=  9;  or  X  =  +  3 

2.  18-18r+18  +  18x=100-100x2;  or  100x^-^64  ;  or-J^=  iVo; 
ovx  =  ±i 

3.  4x3  =  3j;2  +  9  I  or  x^  =  9  ;  or  x  =  ±  3 

4.  4x2  -  8  =  1  ;  or  4x2  =  9 ;  ^j,  ^2  _  |  .  or  x  =  +  | 

5.  x^  -  6x  +  9  =  13  -  6x ;  or  x^  =  4 ;  or  x  =  4  2 

6.  3  (x2+  lOx  +  25)-  7x=  23x;  or  3x2=  -  ^5.  orx2=-25;  or 
x  =  ±5  V^ 

-1^2      .^      ,n  2      o     21Gx=^+36  216x2  +  36 

'-  ^^^'-^l^-l^^^+S'-n^^S-J^^^o-— ^_— ;   or 

275x='  -  200  =  216x2  +  36 ;  or  59x2  =  236 ;  or  x2  =  4  ;  or  x  =  +  2 

8.  V9  +  2x2  =  9  .  or  9  +  2x2  _  gi  .  or  2x2  ^  73  ;  or  x2  ^  36  ;  or 
x  =  ±  6 

9.  V(-»^  -  -  -  -«  ;  or  x2  -  9  r  9a2 ;   or  x"  =  Oh'  !-  9  ;   or 
I  =  +  3  V^~  J 
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KEY  TO  [Ex.  XLix. 


^^-  V^^  ~  ^^   _    ^        ^  a?  -x^     x^      2a     a« 

a^  a:'      2a     ««  ^2      ja 

°^\r2  ~  ^  -62^T''"^5  ®''6*''T~^  5    or  a;^  =.  2a6  -  6^  ;   or 


4a*     4a262  4a4  4^2i2 


■^^--^^^^^ir-^i*;  or -,-  =  56*; 

^°'^      ^ro  ,     4a«  2a  2a 

r^=56-;   or  o:^  =  —  or  a:  =  +  -^V^  =  4 -V5 

12.  30x2  ^  cx^^  d^l-b',    or  x2(3a  -c)  =  (Z-l-.6j    or*^ 
d-1-6 


-6  J  fd-l-h\ 


3a 

13.  Va'  -  ^-  =  «Vl  -  a:^  -  xVa"^3T; 
a2  -  x2  =  a*  -  a*x2  -  2a2xV(l  -  x'^Xd^  -  1)  +  a^^r^  _  ^2 . 
or  2a:V(l-x2)(a2-l)  =  a^  _  a2^2_  1+^2.  ^^  2zV(l  -  x^)(a^^) 
=  (a2-l)(l-a;2)j  or  2x  =  V(a^- 1)(1 -x^);  or  4x2=  (a^- l)(l -a;^) 

„2        1 

=  a2  -  a^x^  4-  x2  _  1 ;    or  3x2  +  ^2^2  =  «2  _  ^  ;    or  x2  =  -^^  •  j    or 

/a-  -  1\  J  ^  " 


— V 
+  a2y 


14.  x^Jb'+x^+bHx^=cb^-  xV62+x2  =  <;62_52_^2.  Qp  b-'x^+x* 
=  c'^b*-  2cb^-  2c62x2+  6*+  262x2+  a;4.  ^j.  2c62x2-  62^2=  0^6*  -  2c6* 
+  6*  ;  or  2cx2  -x^=  cW  -  2cb^  +63=  (c^  -  2c  4-  1)62 ;  ^j.  ^2c  _  i)x^ 

=  (c  -  l)-6^;  or  x2  =  —^ — —  j  or  x  =  4  - L 

_2c-^  -V2C-1  _ 

15.  3  4-  ix  -  2\/^V3  4ix  4  §x  =  -^x  -  3 ;  or  -  2\/-|v3T^ 

^      2x  /"2x-  , X  2x  a:? 

=  -6--3-;   or  Y-V3  +  ix  =34y;  or  — (34ix)  =  942x4 - 

X2  x2  x2 

or  y  =  9  4-  y  ;  or  —  =  9;  or  x2  =  81  X  2  J  or  X  =  4  9^2 
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16.  a  +  x  +  3(a  +  x)^(a  -  a:)*  +  3(a  +  x)^(a  -z)^  +a-x  =  b^- 
OT2a  +  3(a2^*)*(^^T^  +  V^^)  =  63;  and  by  given  equation 
^a  +  X  +  ^a  -  X  =  b  ',  substituting-  this  in  the  last  equation  -we 
nave  2a  +  3b^a^  -  'x^  =68;  or  36-^a^  -  x^  =  b^-  2a]  or  ^a"  -  x^ 

fe'-2a  3       „      /b^-2ay  ^  /b^  -  2ay 

-  -^6-5  ora^-x-  [-^^  •  ora^=a^-  [-^^J 


ESGBCISS  L 

1.  2x2+  8a;  ^90;  orx2+4x  =  45;  or  xH  4x  +  4  -  49;  or 
r  +  2=+7;  x=5;  or -9. 

2.  x2  -  19  =  8x  -  10  ;  or  x2  -  8x  =  9 ;  or  x2  -  8x  +  16  =  25  ;  or 
orx-4  =  ±5;  x  =  9;  or-1 

3.  a:2  -  8x  =  20  ;  or  x2  -  8x  +  16  =  36  ;  or  x  -  4  =  i  6  ;  x  =  10  ; 
or  -  2 

4.  x2  +  I2x  =  45 ;  or  x^  +  12x  +  36  =  81 ;  or  x  +  6  =  +  9 ; 
X  =  3-  or  -  15 

5.  3x2+  2x  =  85  ;  or  x^  +  §x  =  ^^  •  or  xH  §x  +  ^  =  aA5  +  ^  =:  a^s  ; 
or  X  +  i  =  i  Y  ;  ^  =  5  ;  or  -  5§ 

6.  3x2  _  14a;  =  _  15  .  ^j.  ^2  __  ^^  =  -"  5 ;  or  x^  -  -^^x  +  ^ 
=  -5  +  V  =  ^;  orx-5=  +  §;  orx  =  3;  orlj 

7.  5x2-23Cx  = -47;  or  x2-23%  -  _  :^2  .  ©r  x^ -  2-5 a^  + -U^'is' ^ 
=  - V  +  ^W*  =  ^^«^  orx-Hi.  +  iii;  orx:.23.o,i.  tbat 
is  X  =  47  or  ^ 

8.  4x2  -  8x  =  320  ;  or  x2  -  2x  =  80  ;  x2  -  2x  +  1  =  81 ;  x  -  1 
=  ±9;x=10or-8 

9-  ^'  -  2^^-g';  or  x2  -  2x  +  1  =  1  ^  a2  ;  or  X  -  1  =  V^^; 
or  X  -  1  I  ^1  _  a* 


"^2  KEY   TO  [Ex.  L. 


=  ^25^;  ^  +  |  =  i  V-;  ^  =  lor -If 

11.  7.f^  -  20ar  =  32  ;  x^  -  -^.r  =  .^  i  .^•^  -  V^  +  ^^y^  =  W  +  ^A^ 
=^  ^9^  ;  •^-  -  ^"-  =  ±  V"  ;  :c  =  4  or  -  1}- 

12.  x-^-ix  =  -U;  x-'-1x+\^  =  -i^^  +  i^^^^.    x-l=il; 
a;  ^  4  or  3 

13.  3x-2-  lu-  =  -  6;    or  x' ^  l,^x  =  -  2;    or  x^  -  Vx  +  W 
=  -2+'JV  =A^;  x-.V=±S;  x  =  3or§ 

14.  acx2  +  6cx-arfx  =  6<i-  orx^+^^^x  =  ^. 

ac  ac  ^ 

or  x^  +  — -  X  4-  ftz^\  \  ^A  ,    (*^  -  «^)^ 
oc         ^        2ac 


or  X-  +  ^'^~^  ^  f^  -  ^'^\  ^   4a6c(i  +  62^2  _  2ubcd  +  d^(P 


ac         \^    2ac   J  ~  4a^c^ 

b^-c^  +   2ahcd  +  «2^3      /bc  +  ady  be  -  ad        be  +  ad 


or  X  -  Vx  +  i  =  f  +  i  -  f  ;    or  V-r  -  i  =  ±  I ;    or  V-^  =  2  or  -  J 
.-.  X  =  4  or  1 


2 
Taking   the   minus  sign  in  (i)  we    have   -,-  =  -  V-^  +  1; 

or  2  =  -  X  +  V^  ;  or  X  -  Vx  =  -  2  ;  or  x  -  V^  +  i  =  -  f  +  i  =  -  I ; 

or  V'C  -  2  =  +  V^^ ;  or  v^"  =  i  ±  i  V^^  =  Ki  ±  V"=~^) ; 

or  X  =  i  (1  +  2  V^l  -  7)  =  1  (-  6  ±  2  V"::r7)  =  -}  (-  3  i  V"^) 
The  rejected  factor  x  +  V^  =  0  gives  us  x  =  0  or  1 

16.  x2  -  X  =  210 ;   x2  -  X  +  i  =  ^^  +  i  =  ^tS    ^  -  ^    --  ±   -3^  ; 
X  -  15  or  -  14. 
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17.  4x-   +    36   =  .3x2  4-    48   -    iix  ;     or    a:=  +    llx    -    12  ; 

J  g    •^_::_2     ^2  _  x-3     3:  +  4  _     ^2  -  4.r  4-  4  +  x-  +  4.r  +  4 
'x  +  2     a;-2~a:  +  3"^x-4'  a-^'^^^^i 

_  J^^  -  1x  j- 12 -i- x^  +  1x  +  12  2x-  +8       2a;2  +  24 

x^ -  X  -  12  5  or  -;^_-r  =  x^-x-U  ' 

-^•^  -i-  4         X-+  12  2  x^       2x2-.T  .T       2x  -  1 

^'"x'^-4"x'^-x-125  «^    8"="^in2^5  '''T^xTyr' 
or  x2+24x  =  8x-4;    orx2+i6x  =  -4;    or  x^  +  I6x +  ^4  =  60  ; 
or  X  +  8  =  V60  =  ±  2  VTs";  or  x  =  4  2  Vl5  -  8 
The  rejected  factor  x-  0  gives  us  the  other  value. 

19.  49x2  +  42a:  +  9  =  10(2x2  +  4x  -  6  -  2x2  +  3x  +  9) 
=  10(7x  +  3)  ;  or  49x2  +  42x  +  9  =  70x  +  30  ;  or  7x2  -  4x  =  3  ; 
x2-|;  x=^x2-Aar4-:»V=IH^  =  l^;  ^-t  =  i^;  a:=lor-? 

20.  ax2  -/x2  ~6x-cx  =  -&-C5  or/x2  -  ax2  +  6x  +  ex  =  6  +  c 

(/-  a)x2  +  (6  +  c)x  =  6  +  c  ;  x2  +  (~^] -^^  =  /T^  i 
,       /b  +  c\         /  b  +  c  Y     b  +  c      /  b  +  c 


0.  +   m        a  - 


'^^  KEY   TO  [Ex.  z,  LI. 

22.  abx^^  2x(a  +  6)V^  =  (a^by-   x^^^^~^  x  =  ^^^^' 

a:2  ^"  ^(''+_^)  ^  (g  +  ^y  _  (a  -  by       (a  +  by       2(a^  4-  6^) 
-Jab  ab        "         ab        '^        ah        ~  ab 

■c     l+j_     V2(a'^  +  6^)    ^  ^  ^jtAi^2(^!±Z^ 


Exercise  Li, 

1.  3a;2  +  2a- =  85  ;   36a:2  +  24;r  =  1020  ;   36a;2+ 24ar  +  4=  1024  • 
6x  +  2  =  ±  32  ;  6^-  =  30  or  -  34 ;  a;  =  5  or  -  5| 

2.  4a;2  _  4a:  =  840 ;  4a:-'-  4x  +  1  =  841 ;  2a;  -  1  =  +  29  j  2a:  -=  30 
or  -  28  ;  a;  =  15  or  -  14 

3.  64a:2-48x=1360;    64a:2  -  48a:  +  9  =  1369  3    8a:-3  =  +  37; 
a;  =  5  or  -  4i 

4.  x2-26a:  =  -25;'4x2-  104a:  +  676  =  -  100  +  676  =  576; 
2x-26  =  +  24;  2a:=50or  2;  x=  25or  1 

5.  5a:2+4a:  =  273;  100a:2+ 80a:  =  5460  ;  100a:2+80a:  + 16  =5476  ; 
10a:  +  4  =  ±  74 ;   10a:  =  70  or  -  78 ;  a:  =  7  or  -  74- 

6.  4a:2-f  8a:  =  21;  j:2+2a:  =  2i;  4a:2  +  8a:  +  4  =  21  +  4  =  25,- 
2x  +  2  =  +  5  ;  2a:  =  3  or  -  7 ;  a:  =  1^  or  -  Si 

7.  lla:2+  7;c-4=:14x;  lla:^-  7a:  =  4;  484a:^  -  308x  =  176; 
484x2  -  303a:  +  49  =  176  +  49  =  225 ;  22a:  -  7  =  4  15 ;  x  -  I 
or--A- 

8.  a'^x-^-v{ab^ac)x^bc',  aa:24-(J  -  c)a:  =  ^;  4^2:^2+ 4a(6-c)a: 
+  (6-c)2-.45c  +  (6-.c)2=:(6  +  c)2;   2tza:  4-  6 -.-c  =  i  (b  4-c)j 

c  b 

lax  =  2o  or  -  2ft ;  a:  =  —  or 
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9.  Ux^  +  120  =  16^  +  135  ;  12x3  _  jg^  ^  ^5  .  3^2  ^  ^x  =  \^  ■ 
36x2-  48x  =  45 ;  36x2-  48x  +  16  =  45  +  16  =  61 ;  6x  -  4  =  +  V^'T ; 
6x  =  4i  V6T,  x  =  i(4±V6T) 

10.  7x2  _  4^2^3  ^  (2  -  V3)x  -  2  ;  (7  -  4V3)x2  +  (2  -  V3)x  =  2  ; 

X  2 

^'  +  r:^  =  7T1V5  f'^^^«  7  -  4V3  =  (2  -  v^3)2j 

4  18  19 


4x2 


•2-^3    ■*■  7  -  4V3  ~  7  -  4V3  "^  7  -  4V3  "  7  -  4V3 


1  3  4  2 

1  2 


2  -V3  2  -V3 

11.  x2  +  6ax  =  6« ;    x^  +  6ax  +  9a^  =  6^  +  9a^  ;    x  +  3a 


45 -9x  63  +  36X     19(45  -  9x) 

12.  ^^:3--3x  =  x j^— ;  _^__-=40x-€3; 

855  -  I7lx  =  40x2  4.  5»7jp  _  139  ;   lOx*  +  57x  =  261 ; 
400x2  4.  2280X  +  (57)2  =  io440  +  3249  =  13689  ; 
20x  +  57  =  ±  117;  20x  =  60  or-  174;  x  =  3  or  -  8-iV 

13.  x2  -  5x  =  -  m^ ;    4x2  _  20x  +  25  =  -  4»i2  +  25 ;    2x  -  5 


-  +  V25  -  4//i^ ;  2x  =  5  ±  V25  -  ^m^  ;  x  =  ^(5  +  V25  -  47ft') 

14.  771x2  -  nx^  _  2/nxV«  =  -mn;  (in  -  n)x^  -  (2mVn)x  =  -  mn 

2mJn            mn                 ZmJn            Amn 
J.2  _  l—j^  - .  4^2 i_^ 

in  -  n  m  -  n'  m-  n  m  -  11 

^      Sm'^n  4m^n  4m^n  4mn  4mn^ 

m-n       {in  -  n)^  ~  (m  -  n)*  ~  m-n  ~  (m  -  n)* 

2m^Jn        2nV»i  2n\fm.  +  2m*Jn       2'ni'Jn  -  2n\!m 

2x =  + ;  2x  = or — - 

m  —  n        m  —  n  m  —  n  m  —  n 

^'mn(^/n  1-  ^m)        ^mn(^m  -  V^)                ^mn               Jmn 
X  - or     — :  X  =^ or  —  • 


"^^  KEY   TO  [Ex.  LI,  Lir 

15.  1+x^x^J^  n±^l±fl).f^_±}\  /l+^^^-f-ar-xN 
\a-lj\^l+x  +  xy    \a-lj\^     1  +  xTx^J 

\a-lj\^  1+x  +  x''  J 

"  V  ~  V  V  1+X  +  x^  J 

1-f.r+x  -(^^1 rr^^-^^ 1^(^(1-^+^') 

l+x  +  x^  _  a  +  1     2  +  2x2       2a     1   +  a;2 

1  -  X  +  a2  ~  a  -  1 '  2x  ""  T  '  x —  "^  **  '  1  4-  x^  =  ax  ; 
x2  -  ax  =  --  1;  4x2  -  4flx  4-  a2  =  a2  -  4 ,  jx  -  a  =  4  V^'^  5 
*  =  ^  (a  ±  V«^  -  4) 

16.  a;*  +  3x3+6=--x4  +  3x3-l-13x=^+7x-G0;  13x2+  7^  =  65. 
676x2  +  364x  =  3432  ;  676x2+  364x  +  49  =  3481 ;  26x  +  7  =  4  59  ; 
26x  =  52  or  -  66  ;  x  =  2  or  -  2-jV 


EXEKCISE   LII. 

1.  X  +  2  =  0,  and  X  +  7  =  0  .-.  (X  +  2)(x  +  7)  =  x2  +  9x  +  14  =  0 

2.  (x-4)(x  +  2)(x-l)x=  0;  or  x^  -  Sx^- 6x2+ 8x  =  0 

3.  (x-2)(x  +  2)(x-3)(x  +  3)x  =  0;  or  (x^- 4)(x2-.  9)x  =  0  ; 
or  x^  -  13x^  +  36x  =  0 

4.  (X  -  5)(x  +  5)(x  -  2)(x  +  2)(x  -  3  -  V2)  (X  -  3  +  V2)  =  0  ; 
or(x2-  25)(x2- 4)[(x -  3)^-  (^2)^]  =  (x^-  25)(x2-  4)(x2-  Cx  +  7)  -  0; 
or  x6  -  6x-^  -  22x*  +  174x3  -  103x2  -  COOx  +  700  =  0 

5.  (X  -  l)(x  -  2)(x  -  3)(x  -  4>(x  -  5  -  V6)(x  -  5  +  V6)  =  0  ; 
or  (x2  -  3x  +  2)(x2  -  7x  +  12)(x2  -  lOx  +  19)  =  0  ; 

x6  -  20X"'  +  lc4x*-  590x3+1189x2-  ll90x  +  456  =  0 

6.  (X  -  5)(x  -  4)(x  -  l)x  (X  -  2  -  V'^)(x  -  2  +  V'=^)  =  0  ; 
or  (x2  -  9x  +  20)(x2  -  x)(x^  _  4^  +  7)  :^  0  ; 

sT^  -  \4.x^  +  76x4  _  206x^  +  283x2  _  i4q^  _  q 
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7.  (z  -  5)(x  -i-  2)  =  0  ;  or  x^"  -  Sx  -  10  -.  0,  and  (x*  -  6x^  +  5x^ 
+  12x  -  60)  V  (x^-  3x  -  10)  gives  us  x'^  -  3x  +  6  =  0  ;  then 
x3-3x  =  -6;  x'^-3x  +  ^=  ?  -s/  =  _i/;  x-^  =  ±^V^^^; 
x=  i(3±V-  15) 

8.  (x  -  1  -  V'-^)(^  -  1  +  V"-^)  =  0  ;  or  x2  -  2x  +  7  =  0 ;  and 
therefore  (x*  -  4x»  +  Sx^  -  8x  -  21)  -r  (x^  -  2x  +  7)  gives  us 
x^  -  2x  -  3  =  0.  Then  x^  -  2x  =  3  ;  x^  -  2x  +  1  =  4  ;  x  -  1  =  +  2  ; 
X  =  3  or  -  1 

9.  (x'  +  6x2  _  3920)  ^  (X  -  14)  gives  us  x^  +  20x  +  280  =  0  ; 
x^  +  20x  =  -  280  ;  x'  +  20x  +  100  =  -  180  ;  x  +  10  =  +  6  V"^  J 
X  =  -  10  f  0V~5 

10.  X  =  0  is  evidently  another  root,  then  (x*-  6x^+  ISx^-  lOx) 
■f  (x^  -  2x),  gives  us  x'^  -  4x  +  5  =  0  ;  x^  -  4x  =  -  5  ;  x^  -  4x  +  4 
=  -  1 ;  X  -  2  =  ±  V -~1  ]  x  =  2±  V^ 

11.  (x-3)(x  +  4)x  =  0;  therefore  (x5- 2x4- 25x^-f  26x2 +I20x) 
f  (x^+  x=*  -  12x)  gives  us  x^  -  3x  -  10  =  0  ;  x^  -  3x  =  10  ; 
4x2  -  12x  -f  9  =  49  ;    2x  -  3  =  +  7  ;  2x  =  10  or  -  4  ;  x  =  5  or  -  2 

12.  X  =  0  is  obviously  another  root.  Then  (x  -  V  -  2)(x  +  V -^) 
-  x2  +  2  =  0 

.-.  (X*-  x3-  2x  -  4)  4-  (x2+  2)  =;  x2-  X  -2  =  0;  that  is  x^-  x  =  2, 
whence  x  =  2  or  -  1 

13.  Alg.  Art.  206,  when  the  roots  are  equal  4^=  4  x  2  x  c; 
cr  16  =  8c;  or  c  =  2 

14.  Alg.  Art.  208  (Cor.),  j8  +  7  =  -  —  and  ^Sy  =  -^  .-.  ^  =  -  ~ 

C6116  c     1       a 

-■  —-- •*•  T  +  ~  =  -  T I  -A-lso  since  )37  =  — ,  —  =  — 

b  a 

Hence  —  =  the  sum  of  the  roots  and  —  =  their  product  and  the 

b  a 

equation  isx^^-  x  +  --  =  0  that  is  ex'  -i-bx  +  a  -0 


15.  Alg.  Art.  208  fl  +  ■).  -  -p  and  fly  =  , 
-  2Sy  =p'  -2q  (I)  ^       " 

{I)  .  .=p^  ^  4q  (u) 

-i  +  -1  =  ^t2  _     ^ 


=  rc2 


^^-  y  =  (^=  +  ^y  +  7^;  C/3  -  7)  =  (/J*  +  7^  + 


(P^  -  2*?  +  9)  Vi>«  -  45)  =  (p^  ,  q)  V^r:^ 


7- +  iS7)<;3  -  y) 


4(?) 


Exercise  Lin, 

'•^"-''V-  +  *  =  liV-2  =  ±l;V..3orl,.-.x  =  81orl 
or  4,  .-.  X  =  +  2  or  +  /To 

.»=27or-41_;.J  =  3oryT4r;....  =  9oryi-MT  ~      ' 

6^-2V.  +  6  =  2;^6)-2V.-76  =  8;(.  +  6)-2Vx-T6  +  l  =  9; 
V-H-6-l  =  i3;  Vx+6  =  4or-2;  .  +  6  =  18  or  4,  .-..=  10 
or-  2 

a-2=i6or-ii/,...a;.±4or±|^r62 

4  =  4  23;  a;3=  27 


7.  x6-8a:3=513j  x^  -  8x=»+ 16  =  529;  ar^ 


or-19,  .-.  a;  =  3ory:ri9 

_8^x  +  5)-VJT-5.6;    (x  +  5)-V^T+|  =  6  +  i  .  iii  - 
Vx4-5-^.i.;V.-^5=3or-2;.  +  5.9or4,...x.4orll 
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9.  aJx{x-  +  X  -  6)  =  0,  .-.  V-c  -  0  and  .-.  x  ^0 

Also  x2  +  a;  -  6  =  0,  .-.  x^  +  a;  =  6  J   x^  +  a;  +  ^  =r  ^i  j   ar  +  ^  =  +  -5, 
.-.  a:  =  2  or  -  3 

10.  Clearing  of  fractions  2x  +  2^Jx  =  16  -  x  ;  3r  -  2Vx  =  16 ; 
36x  -  24V«  +  4  =  192  +  4  =  196  ;  Q^[x  -  2  =  +  14 ;  ^^x  -  -  12 
or  16,  .-.  V^  =  -  2  or  f,  .-.  ar  =  4  or  7^ 


11.  V-c  +  21  +  V-E  +  21  =  12  ;   V-c  +  ^1  +  V-^  +  ^1  +  i  =^4^  ) 


;^a;  +  21  4-  i  ==  ±  i;  V^  +  21=3or-4;  a*  +  21  =  81  or  256 ; 
V  =  60  or  235 

12.  V^(^  -  2  -  V^)  =  0>  •••  V-i^  =  0,  •••  x  =  0.  Also  r  -  2  -  V-^  -  0, 
...  x  -  V^  =  2  ;  X  -  Vx  +  :J  =  -^  ;  V-^  -  2  =  ±  i  ;  V^^  =  2  or  -  1, 
.-.  X  =  4  or  1 

x'  +  X*  +  2       x'  +  x2  -  2 
^^-      x°  -  x*~  ""      x^-x^    '     '^^^°  (^y  '^^*-  10^  -  vu) 
2x^  +  2       2x*  -  2     x^  +  1       x^  -  1 

2l*-:r2  =  2^^:r2  5^4^i  =  ^rn?^^-^'  +  ^^-i  =  x^-x* 

+  x^  -  1,  or  X*  -  x^  =  x'*  -  X*  ;  x"^  -  x*  +  x^  -  x*  =  0  • 
x*(x  -  1)  +  x2(x  -  1 )  =  0  ;  (X  -  l)(x*  +  x2)  =  0, .-.  X  -  1  =  0  or  X  =  1. 
Also  X*  +  x2  =  0,  .-.  X*  +  x=^  +  i  =  i  ;    x^  +  ^  =  i  i  ;    x!»  =  0  or  -  1, 

.-.  X  =  0  or  i  V~^ 

9(6 -Vx)  _        Yx^  -  3x  4-  4  23(x-2Vx) 

^^-    x  +  2Vx    "  (6  +  V-c)(x  +  2Vx)  "^  ■    6  +  Va;    '  °^"ltiplj^ing 

by  the  denominator  of  the  2nd  term  we  get 

9(36  -  x)  =  7x2  -  3x  +  4  +  2Z(^x'^  -  4x) 

or  324  -  9x-  =  Tx^  _  3x  +  4  +  23x2  _  ^^x ;    30x2  _  gg^  _  320 . 

or  r'  -  lix  =  ^  ;    x^  -   \lx  +  (J')^  =  i^  +  i^^  =  1»±19  ; 

^-J^-±Vo^J  x  =  5or-2r^ 

15.  x3  -  3x2  +  3x  -  9   =   0;    ^2^^  -  3)  +  3(x  -  3)   =0; 

(X  -  3)(x2  +  3)  =  0,  .-.  X  -  3  =  0  or  X  =  3 ;    also  x^  +  3  =  0, 

.-.  x2  =  -  3  ;  or  X  =  i  V"^ 


^^  KEY  TO  [Ex.  „„ 

16.   (X  -  3)(x  -  4)  .  ,  .  2V2V(J-T)TS^)  +  (r  -  l)(x  -  2)  : 
or  x^  -  7x  +  12  =  2  -  VaVl^rST?!  +  a:-' -  3x  +  2 ; 
Or-4x  +  8._2V2VJ^rir72.  2.-4=V2V:?^ST-2- 
4x^-16x+ 16  =  2(x^.3^  +  2)  =  2x^-6:^  +  4;  or  2a:'^-IO^=-,2 
^«       4---i'-i.     HeBcex-»  =  4  j,  .-.  1  =  3  or  2 

".  X3-1-3X  +  2  +   1   =   0;    or.'-   l-3x  +  3=    0- 
or.--,-3(.-l).0;or(x-l)(..  +  ,^,)_3(,_  : 

or(x-,)(..+  x_2)=o,.-..-i.oor.=  l.     Al3o.^  +  .-,-o' 

18.  SmcefVx^+„+6  +  v?r^ITi)(vPTaTr«-v?^:^r4) 

=  2ax,  dividing  these  equals  by  the  given  equation  we  have 

to  this  we  get  2V.-^T^H--I  =  ^^  .  .;    „r,  fey  ,,„,H„g, 
4.^  +  4a.  +  46  =  ^  +  4«.  +  ^,  ...  4.^  -  1"^  =  ^      ,,. 

or  x\4c^  -  4a0  =  c2(c2  -  46),  .-.  x  =  ±  ^yJ~?Z^^ 

19.  Reducing  the  terms  of  the  first  member  to  a  common  deno- 
minator  and  adding  we  get  ^^^^^iZf/^-^+W^  +  W«^  ^   h 

°"  2rr^  ==  V^;    or   2x^  =:   2bx  -  ah,   or  x^  ^  bx   .   ^  ^  ■ 

„     -        62     52      ^j      b^^2ab                          t, 
x^-  bx  + = -       '^""  .       ,  o  

4     _4 2_  ~       4       '  whence  -t  -  y  =  +  yb^-'2^b, 

0Tx=l(b±^b-^^2ab) 

20.  Clearing  effractions  we  get 
(V^T^  H-V^^^^  +  89  ;    that  is 

x  +  G0  +  2V^-  +  60i^+9x-  +  540  +  :.-+a  =  2Vi^4:G0r^T9lT54b  +  89- 
or^^^:r.20;x»+.^.=20  +  |  =  Vj-  +  l=±f....  =  4or.5 
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21.  xi2_  1  =  0 ;  or  (x6  +  l)(x6  -  1)  =  0  ;  or  (x«  +  l)(x^+  l)(x«-  1) 
=  0  ;  or  (x2+  l)(a:*-  x2+  l)(x  +  iX^^-r  +  l)(x  -  l)(x2  +  x  +  1)  =  0 
.-.  we  have,  separately,  x^  +  1  =  0  ;  or  x^  =  -  1,  .-.  x  =  +  V  -  1 J 
Alsox*-x2+  1  =  0;  X*-  x^+  I  =  ^  5,  •••  ^'-  i  =  ±  W"^, 
.-.  X  =  4  Vi(l  ±  V  -  3)  ;  Also  X  +  1  =  0,  .-.  X  =  -  1  ;  Also 
x2  -  X  +  1  =  0  ;  .  or  x2  -  X  =  -  1,  .'.  x  =  1(1  ±  V^^)  ;  Also  x  -  1 
=  0,.-.x=l;  Alsox2+x4-l  =  0;  orx2  +  x  =  - 1,  .•.x=  ^(- 1  ±  V^) 

22.  x^  -  6x2  +  ji^  _  g  -0;  multiplying  by  x  we  get 
X*  -  6x3  ^  ij^2  _  6x  =  0 ;  or  X*  -  6x'  +  9x'^  +  2x2  -  6x  =  0 ; 
or  (x=  -  3x)2  +  2(x2  -  3x)  =  0,  .-.  (x^  _  3x)»  +  2(x2  -  3x)  +  1  =  1  ; 
or  x2-  3x  +  1  =^  ±  1,  .-.  x2-  3x  =  0  or  -  2;  x(x  -  3)*  =  0, 
.-.  X  -  3  =  0,  or  X  =  3.     Also  x^  -  3x  =  -  2  ;  whence  x  =  2  or  1 

23.  x^  -  4x2  +  X  =  0  ;  ^^  ^(x^  -  4x  +  1)  =  0,  .-.  x  =  0.  Also 
x2  -  4x  +  1  =  0  ;  whence  x  =  2  ±  V3 

24.  x^  -  8x2  ^  iix  +  20  =  0;  multiplying  by  x  we  get 
X*  -  8x3  ^  ii_j.2  ^  20x  =  0  ;  or  x*  -  Sx^  +  16x2  -  5x2  ^  20x  =  0  ; 
or  (x2  -  4x)2  -  5(x2  ^  4x)  =  0  ;  (x2  -  4x)2  -  5(x2  -  4x)  +  S5  =  Z5^ 
.-.  x-  -  4x  -  -^  =  i  t"^  ;  or  x2  -  4x  =  5  or  0  ;  x(x  -  4)*  =  0,  .*.  x  =  4. 


Also  x-  -  4x  =  5, 

.-.  X 

=  5  or  -  1 

x+a-b+ 

6 

/2x  +  a  +  c  +  6-ft\ 

2 

1   ; 

X 

+  ft  4-  a  . 

-  6 

\^       2x  +  ft  +  c       ) 

x  +  6 

/2x  +  6  +  c  +  a 

J 

,2                   a-  ft 

)  ;  or  1  +  --^  = 

(' 

a-6      ' 

V 

~  \^        2x  +  6  +  c 

■^   2x 

4-  ft  4-   C 

; ' 

a-b 
orl  +  ^^^=H- 

2(a  -  ft)           (a  -  5)2 

2x  4-  ft  +  c  "*■  (2x  +  6  +  c)2 

;  01 

1 
■  ^+"ft 

2 

~  2x  +  6 

+  c 

a-b 

2x  +  ft  4-  c  -  2x  - 

2ft 

a  -  ft 

(2.C  +  6  +  c)~ 

;    or 

(X  4-  6)(2x  +  6  + 

c) 

^(2x 

4-  6  +  c 

:)2. 

c  -  b           a- 

6 

;  or  2cx  -  2ftx  -  62  4- 

C2  = 

:  ax  - 

ftx  +  aft  - 

.62j 

°'^x+6"2x  +  6  +  c 

c2-  aft 

;  W,-2c)x  =  c2-.aft;  or  x  =  ^  ^  ^  _  ^c 

F 
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26.  3x^-  Ux^+  21a:  -  10  =  0;  multiplying  by  3x  we  have 
9a:*-  42x3+  gg^s^  30a;  =  0 ;  or  Ox*-  42x3+  49^2+  j^^a.  30a;  =  0 ; 
or  adding  x^  -  5x  to  each  side  (9x*-  42x3+  49^2)  ^  (is^s.  35^) 
=  x^-  5x;  or  (Sx^-  Tx)^  +  5(3x2-  7x)  +  s^t  =  x^  -  5x  +  ^,5^ 
•••  3x2  -  7x  +  I  =  +  (a:  -  I) 

Or3x2-'7x  +  ^  =  f -X 


that  is  3x2  _  sx  =  -  5 
whence  x  =  I5  or  1 


that  is  3x2  _  g^;  =  0 
whence  x  =  2  or  0* 


X 


27.  Assume  ^x+  ^a  =  ^n,  then  cubing  each  side  we  have 
+  3x'a^  +  3JJ  +  a=  n-    orx  +  a+  3.^^(^x  +  ^a)  =  n- 

or  X  +  a  +  3^a«x  =  n  since  ^x  +  ^a  =  ^n.     But  comparing  this 
with   the   given   equation  we   see   that  n  -~   b,   .-.  ^n  =  ^b 
.'.  ^x  +  ^a  =  ^6  ;  or  ^x  =  ^6  -  ^a,  .:  x  =  (J^b  -  ^a^ 

28.  (4x2  _  9^)  _  ^4^3  _  9^  ^  jj^i  =  -  5,  or  adding  11  to  each 
side  we  have  (4x'  -  9x  +  11)  -  (4x2  _  9^;  +  n)i  ,  g  .  ^^  ^^^_ 
pleting  the  square  (4x2  _  9^  +  n)  »  (43^2  _  g^  ^  ^yl  +  i  =  -/  • 
.-.  (4x2  _  9^  ^  ii>^i  -  i  =  ±  f ;  or  (4x2  _  9a;  +  n)^  =  3  or  -  2,' 
.-.  4x2  -  9x  +  11  =  9  Qj.  4^  ^jjgjj  ^^2_  9a;  =  _  2,  whence  x  =  2  or  ^  ; 

Also  4x2  _  9a;  =  -  7j  whence  x  =  —(9  4  V^-^) 

29.  Completing  the  square  we  have 
(X  +  6)2  +  2x^(x  +  6)  +  X  =  138  +  X  +  x^  and  taking  the  square 
rpot,x+6  +  V^  =  iV(138  +  x^+x);or(x  +  Vx)  +  6=±A/x  +  xi+138; 
squaring,  we  have  (x  +  ^/xy^+  12(x  +  Vx)  +  36  =  (x  +  x^)  +  138 ; 
or  (X  +^Jxy+  n(z'  +  ^/x)  =  102  ;  or  (x  +  V^^)^  +  1 1  (x  +  Vx)  +  if^ 
=  102  +  J^|i  =  i|a,  ...  X  +  V-^  +  ¥  =  ±  V,  .-.  X  +  Vx  =  6,  whence 
X  =  4  or  9,  or  X  +  Va;  =  -  17,  whence  V«  =  K  -  1  i  V"^^^),  and 
.-.  x=  i(- 33  TV- 67) 


*We  throw  away  the  root  a?  =  0  because  it  arises  from  the  x  by  which 
we  multiplied  each  side  of  the  equation  in  the  solution,  and  is  conse- 
quently not  a  root  of  the  given  equation. 


E^.  Lin. J  ALGEBRA  83 

30.  a*  -  4x3  +  6x2  -  4a:  +  1  r-  6,  q^,  extracting  the  square  root 
x^-2x  +  l=±^/6  ;  and  again  taking  the  sq.  root  x-l  =  ±  VTV^, 
whence  x  =  1  +  V  ±  V^ 

31.  Squaring  we  have  4x2  _  4^6=  0^2  _  2a'^x^  +  a-x^^  and  divid- 

4        4x*       1  4        4x^ 

ing  hya^x'^  we  get,  ^.  "  "- =  ^  +  2  +  x*  ;  or  ^,-,  -  ^  -  4 

^^-2-.x-or(x^-2  +  l)  +  (^-A)=-4; 
/  .,       1  y      4  /  „       1  \        4       4  4  -  4tt*      4 

,12      3 1      2       


a*) 


Let  -^(1  +  Vl  -  «')  be  represented  by  26-,  then  we  have 

,      1 
•^-^  =  26-;    or  x*  -  262a-^=  1;    or  x*  -  262x2+  6*=  1  +  6*; 


or  X-  -  b-=  ±  ^l  +  6%  .-.  x2  =  62  +  Vl  +  6-^     (A) 


.  But   262  =  _  _(i   :j:  ^1  _  ^4)^   ...  ft.  =  -  ;^(1   +  Vl~=^^) 
•'•  ^*  =  {  "  ^(^  +  Vl  -  «') j   =  ^(1  +  2Vr3^  +  1  -  a*) 


=  ;^(2  +  2V1  -  a^  -  a4)  ...  ^4  +  1  ,  1  +  ^2  +  2^/^:r^  -  «*) 


=   1   +  -f(2  +  2Vl  -«*)--  =  -(2  +  2V1  -  «*)  .-.   1   +  6* 


-  ^(1  +  Vl  -  «^)     Substituting  these  values  for  62  and  1  +  6* 
in  equation  A,  and  then  extracting  the  square  root  we  have 


^  =V    -  ^(1  +  Vl  -  «0  +  V^(l  T  VI  -  a*)  or  using  only 
the  upper  signs 

"  -  T^V  -  1  +  Vl^^~^+  V2(l  T  Vl"^^)} 


^^  KEY   TO  I  Ex.  LUX, 


i4(-i. 


1   (  ____  - 

=  ±  -1    -  1  +  VI   -  a*  +7(1  +  a')  -  2Vl~r:^  +  (1  -  a^)]  ^ 

'••  ^  =^  ±  -{  -  1  +  Vi~^^  +  V(vfT^rr7fr^2 j I 
1 ,  - 

=   +   — i  -  1  +  Vl   -  a*   +  VI   +   a"  -  VJT^^^^I^ 
1,  

==  i  — ivi  -  a*  -  VI  -  a-  +  vrT~ir^  -  ij^ 
=  ±  -f(Vi  +  a'  -  i)(vr^:~^  +  1)1^ 

32.  l(x  -   2y  -  a:f  -   {(a:   -   2)-^   -    x}   =    90 
.-.   {{X  -   2)2  -  xf  -  f(x   -   2)2  -  a:]   +    i    =    3|x  . 
or  {(X  -  2)2  -  xj  -  I  =  +  19,  .-.  (X  -  2)2  -  or  =  10  or  -  9 ' 
that  is  a;2  _  4a;  4.  4  _  a;  _  jq^  whence  x  =  G  or  -  1 ; 
or  a:2  -  4x  +  4  -  a:  =  -  9,  whence  a:  =  ^(5  +  3V^) 

33.  Dividing  through  by  x2  we  have  ax-'  +  hx-\-c-v -!^ -^ -- ^q- 

X      .r*         ' 

or(«a:24.^)  +  (6.  +  i)4-c  =  0;ora(^.2^1^  ^6(^^  +  1^ 

1  1 

Let  a:  +  —  =  y ;   then  x^  +  ~  =  y-^-2,  and  substituting  these 

values  for  x  we  have  a{y''-  -  2)  +  by  =  ^  c  ;   or  ay^  +  by  =  2a  -  c 

5iV8a^+62-4ac               1      -  6  +  VS^^TA^TTli^c 
o^  .*.  ar  +  ■      = — 


whence  y 


la 


la 


that    is    2aa:2  +    (6    +    V8a2  ^.    ^2  _  ^^^^  ^  ^  2a,   whence 

^  ^  ±y8a2  +  6^-4ttc  -  6  ±  V  -  8a^  +  262  _  4^^  ^j-  26V8a^+P:ri^ 
~  i^j^  ' 

>'OTE.-Au  equation  such  as  the  above,  in  which  the  coefficients  foUow- 
ing  the  middle  term  are  the  same  as  those  preceding  it  but  reversed  in 
order,  is  called  a  recurring  equation.  The  above  solution  affords  a  general 
method  for  solving  such  recurring  biquadratic  equations. 
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34.  V  ( ^"^  -  ^  j  -  -^  =  -  V  {^'^  hj '  squaring  both  sidea 

we    have    x^  --—■{.--    -    ( x^  -    —  i       =•    a^  _ 

x^  a*  a   \  x'i)       -    «    -    a;*.' 

2x«/  ,       «*\i        /^*         A 

2x  1      a;*  —  a* 

or  x2  _  —  (X*  _  a*)^  +  —^2—  :^  0 ;  or  taking  the  square  root  we 

V(3^^  -  ^*)                                                                   x*-a* 
e^'j  ^ ^         =  0  ;  or  transposing  and  squaring,  x^= f-  \ 


or  a^x^  =  X*  -  a* ;   or  x*  -  a^x^  =  a* ;   or  x*  -  a^x^  +  —  =  _ 

4        4 

a«  

•••  ^^  =  y(1  ±  V5),  whence  x  =  f  aVK^  +  V^) 

35.  v^rn  -  2V2-  =  n(2^^^-l(^-jo(  ^^  ^ 

V9^iH-16  ^ 

the   second   member,    we   have  '\/2x  +  4  -   2V2    -   x 
^  2{(y2x  +  4   -   2V2    -    r)(V2x  +  4   +   2V2    -    x)} 

Then  dividing  each  side  by  '^2x  +  4  -  2^2    -    x  we  have 

2(V2ini  +  2V2  -  x) . 

^  " V9PT16 '  ^"^  ^^^''*'  ^^  "  ^^^-"^  +  4  +  2V2  -  x| 

Now  squaring  each  side,  we  get  9x2  4,  jg  _  43  _  sx-  +  16V8  -  2x^ 
.-.  x2  +  8x  =  32  -8x''+  16V8~2x2  ;  or x2  +  8x  =  4(8-2x2)  +  16^/8^^'^ 
orx2-h8x+16  =  4(8-2x0  +  16V8-2x2+16.-.x  +  4  =  +  (2V8^^2x2+4) 
.-.  X  =  2V8  -  2x'^,  or  x2  =  4(8  -  2x2)  .  whence  x  =  +  1^2 

Also  X  :r.  -  2V8  -  2x2  _  g^  Q^  ^2  ^  iQj.  +  64  =  4(8  -  2x2)  . 
or  9x2  4.  igj  =  _  32^  whence  x  =  -  »  +  <V-14  =  -  ^2  +  V^4) 

And  by  equating  the  rejected  factor  V2x  +  4  -  2V2^'^-  =  0 

2 

we  obtain  the  remaining  root  x  =  — 

3 
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2^MlTiV4Fr3  "  T'  ""'^^^^^  Algebra,  Article   106 

^ _  1  -  «  2 

2x-=^  +  3  4-  xVi^M:^  -  -y-  =  1  -  ^>  •••  2x2  +  3  +  ^^4^.  +  3  ^^  ^  ^  ^ ; 

^         ^-^        l_a        ^-2x-    -y^T^  -   2x^;  squaring 
each  side  we  have  4x^  +  Sx^  =  /-^^"LrJV  ^  4^../£^L2j\   ^  4^4 

•■■•-(=^)-(Wr'..-c'*"^-^) 


„  /9a 


a 
3a-  1 


V(l  -  fl-XOa  -  1) 

37.  f(:r:-l)(x-4)}[(x-2)(x-3)}  =  8;  |^2>5x  +  4][x2-5x  +  G|  =  8 

.•.{(x2-5x)  +  4|[(x2-5x)  +  6l,thatis(x2-5x)2+10(x2-5x)  +  24  =  8 
or(x2-5x)^  +  10(x^-  5x)  4-  25  =  9,  .-.  x=*  -  5x  +  5  =  +  3 
.-.  x^  ~  5x  =  -  2,  whence  x  =  ^(5  +  VT?).  Also  x^  -  5x  =  -  8, 
whence  x  ~  ^(5  ±  '^  -  1) 

38.  {(x-  iXx  -  8)l[(x  -  2)(x  -  7)}{(x  -  3)(x  -  6)}[(x  -  4)(x  -  5){ 
=^l(T^-9x)  +  8|[(x^-9x)  +  14}[(x^-  9x)  +  18l[(x^-  9x)  +  20| 
=  (x^  -  gxXlTx--^  -  I53x  +  230)  +  401.  For  x^  -  9x  write  y,  thou 
we  have  (y  +  8)(y  +  14)(2/  +  I8)(j,  +  20)  =  lly^  +  230y  +  4OI ; 
that  is  2/*  +  60/+  1308^/2  +  UllGy  +  40320  =  172/2+230]/  +  401,' 
subtracting  from  each  side  8y^  +  176?/  +  320  we  havi 
y^  +  GOy'  +  1300//2  +  I2000i/  +  40000  =  9/  +  54t/  +  81,  or  taking 
the  square  root  of  each  side  y^  +  30y  +  200  =  ±  (Zy  +  9) 
.-.  2/'+27(/  =  -l91,  whence  2/=  ^(-27±V~35) 

Also  r'  +  332/  =  -  209,  whence  2/  =  ^(  -  33  ±  V253) 

But  2/  =  ^sJ^i.^^  -  9x  =  K  -  27~i  V^n^),  whence 

^=  5(9  + V27  ±  V-33" 

Also  x^.  Ox  =  i(  -  33  i  V253),  whence  *  =  ^9  ±  Vl5  ±  2  ^2^3) 
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39.  Multiply iiig  as  indicated  we   have  x^  -  Gx^ +JU-  -  G 
=  a^  ^  6^2  ^  ua;  +  6^  whence  12^2  +  1:2  =  0,  .-.  x  =  i  V  -  1 

40.  Reducing  as  indicated  by  the  question  we  have 

X  +  1  -  5Vxn  +  6  +  5Vl  +  X  -  6Vx  +  1  +  V^  +  1  -  1  =  ^ '' 
or  (X  -  5VxTT)  +  5Vx  -  5Vx  +  i  =■  -  T  ;  or  completing  the  square 
(r  -  5V^TT)  +  5(x  -  5^7Tly  +"i  =  -  h  whence  (x  -  5Vx  +  1) 
^  -JJ^/zi^  ...  X  _  sVTTl  =  Kll  i  5V  -  3)  =  a,  suppose : 
Thenx-GV^TT'l-a;  orx-a  =  SVxTl ;  orx^-2axH-a^=25x  +  25  ; 
or  x^  -  (2a  +  25)x  =  25  -  a\  .-.  x  =  \{Za  +  25  ±  5V4u  +  29) 

But  a  -  i(ll  ±  5V^^)  by  supposition 

.-.  X  =  Hll  ±  5V"^1  +  25  i  5V22  i  10V"^~3  +  29S 
=  18  ±  ^UV"^^  +  Vol  ±  10V~^) 

41.  Arranging  the  given  quantities,  we  have 

(4x*-  8x3-  4;i;2+  3x  _  1)  _  2(2x2-  2x  +  l)V4x*-8x'- 4xH  3x  -  1 
+  (4x*  -  8x^  +  8x2  _  4a;  +  1)  =  0,  and  taking  the  square  root 
V4x*^"a?  -  4x-  +  3x  -  1  -  (2x2  _  2x  +  1)  =  0  ;  or  transposing 
an<l  squaring  4x^  -  Sx'  -  4x2  ^^  3^  _  1  =  4x^  -  8.r  -i  S.v'  -  4x  -  1 
..    JO.!-  -  Tr  -  -  2,  whence  x  =  ^\0  i  V  -  47) 

42.  Multiplying  through  by  ax  to  clear  of  fractious 
G'hx-^+  20^0-1x2-  2ab  +  2ah-'^x^-  2bx  =  ac'^xix^- a'^bcx  +  a^) 
multiplying  now  by  c  we  have 

o^Acx-i  +  2a»x2  _  2abc  +  2a2xS  -  Ibex  =  «x*  ^  a-iicx2  +  a*x ; 

or  transposing  and  changing  signs 

ax^  -  2a^x^  -  2u^x2  4,  a*x  -  a-^icx2  ^  ^.bcx  +  Zahc  -  a^hcx  " '  --^  0 

dividing  through  by  ax  we  now  have 

J-'-  2ax2-  2a<-'x  +  a^  -  bcia'H  -  2a-^-  2x-i  +  ax-2)  =  0 ; 

orr/V''(rt-2x-2a-i-2x    i  +  ax-2)-6c(a-2x-2a-i-2x-»  +  ox-2)  =  0 

.-.  (a2x2-/)r)(//-2x-2a-i- 2x-i  +  ax-2)  =  0,  or  factoring  the 

frst  member  {d'x'-  -  60(«"'-r  "'  ^  _^~^^  '  'X"^'  -  ^'''■'  ^  "'->  "  ^ 
'c  =  0,  whence  x  =  f  a''^'^bc 
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whence  z  =  -  a 

Also  a:^-  3ax  +  a'=  O  •  nr  -»•?     q^^  «      ,  <i 

oa*  +  a  -  0 ,  or  «=*-  3aa:  :=  -  a^  whence  *  =  -^-(3  +  V5) 

43.  Add  ;i;*  to  each  side,  then  "^ 

-'^  +  8x^  +  22^^  +  24.-  +  9  =  ^4,  and  taking  the  sqnare  root 

X  4-4.:  +  3  =  ±a:^  ...  4x  =  -3^  whence  ;r  =  -.^i  also  2:rH4x  =  -3 
whencea:  =  -^(2  ^Y_2'^  ^  ' 

44.  Changing  signs,  adding  (4  -  2.^)  to  each  side,  aud 
arranging  we  have  .^  -  4.-  +  4  =  4.^-  U'^  +  jsx^  -  6.  +  9,  and 
uow  extracting  the  square  root  +  (x?  -  2).  =  2:.-^  -  or  -f  3 

/'*     -^      -'  W^^»ce;c  -x  =  -5,and.%x^i(l+V-i9) 
Also  3x^  -  a:  =  -  1,  whence  x  =  ^j  +  y-TJI) 

45.  -j:±^f(V3-V5H^^^   "?!^2x(V3-y5)  +  (8-2Vl5) 
__X-V3  +  V5  -  X+V3~V5~ 

Thatis^^-^tV3Wo)_^     (x-V3+V5)^       .^ 

X-V3  +  V5  "■TTV3~=75""*  +S-V15;  prclear- 
ing  of  fractions 

(x  +  V3-V5)^-(x-V3W5)^=(xH8-2Vl5)(x-^-8  +  2Vl5): 

or6x^(V3-V5)f2(V3-V5)^={xH(V3-V5yi|x^^(V3-V5)r 
Let   V3   -   V5^=_a^hea   a:*  -    e.x^  .    «*  -    2a«,    whence' 

«  =  ±  VSa  ±  aVa=*  t  2a  +  9  ^bere  a  =  ^3  -  V5 


EXEBCISB  LIV. 

1.  (X  4-  y)(x  -^  y)  =  45,  but  X  -  2/  =  5  ,-.  5(x  -f  y) 
or  X  +  2/  =  9  and  X  ^  7/  =  5  .-.  2x  =  14,  &c, 

2.  i^-i^yX^-y)  -  105,  but  X  +  y  =  21  A  21(x  -  J/)  = 
orx-2/=  5  .-.  2*£  26,  4ic, 
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3.  x2  +  2xy  +  1/2  =  81,  but  x^  -^  y"^  =  41    .-.   2xy  =  40,  and 
.-.  x2  -  2xy  +  y^=  I,  whence  x-y  =  ±1,  .-.  2x  =  10  or  8,  &c. 

4.  X-  -  2xy  +  ?/  =   225,   but  x^  +  y'^  =  113  .-.  2xy  =  -  112 

.-.  0.''+  2xy  4-  2/2=  113  -  112  =  1,  whence  x  +  y  =  ±1  and  x  -y  =  15 

•.  2x  =  16  or  14,  &c. 

40       402 
.■).  x-^+i/2=89anda:=  —  .-. -2-  +  T/2r.89;  or]/*-89y2..  -  1600  ; 

1,*-  89/+  (3ji)2=  -1600  +  i^t-J^  =  ^\^^  .'.  y^-^i-  =  ±  3^9,  whence 

40       40  40 

/  =  i  8  or  ±  5.     And  x  -  —  -  -—r ;  or  r-r-  -  +  5  or  -h  8 
y       ±  8 '        +  5      - 

72      24       242 
6.  x^-y^=  55,andx  =  — -  =  —  .-. -7-2"-!/^=  55;  ory*  +  55i/2  =  576 

^y    y      y 

whence  y^  -  9  or  -  64,  and  .-.  y  =  ±  3  or  +  8V -~1 

24      24  24  

Andx  =  -  =  ^;or^-^^  =  ±8orT3V-l 

1.  x^  +  3?/2  =  143,  and  ?/  =  24  -  2x  .-.  x^  +  3(24  -  2x/  =  148  ; 
or  x'^-  1728  -  288a:  +  12x2=  j^g  .    ^^  iSx^  _  288x  =  -  1580, 
whence  x  =  12-]^3  or  10 
And  y  =  24  •-  2x  =  (24  -  24-1*3)  or  (24  -  20)  =  -  -j^j  or  4 

2  +  3v  /2  +  3i/\2 

8.  3x2-21/2=115,  anda:  =  —^—.-.3f—Y-^j   ~2f^  115; 

or  19i/2  +  36y  =  448,  whence  t/  =  4  or  -  5|^ 

2  +  3y       2  +  12            2  -  17^ 
And  X  =  — - —  =  — 2 — ;   or  ^ — -  =  7  or  -  7^f 

2y  /         2y\2 

9.  4x2  +  3y2  =  511,  andx  =  9-Y.-.  4f9  -  j)   +  3»/2  =  5II, 

or  43(/2  _  4321/  -  1683  ;  whence  y  =  134^^-  or  -  3 

2y      /       26-A\ 
And  X  =  9  -  -  -  =     9  -  -  -     or  (9  +  «)  -  i  J  or  11 


10.  x^  -  y3  =  26  ;  also  from  2nd  cquat.  x^-  3x2y  +  3xy2_  yS  _  3 
.-.  by  subtraction  3x2y  -  3xy2  =  18  ;  or  xy(x  -y)  =  6,  but  x  -  y  =  2 
.-.  2xy  =  6  or  xy  =  3.  Then  xy  =  3  and  x  =  2  +  y  .-.  y(2  +  y)  =  3 
Oi-  y2  +  2y  =  3,  whence  y  =  1  or  -  3.     And  x=2+y  =  3or-l 
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11.  X  +  y  =  4  /.  (X  +  y)2  =  16  .-.  x»  +  ./  =  16,  and  from  1st 
equat.  x'  +  3x^y  +  3xy'  +  f  =  64, .-.  by  subtraction  dx'^y  +  Zxy\--  48  ; 
oraXx  +  y)=16,but2:+2/  =  4.-.xy  =  4.-.y(4-7/)  =  4ory2_4y  =  _4^ 
whence  y  =  2,  and  x  =  4-y  =  4-2  =  2 

12.  Squaring  the  1st  equat.  \Jx  +  2  V^  +  Vi/  -  9,  but  4  V^  -  8 
.•.subtractingwehaveVx-2V^+Vy=l;  whence 7^-72/  =  + 1 
and  Vx  +  Vi/  =  3,  .-.  by  addition  2  '/x  =  4  or  2,  .-.  ^x  =  2  or  1, 
whence  x  =  256  or  1,  &c. 

13.  2/'  +  4x-2y=ll,andx=14-4y.-.y2  +  4(14-4y)-22/=ll, 
ory2_i8y  =  »45.  whence  y  =  15  or  3,  and  x=  14- 43/ =  -46  or  2 

14.  2r^  +  xy-5y2=20,andx=:5^^ 
.   gPy+  ly^     /3y+  1\  ^ 

*       V      2      y    ^l^~2~"y   -  ^2/'  =  20;    or  2y2  +   Yy  =   39, 

whence  y  =  3  or  -  6^  and  x  =  ^~^  ^  5  or  -  9| 

15.  9^  +  5y-4xy  =  0,andx  =  2+y...9(2+7/)  +  5y-4y(2+y)  =  0, 
or  2y2  -  3y  =  9 ;  whence  y  =  3  or  -  f ,  and  x  =  2  +  y  =  5  or  i 

16.  xV  +  4xy4-4=100...xy  +  2=±10j  whence xyi8or-12 
From  second  equation  x  =  6  -  y  .-.  yi^^  -  y)  =  8  or  -  12 
That  is  y2-  Qy  =^  8,  whence  y  =  4  or  2  ;  and  y^-  6y  -.  12, 
whence  2/  =  3  iV21  .-.  x  -  6  -  y  =  2  or  4,  or  3  iy/U 

17.  9x^  +  36xy  -  85y2  =  0,  andx  =  2  -t-  y 

-••  9(2  +  y)^  +  36y(2  +  y)  -  SSy^  =  0.     That  is  lOy^-  27y  =  9; 
whence  y  =  3  or  -  -,%,  and  x  =  2  +  y  =  5  or  ly^ 

18.  From  second  equation  x  =  —^  and  substituting  this 

forxinthelstequat.wegetC^-^-:^)^  (^±^\y  =    77  j    ' 

144  +  24y2  +y4  \       y      J  \       y      J 

or  -— ^  +  12  +  y2  =   77.    ^j.  2^4  _  4j^,  ^  _  J4^ 

.-.  y2  =  J6  or  V,  whence  y  =  ±  4  or  i  ^V2 

AndxIi?±^  =  H,ri^^^-,7,,     33  nV2 
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19.  Let  X  =  V  -r  z  aud  y  -  v  -  z 

Then  x^  +  xy  =  (v  +  zj^+^v  +  c)(y  -  r)  =  2^2+  2»r  =  66  (i) 
Also  a-2-  t/2=  (p  a.  .)2_  ^y  _  ^)2  ^  4j,^  ^  ij  _.  2yc  =  1/  (") 
From  (r)  we  get  2v^  ^  66  -  V"  =  H^  -'-  ^^  =  -^l*-  or  r  =  +  -igL 
From  (ii)  we  get  by  substitution  -  =  V-  -f  ±  11  =  ±  ^.  Then 
i-  -  r  4-  z  =  i  IL  £  1  =  4  6,     An(j  y  =  t;-z  =  ±ll  +  i=±5 

20.  From  1st  equat.  by  clearing  effractions  x^  +  t/  =  18xy  (i) 
and  cubing  the  2nd  equat. Ve  get  x^+  3x^y  +  3xy^  +  i/=*  =  1728  (ii) 
and  taking  (i)  from  (ii)  we  have  3x^y  +  3xy^  =  1728  -  IQxy, 
or  xy(x  +  y)  =  576  -  6xy  ]  or  since  x  +  y  =  12,  we  have  12xy 
=  576  -  6ry  .-.  I8xy  =  576,  and  hence  xy  =  32.  Then  x  =  12  -  y 
.-.  y(l2  -  y)  =  32,  or  y-  -  12y  =  -  32]  whence  y  =  8  or  4. 
And  x  =  12  -  y  =  4  or  8 

21.  Let  X  =  V  -h  z  and  y  =  v  -  z 

Then  x^  +  y«  =  (t>  +  z)'  +  (v  -  z)''  =  2^^  +  20y«z2+  10y2*=  3368  ; 
or  v'-  +  lOy'z''  +  5pz*  =  1684.  But  x  +  y  =  v  +  z  +  v-z  =  2v  =  8 
.-.  V  =  4,  and  substituting  this  for  r,  1024  +  640z2+  202"*  =  1684 ; 
whence  z*  +  322'^  ^  33,  .-.  z^  =  1  or  -  33  and  z  =  ±  1  or  +  V-33 
Then  r  r-  r  +  =  ^  4  +  1  ;  or  4  +  V -33  -  5  or  3  or  4  +  V~33 
y=r -3  =  4+1;  or  4  +  V-33  =  3  or  5  or  4  +  V-33 

22.  From  1st  equat.  a-^  +  3x2y  + 3xy2  +  y3=343j  and  x^+y'^  133 
.-.  3a-^y  +  3xy2  =  210  ;  or  xy{x  +  y)  =  70,  but  x  +  y  =  7  .*.  xy  =  10 
Aud  X  =  7  -  y  .-.  y(7  -  y)  =  10  ;  whence  y  =  5  or  2,  and  x  =  2  or  5 

23.  Let  X  -  r  +  z  and  y  -  v  -  z 

Then  x*  +  7/^  -  ^■-    '    r)*  +  (r  -  t)*  -  2r*   !-  12r'^:2  +  2;*  =  97 

liutx-i/-r       .  r  =  2z=  1  .-.  c:  ^  J 

Hence  2r*  +  3t'^  =  97  -  |   =  96|  ;    whence  r^  =  x^i  or  -  ^^i- 

.-.  f  =  1 1  or  ±  -iV"^^^  

Thenx  =  t;  +  z  =  ±§  +  i  ;  or+  y'^^^\-3  or  -  2  or  \{\  f  V-31) 
Andy  =  r-z:^±-^-J  ;  oriJV-31-J  =  2  or- 3  or  i(- 1  +  V~3Y) 


^^  KEY  W  [Ex.  Liv. 

24.  Multiplyiug  the  ?ud  equal,  by  3  and  adding  it  to  the  1st 
equation  we  have  x'^  +  3xhj  +  2x,/  +  ,/  =  343  j  whence  x  +  y.^ 
•••  ^'  =  7  -  t/.  Also  x^y  +  xy^  =  xy(x  +  y)  =  ^xy  =  84  .-.  xy  =  12 
•••  VO  -  y)  =  12,  or  y^-  1y  =  -  u-  whence  y  =  4  or  3, 
and  a;  =  7  -  7/  =  3  or  4 

25.  x''  +  y^  +  xi.y=26,  adding  2x1/  to  each  side  of  the  equat 
we  have  (x^  +  2xy  +  f)  i- (x  +  y)  =  26  i-  2xy,  or  completing  the 
square  (x  4-  2^ (x  + y)  +  i  .  26i  +  2xy  .-.  x  4-  y  +  ^  =  ±  ^m^J-y 

orx  +  y^±V26i4-2xy-a,bat4(x-  +  ^)  =  3x-y...3a:y  =  +  4V^tilT2^1/ 
2  ;  transposing  and  squaring  these  we  have  Oxh/  +  I2xy  +  4 
-=  420  +  32ry  .-.  9xY  -  2Qxy  =  416;  whence  xy  =  8  or  ~  ^'^ 
Then  4(x  +  y)  =  3xy  =  24  .-.  :.-  +  y  =  6,  and  x  =  6  -  y 
•••  y(6  -  2/)  =  8,  or  2/-  -  6y  ^  -  8;  whence  y  =  4  or  2,  and 
•••  ^  -  2  or  4.  Also  y^Q-y)  .  ^  ^^^  •  whence  y  ==  K  -  13  +  VSTY) 
and.-,  ar^  J(-  13+^377) 

26.  Clearing  the  first  equation  of  fractions  we  nave 
5{(^  +  ^)2  4-  (X  -  2/)^|  =  26(x2  -  y^)  :  i.  e.  lOx^  +  lo^^  ^  26x^  -  2G.v^ 

Hence  36,^  =  16x^  or  6y  =  ±  4:r,  or  y  =  +  |;  substituting  this 

in  the  2nd  equation,  we  have  x^  +  U  -pj  '  =  52  ;  or  x^  +  ~  -  =:  52 

13a:2  x^  X 

or  -g~  =  52  .-.  y  =  4  ;    or  y  =  +  2  ;    or  x  =  ±  6.     And 

2x 

27.  1y  =  2a;  +  36  .-.  y  =  —y— ;  substituting  this  in  the  first 

2a:  +  36 
equation,  we  have  x  +  — ^—  =  ,,=^  or  1x^  -  9a:  =  36  ;   whence 

^      o  -,.        ,     ,  2a: +36 

a: -3  or -15.     And  y  = ^— -  6  or  4^^ 

28.  Let  X  =  r  +  z,  and  y  =  y  -  s  ;  then  we  have  from  the  first 
equation  21;* +121)2^2+  22*=  14i;*  -  28^2^2+  Uz^  and  this  bj 
transposition  gives  iOv'z'^  =  12y*  +  12z*  ;  hui  x  +  y  =  v+z  +  v-z 


Ex.  1.1  v.]  ALGEBRA.  03 

=  2v  -  m,  .'.  V  =  ^in:   substituting  this  for  r,  \re  have  lO/nV 

3/n*  37/1  m 

-  ^w*  +  12c*,  or  6c-i  -  Smi'-^c^  =  -  -g-  ;  whence  z=  ±  -^^  or  +  — ^ 

oiii  VI       m  ,  7/1 

Thena:  =  r4-z  =  ^m±—  ;ori///±^-=y(l+V-^);or-(UW3) 

7/1       3//1  7n.        7/1        ^      _    ,  ,  ^       _  ,    ,  X 

Andy  =  t<-x  =  -i:-- ;  or  y  + --.3  =  y (1 W3)  ;  or-(l  +  W3) 

74 

29.  Let  X-  ^  vy ;    then  v^  +  2y2  +  vy^  =  74,  or  y'  =  ^-,^^,^3 

73  74  73 

aad2tx  +  r  +  2t;V=73;ort/^=2^,;jr2FTI-"'7;^Tirr2  =  ^^ 

74 
or  by  reduction  v^+v  =  |^  ;  whence  v  =  f  or  -  f ;  y^  =  -2  ^  ^  ^  2 

74  74 

,=  .^.  +  ^  +  2  ""  ^^  •••!/ =  ±5,  also//2=  ^^  _  g  ^  2  =  25;  whence 

as.before  y  =  ±  5.    Therefore  x  =  vy  =  ±5  x  };  or  +  5x-f-±3 
or +  8 

30.  Adding  the  two  equations  together,  we  have  x^  +  2x^y'^  +  y* 
=  169,  whence  x^  +  y^  =  ±l3',  but  x^  +  2xY  +  y^=85  .'.  by  sub- 
traction 2xV  =  72  or  98  .-.  a-V  =  36  or  49,  and  xy  =  +  6  or  +  7 

+  6        ±7 
Then  x  = or  ,  and   substituting  this  for  x,  we   have 

y         y 

/      6\2  36 

[  ±  --  )    +  !/'^  =  ±  13,  that  is  -^  +  7/'-*  =  ±  13  ;   or  y^  +  13/  =  -  36, 

whence  /  -  9  or  4,  and  .•.  y  =  4  3  or  +  2.     (Impossible  values 
being  rejected.) 

31.  Let2:  =  »i/;  then  3uV+ 2«i/2-4i/2=  108  ;  or  1/'^=  3^,2+ 3^,.  4 

81 
Also  rV  -  3«i/*  -   7i/^  =  -  81  ;    whence   2/^  =   3^   _  ^,a  ^   .j 

108  81 

•••  3.^ +-2u^-4  =  ST^^'^T  ""'  ^^  reduction,  137;'^-  61;  =  40 ; 

whence  u  =  2  or  -  ^5 

81  81  81 

Then  7/  =  ^-—-j-rij  i   =  o       a  ^  *,  or 


3r  -  »"  +  7  '        6  -  4  +  7  "^   -  ^«  -  f^'j;  +  7  ' 
or  169  X  27  .-.  y  =  +  3  or  =  i  39V3 


^^  KEY   TO  fEx.  Liv, 

And  •£  =  vy  -:  i  3  X  2  ;  or  i  3  x  -  ^^  =  ±  6  or  ^  4^^- 

Also  x  =  vy  =  ±  39V3  x  2  ;  or  ±  39V3  x  -  fo  =  ±  T8V3  or  +  60V3 

32.  Factoring  the  first  equation,  we  have 
(j/^-.xO-(y  +  x-)=12.-.(y  +  a;)(y-x-l)=12;  ory  +  x=    ^--~- 

(y-xy     y-x-i    (rj^xy^  «^ y-TT^-n  =  (y-_^y.; 

or(y-:.)^  =  4(y-a:)-4.-.(y-a)^»4(y-:r).j-4  =  0;  whence 
48 

33.  Transposing  the  first  equation,  we  have 

^?-^^-»-y  +  7  +  Vi^=20;  thatis('|-  +  V^)'+(|  +  Vi/)=20 

X  3  ' 

•••  y  +  Vy  =  4  or  -  5  ;  that  is  x  +  7/2  =  41/  or  -  5y 

Taking  a;  +  2,^  =  4y  --.  ar  +  8,  (by  2nd  given  equation)  we  ha've 

Jf^  =  8  .-.  y  =  4,  and  a;  =  4y  -  8  =  8 

3 
Taking  a;  +  t/2  =  ^  5^^  and  subtracting  this  from  the  2nd  given 

equat.,we  have  8 -2/'=9j/ .-.8-8^  =  ^  +  2/';  or 8(l-y)  =  y(i  +  y^) 
and  dividing  each  side  by  1  +  y^,  we  have  8(1  -  y^)  =  y  -  that  is 
y+8y^  =  8,  whence  y' =  ~  4  ±  2y/6,  and  .-.  y  =  40  +  16V6,  and 
X  =  4y  -  8  =  152  +  64^/e  ;  also  1  +  y^  =  0  .-.  y  =  1 

34.  x^  +  y'=35(i),x^  +  y-^  =.13(11). 
From    (I)  (a:   +   y)    (x-^  -  xy  +  y^)   =   35;    but   x^  +   y^  =    13 

.-.  (a:  +  y)(13  -  xy)  =  35  .:  x  ^  y  =  --^     .q^aring  we  have 

"9  2_  1225 

z-  +  .xy  +  y  -  j^^—^^-----  .   substituting  (11)  in  this,  we 

have  2xy  =  — — ^^?5 ^3  _  1225_-  2197  4-  338xy  -  13xV 

lb9-26xy  +  xV      ■^^-  l69"::^G:^7:rFV~^ 

338xy~  13a;V_972 
"*'     ^^  "       169 -^26~xy  +  xV     '    clearing  of  fractions,  we  have 
2xV-39:r=-y  +  972  =  0  ;  and  factoring  (xy  -  6)(2xy-  27a:y  -  162) 
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=  0  .-.  xy-6  =  0  (III)  ;  and  also  2x-y"  -  2lxy  -  162  =  0  (iv) 
From(iii)xy  =  6,  ar\dfrom(iv)x7/=18or4^  .-.  2xy  =  12,  or  36,  or  9 
Hence  adding  these  to  (ii)  and  extracting  the  square  root,  we 
have  X  +  y  =  ±5,  or  +  7,  or  4  V^j  similarly  subtracting  these 
from  (ii),  and  then  extracting  the  square  root  a;  -  y  =  +  1, 
or  ±  V  -  23,  or  +  2.  Hence  by  addition  and  subtraction  we  have 
x  =  i3;  or  +  K'7  +  V'^^);  or±i(2+V22) 
y  =  ±2]  or  ±i(1  -yf^^S);  or  ±1(^-2) 

Otherwise,  thus : 
Let  X  =  V  +  z,  and  y  =  v  -  z 

Then  from  (i)  2v^+  6dz'^  =  35  (in),  and  from  (ii)  2d^  +  2z^  =  13  (iv) 
Multiplying  (iv)  by  3y,  and  subtracting  from  (iii,)  we  have 
4p^  -  39d  =  -  35.  Multiplying  by  v,  we  have  4i7*  -  39i;-  =  -  35y 
Dividing  by  4,  t?*  -  ^v^  =  -  ^^v 

.-.  v^-v  -  0  (v),  and  c^  +  y  =  ^^  (vi) 

From  (v),  v  =  0  or  1  ;  and  from  (vi),  t?  =  }  or  -  ^ .     But  2y'-  +  2^^  -  1 3 

z  =  iV26 ;  or  +  ^V22  ;  or  +  i  ;  or  i  i^/^^d 

enx  =  v  +  z=l±  y-If]    or  g  i  1 ;    or  -   I    ±   \r^23 
V  -  z  =  values  as  obtained  above. 


m 


Note.— The  values  v  =  0,  and  z  =  iV26  are  derived  from  the  v,  by 

which  we  multiplied  equation  (iv),  

, ^/x  +  9 

35.  By  Alg-ebra  Article    106,  we  have  y^    +  1  =  — 5 — ; 

whence  x  =  9y^;   substituting  this  in  the  2nd  equation,  we  get 
9y\y^  +  2y   +   I)   =   36f  +   64  ;    or   9j/'*  -    18y^  +   9r  ^    64  ; 
or  9y\y'  -  2j/  +  1)  =  64  .-.  3j/(y  -  1)  =  4  8 ;   ov  y""  -  y  =  ±  |, 
whence  y  =  1(3  ±  ^/ToZ),  or  ^(3  i  V^87) 
And  :c  =  9y'  =  ^(19  4  VTo5) ;  or  |(  -  13  4  ^J^^^^) 

3G.  Multiplying  the  2nd  equation  by  x,  we  have  x*  +  xy^  =  a*, 
but  a;*  + 1/*  =  X  .-.  z*  +  y*  =  X* 4 xi/3 .-.  I/*  - xj/3  =  0  ;  that  is  y\y  - x)  =  0 
whence  y's  0  .-.  y=  0,  and  hence  x  =  1.  Also  v-a:  =  0.'.  y  =  x; 
whence  2x'  =  1,  and  y  =  x  =  ^^4 


^^  KEY   TO  lEx.  uv. 

37.  Dividing  the  1st  equation  by  x^,  we  have  fx'  +  I\  =  y2+i 
•••  -^^  +  ^  =  y  +  y  (i).  Again  dividing  the  2nd  equation  by  f, 
we  have  (y^  +  Ij.  =  9(x^  ,-  i)  .,  ^  +  ^  .  9^,  ^  1^ 

Now  adding  equations  (i)  and  (n)  together,  we  have 

•I  1  3  /  1\3  /  ,    V   3 

•••  2/^-^^  +  3,4--=  {^y^-j  =  3(.  +  t)  '  «^  extracting 
the  cube  root  of  each,  y  +  1  =  (^^  +  1^^3  ^^^  (i)  y  + 1 
=  ^'  +  -r   .-.  ;r3  +  -^   =    /    a:  +  --J^S,    and   factoring 

orx^iV"^.  Alsoa:2-,i+Jj.^3;  or  a:H  2 +i  =  3 +^3  („,) 
by  adding  3  to  each  side,  .-.  -r  +  -^  =  iVsT^P,  similarly  by 
taking  1  from  each  side  of  (iii)  and  then  taking  V;  .r  -  -  =  +  V^pTTI 
Then  by  addition,  we  have  x  =  ±  l^TT'^  +  VP~~l] 
And  y  +  -  =  ^a:  +  ~j^3  =  +  ^3  x  V^T^  =  V3  +  3^9 
•••  ^'  +  2  +  --  =  3  +  3^9,  or  taking  4  from  each  v^  -  2  +  -i 

if  -'  yi 
.                            1                        ^ 

=  3^9  -  1  .-.  y  -  -  =  >  ^33/9  _  i_  jjg^^g  ^^^.  j^^ji^jQ^ 
y  =  ±  hW3~+~3^  +  V3V9  -  Ij.  Also  since  x  +  —  =  0  • 
(^  +  rj^3  =  0  •••  y  +  y  =  0,  whence  y  =  +  V^ 


(■ 
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x"^      y-       X        y 

38.  By  transpositiou  -7  +  -r  +  —  +  T  =  ^/j  oi'  adding  2  to 

fx"  y^\       /x       y\ 

each  side,  (— +2  +  -^]  +  (7'  +  '^)=^4^i  completing  the  square 

r         y\^        /'x         y\  x         y 

-  +  -]    +(—  +  — )+i    =9.-.    —  +  -^+J    =    i3 

y        X  J         \y        X  J        *  y        X         ' 

.y  +  -  =  ^or-^-.  x=^  +  i/2=  — or-  — 
Again  by  squaring  tho  2nd  equation,  we.  get  a:^  +  /  =  2xy  4-  4 

.*.  2x1/  +  4  =  — ^  or  -  -;r- ;  whence  xy  =  8  or  -  A.  Then  since 
x^-  2xy  +  y^  =  4,  and  4xy  -  32  or  -  ]i  ;  we  hare  by  addition 
z^  +  2xy  +  ?/2  =  3G  or  1 1  .-.  x  +  y  =  i  6  or  i  -i^V^S",  and  x-y  =  2 
.-.  X  =  4  or  -  2 ;  or  1  +  iVV^;  and  similarly  y  =  2,  or  -  4, 
or  -  1  +  -,'iV33 

39.  From  the  1st  equat.,  we  get  (V^  +  V^)  +  V^CV-^  +  V^)  =  1^, 
completing  the  square  ('s/x  +  Vv)  +  V5(/^  +  Vj/)  +  ^  =  \^ 
.-.  (Vx  +  Vj/)^  +  W5  =  +  iV5  ;  when-ce  (^/x  +  Vi/)  =  V5  or  -  2V5 
.-.  V^  +  Vy  =  5  or  20  (11).  Taking  the  former  of  these  values, 
and  raising  to  the  5th  power,  we  have 

x^  +  5xY  +  10x^2/ +  lOxy^  +  5x^y'^  +  y'^  =  3125 
But  X* +y^=    275 

.-.   .  5x2y^  +  10x^j/+  lOxr/^  +  5x^t/2  ^  2850 

x^i/^  (x^  +  2xy^  +  2x^y  +  yO  =    570  (iir; 

But  cubing  equation  (i),  and  multiplying  it  by  x*y',  we  have 

x^y^  (x'  +  3xy^  +  3x^y  +  y^  )  =  125x^y^  (iv) 
Subtracting  (iii)  from  (iv),  we  have 
x^yKxy^  +x^y)  ;  that  is  xy(x^  +  y^)  =  125x^y*  -  570 
But  x»  +  y^  =  5  .-.  5xy  =  125x^y^  -  570 
Hence  xy  -  25x^y^  =  -  114  .-.  x^y^  =  19  or  6 
Then  x  +  2x*y^  +  y  =  25 ;   and  4x*y*  =  24  or  1Q 


^^  KEY  TO  11...  ,^,,. 

.:  X  -  2x^y^  +  y  =  1  or  -  51 ;  or  x^  -  j/^  =  +  i  or  ±  V"^51  ;  and 
X  +3/^  -  5  .-.  x^  =  3,  or  2,  or  ^5  i  V"^^)  ;  whence  ar  =  9,  or  4, 
or  i  (  -  13  +  V  -  M)  ;  similarly  7j  ^  4.or  9,  or  ^  (  -  13  +  V~5T) 
By  using  throughout  the  value  ^/x  +  ^y  =  20,  other  values  of 
X  and  y  may  be  similarly  found. 

40.  From   the    1st  equation   (x  +  y)(x'^  -  xy  +  y^)  =  x  -  y 
X  —  y 
.'.X  -xy  +  y^  =  ^-^,  and  from  the  _2nd  equat.  x^  -  axy  +  y^  =  0 

.-.  by  subtraction,  we  have  (a-  l)xv  =  ^^  rr  ^^,^-2^^  +  ^" 

'  ^      x+  y        y  x^+Zxy  +  y''^ 

^ :\:.J 

V  axy  +  2xy        V  («  +  2)xy  ~  V  a  +  2  **  *•  *  "^d^TT  =  *> 

suppose.  Then  y  =  -^  audy'=  ~;  substitcitlng  these  values 
in  the  2nd  equation,  we  have  x^+~^  =  ab;  or  a;*  -  abx^  =  -  b^  ■ 
whence  x^  =  -(a  +  V^^^)  ;  and  therefore  x  =  ±  \/-(a7v^^) 
=  i  iV6{2(a  i  V^~^)r  =  ±  WW^T2lVfrr^)  by   Algebra 

Art.  189.  Andy  =  -^  =  ±2V6(V^n+  V^^^^).  See  Algebra 
Art.  181 

41.  From  the  1st  equation  xy  +  ax  ^  ay  ~  a-"-  that  is  (x  -  a) 
(y  +  a)  =  0  .'.x-^a=:0;  OTX  =  a.  Also  y  +  a  =  0  .-.  y  =  -  a 
From  the  2nd  equat.,  substituting  a:  =  a,  we  have  a  +  y^  +  a^  =  t 
.'.y  =  ±a  V  -  (a^  +  1).  Again  substituting  -  a  for  y  in  the  2nd 
eqmation,  we  have  a:  +  a^  +  a^  =  0 ;  whence  a;  -  -  a2(a  +  1) 

42.  Squaring  the  first  equation,  we  have 

X*  +  y4  +  a*  +  2x^(2,2  +  a^)  +  2a'y^  =  0  j  and  subtracting  this  fron 
the  2nd  equat.,  we  get  x^y"^  -  a^)  -  2aV  :=  0  .-.  x\y'^-.a'')  =  2aY  (i- 
From  the  1st  given  equat.  x^  =  -  q/^  +  a^)  .•.  a;2(ya  „  ^2^  _  _  ^^^4  _  ^-^ 
.-.  -  (2/* -  a^)  =  2aV,  or  y^  +  2aV  =  a* ;  whence  y^  =.  a\-l± ^2) 
and  y  =  ±  aV  -  1  ±  V2.  Also  x^  =  -  (j/2  +  a^)  =  ^:  oY3 
.*.  X  =  V  ?  «V2 
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43.  From  2ud  equat.  x^  -  3j/»  +  a^  +  Sx^ij  -  xY  -  a^x*  -  20^x2 
=  0  (i),  and  1st  equation  x  (x*  -  y^)  gives  x^  -  3y^  +  Sx^y  -  x^^^ 
+  a'x*  -  aV  =  0  (ii);  then  (i)  -  (ii)  gives  a^  -  2a3x*  -  2a^x^  +  a^  =  0 
or  dividing  by  -  a^,  we  have  2x4  +  2x^^  a^-y'^=  0  (m).    But  from 

first  of  the  given  equations  y^  =  ^   -  - — L    =   | j 

/x^  +  a**\  ^ 
.-.  substituting  this  in  (in^,  2x*  +  2x2  -  / J   _  ^s  _  q  .  ^jj^^ 

is  when  clear  of  fractions  18x*  +  ISx^  -  x*  -  2a^x^  -  <x^  -  ^a^  =  0 

that  is  I7x*  +  2(9  -  a^)x^  =  a'(9  +  a?) 

^     a^  -  9  +  3V9  -  15a^  +  2a* 
whence  x^  = ^^^^i ,  and 

•••  a-  =  ±  -iV|17(a'  -  9  +  3V9-15a«  +  2a6)l* 

x2  +  a3  

And  y  =  -  — - —  =  -  -iV(6a'  -  3  +  V9  -  15c^  +  2a^) 

44.  Raising  the  1st  equation  to  the  4th  power,  we  have 
x4  -  Ax^y  +  6x  Y  -  4x1/3  +yi=x^  +  y*-  2x  V  _  ^xy(^x^  -  2xy  +  y2)  =  ^4 
But  x2  -  2xy  +  ?/-  =  a2,  and  x^  +  y*  =  6*  .-.  6*  -  2x Y  _  4^2^^  _  ^4  . 
that  is  2x^i/2+  4„z^y  ,  j4  _  ^4*  whence  xy  :=  -  2a^  +  V2a^  +  26^ 
Then  x^  -  2xy  +  y'^  =  a^,  and  multiplying  value  of  xy  by  4,  and 
adding,  we  have  x^  +  2xy  +  y^^  -  Sa^  i  2V2a*+  26*  =  m^,  suppose 
.-.  x-y  =  a,  and  X  +  y  =  m;  whence  x  :i  ^^,andy  =  ^^~^ 
where  7/1  =  +  V2V2a*+  26*-  3a* 

45.  From  1st  equation  x^-hy^  =  a^  +  xy,  and  squaring  this,  we 

have  X*  +  2xV  +  y*  =  a*  +  2a-xy  +  xV ...  a;4  _  ^2^3  +  ,^4  _  2a^xy  =  a* 

subtracting    the    2nd    given    equation    from    this,    we    have 

0-^202  4      J.4        L  a'^iVSa*-  26* 

2xy  -  2a2xy  =  a*  -  6* ;  whence  xy  =  ^~ =  ^2,  suppose 

Then  xy  =  c^,  and  x^  -  xy  +  y^  =  a^ .-.  x^  -  2xy  +  y^  =  ^2  _  ^2 

and  X  -  y  =  ±  V52"r72.     Also  x^  +  2xy  +  y*  =  a^  +  Sc^;  whence 

X  +  y  =  i  V^nr3?  .-.  X  =  ±  J(V^?T~3?  ±  V^^^),    and 


a^  ±  V3tt*  -  26* 


y  =  i  J  (Va'  +  3(^  t  V«'  -  c^),  where  c^ 

2 


100 
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4(1.  From  the  2nd  equation,  we  have 
x*  -  2xY  +  2x\a  -  1)  +  y*  -  2yXa  -  I)  +  (d  -  1)2  =  a'^  _  4«  +  4 
.-.  extracting  the  square  root  of  each,  we  hare  x^  -  7/  +  (a  -  i) 
=  ±  (a  -  2).     To  find  the  values  of  x  and  y  which  are  independent 
of  a  use  x'  -  2/^  +  (a  -  1)  =  +  (a  -  2).     Then  x^  -  7/-'  ^  1  r.  0,  or 

X^  =  y2_l.    a:2  _  3  =  ^2  _  4   (jji)_      ^gg^ijj   f^^^   ^jjg    g^g^   ^.^,^^ 

equation  3x6  _  i8a;4  +  27x2  =  SxZ^a;^-  3)2  =  2^/6  -  Ht/*  +  52?/2  +  27 
But  (III)  a:2  -  3  =  ^2  _  4^  and  a:^  =  y2  _  1  ...  3(^2  _  i^^yi  _  4^^, 
=  2y6  -  11^*  +  522/2  +  27j  that  is  3ij^  -  27?/*  +  72^^  -  48 
=  22/6-1  ly^  +  522/2  +  27  .-.  2/^  -  16//*  +  201/2  _  75  =  0  ;  multiplying 
by  -  4,  we  have  -  4.y^  +  My*  -  80y^  +  300  =  0,  and  adding  to 
each  side  y^  -  2O2/*  +  100  we  get  y^  -  4y^  +  442/2  -  80^2  ^  ^qq 
=  2/^  -  202/*+  100.  Then  taking  the  square  root  2/*  -  2y^  +  20 
=  ±  (2/*  -  10);  that  is  2/^  =  15,  or  ?/  -  2/^  =■  -  5,  whence  y^  ^  ]  5, 
or  HI  ±  V^^,  and  x^  =  y^  -  1  =  14,  or  ^(  ±  V~T9  -  i) 
whence  y  =  ±  Vl5,  of  +  Vki  +  V -^)  =  &c. 

47.  From  the  Ist  given  equat.  2/*  -  2x^y^  +  x*  +  4(2/2  -  x")  +  5 
=  2  V4(y''*  -  a:2)3  ^.  g^-^z  „  3,2)2  .    that  is   (y*  -   2xhj^  +  x*) 

-  2(2/2  -  x2)V4(2/2-a:2)T5  +  {4(y2  -  a:2)  +  5}  =  0  .-.  extracting 
the  square  root,  we  have  2/^  -  a; 2  -  ^4(y^  -  x^)  +  5  =  0  • 
or  2/2  -  a:2  =  V4(2/'  -  ar'O  +  5  .-.  (2/2  -  x-2)2  .,  4^^2  _  3.2)  ^  5 
whence  y^  -  a;2  =  5  or  -  1,  taking  y^  ^  x^  =  5,  we  have  from  the 
2nd  given  equation  2/*  -  32/^  +  1  =  5x^  -  8x  +  Sx-^x*  -  2a;  +  5  +  4 

-  Sx^  -  8x  +  4xV4x2-8x  +  20  +  4  =  5x2  _  8x  +  4:X^/3y^  +  x  2  -  8x  +  5  +  4 
since  15  =  3y^  -  3x2,  Hence  by  transposition,  we  have 
y*  =  32/2  +  x?  -  8x  +  5  +  4xV32/2  +  x2  -  8x  +  5  +  4x2,  ^nd  taking 
the  square  root  y^  =  ±  (^3y^  +  x2  -  8x  +  5  +  2x);  using 
the  positive  sign,  2/^  -  2x  =  ^3y^  +  x^  -  8x  +  5;  squaring 
2/*  -  4x2/2  +  4x2  _  3^,2  +  x2  ~  8x  +  5  .-.  y*  -  4x2/*  +  4x2  _  4^2  +  sx  +  4 
=  x^-3/2  +  9;  but2/'^-x2  =  5  .'.  2/*- 4x^2/2  +  4x2- 4^,2  +  sx  +  4 
c  9  -  5  =  4  .-.  2/"  -  2x  -  2  =  i  2  .-.  y2  -  2x  =  4  or  0 ;  but  2/^^  =  x*  +  5 
.*.  x2 -  2x  +  5  =  4,  or  x2  -  2x  +  5  =  0;  whence x  =  1,  or  1  ± 2^/'^ 
ftnd  3/  =  i  V«*  +  5  =  i  V6,  or  ±  V2  ±  4^/^ 
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48.  From  the  2nd  given  equation,  we  have 
t:*y*  -  6xy^y^  -  x^  +  9(y^  -  x^)  =  16(y^  -  x^)  .',  extracting  the 
square  root,  yve  have  xy  -  3^/y'^  _  a;^  =  +  4V^''^  «-  X' 
:  xy  =  1^Jy^~^^  or-^y^-x^,  and  .*.  x^y'^  =  49(j/2  -x'^)  or  (y--x'^) 
From  the  1st  given  equation  x''=  -  y^  -  4x^  +  41/^  =  4a; ^  -  12 
.-.  x^  -  8x^  +  16  =  7/  -  41/2  +  4 ;  whence  x^  -  4  =  +  (?/2  _  2) 
Ihat  is  t/2  =  a;2  -  2,  or  6  -  x^  .-.  j/2  -  a;^  =  -  2  j  a;22/2  =  49(^2  _  ^.2^ 
or  (r/2  -  x2);  that  is  x^(x^  -  2)  =  49(  -  2)  or  -  2  ;  that  is 
x*  -  2x2  =  -  98  or  -  2  ;  whence  x^  =  1  ±  V  -  97  or  1  +  V"^ 
and  ?/2=a;2_2  =  -l±  \r^^S^,  or  -  1  +  V*^-  Also  since 
y*  =  6  -  a;2,  we  have  by  substitution  x^(Q  -  x^)  =  49(6  -  2x2) 
or  6  -  2x3;  that  is  x*  -  6x^  =  98x2  -  294,  or  =  2x2  _  6 
that  is  X*  -  104x2  =  -  294,  whence  x^  =  52  i  V2410  ;  or  x*-  8x5= 
=  -  6,  whence  x*  =  4  ±  VTo.  And  y^  =  6  -  x«  =  -  46  +  V24To 
or  2  +  -/To ;  whence  x  =  &c. 


EXERCISB  LV. 

Let  X  -  one  part,  then  19  -  x  =  other,  and  x(19  -  x)  r  84 

361-336 

=  -  84,  x2  -  I9x  +  (Y)2  = 1 =  V  .-.  ^  -¥  =  ±  I 

X  =  12  or  7 ;  whence  the  numbers  are  12  and  7 

2.  Let  X  =  greater,  then  17  -  x  =  less;  x  -  (17  -  x)  =  2x  -  17 
=  difference;  then  r(2x  -  17)  =  30,  2x2-  17^;  =  30^  whence 
X  =  10,  and  the  numbers  are  10  and  7 

3.  Let  X  =  length,  then  x  -  12  =  breadth,  and  x(x  -  12)  =  2080 
that  is  x2  -  I2x  =  2080,  whence  x  =  52  and  sides  are  52  and  40 
rods. 

4.  Let  X  =  greater,  then  x  -  9  =  the  less,  and  x2  +  (r  -  9)2  =  353 
that  is  2x2-  igx  +  81  =  353;  x^  -  Ox-  13G,  whence  x=  17  or -8 
and  the  numbers  are  17  and  8,  or  -  8  and  -  17 
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5.  Let  X  =  one  part,  then  16  -  a;  =  other,  then  a;(16  -  x)  +  x^ 
+  (16  -  xy  =  208  ;  that  is  x^  -  16x  =  -  48,  whence  x  .--  12  or  4, 
and  the  numbers  are  12  and  4 

6.  Let  X  =  gain  per  cent.  -  buying  price  of  wheat ;  then  — 
=  gain  per  dollar  on  buying  price,  and  a:  x  ^  =  ^^  =  gain  on  x 

dollars,  i.  e.  gain  on  whole  transaction  i  but  171  -  a:  =  whole  gain, 

x^ 
whence  j^  =  171  -  a:;  or  x^  +  lOOo;  =  17100,  whence  x  =  $90, 

buying  price  of  wheat. 

PROOF.    $81  +  $90  =  $171 ;  also  if  he  gain  $81  on  $90,  he  gains  at  the 
rate  of  $9  on  $10,  or  $90  on  $100. 

7.  Let  X  =  number  of  sheep  bought,  then  ^  =  price  in  dollars  • 
_80_       80  ^  . 

a:  +  4  ""  T  ~  ^  5  that  is  x^  +  4x  =  320,  whence  a;  =  16. 

8.  Let  X,  y  and  z  be  the  digits,  z  being  the  right  hand  one- 
then  .2  +  y2  ^  ,.  =  104  (I);  ./  =  2XZ  +  4  („) ;  IQO.  4-  lOy 
+  z  -  594  =  100^  +  lOy  +  x  (iii).  Substituting  (n)  in  (i),  we  have 
x'^  +  2xz  +  z^  =  100 ;  whence  x  +  z^lQ  (iv).  Reducing  (m),  we 
hare  99x  -  99z  =  594 ,  or  :r  -  ^  =  6  (v).  Adding  (iv)  and  (v) 
together,  we  have  2x  =  16;  whence  x  =  8.  Also  x  +  z  =  10 
.•..^2,and2,^  =  2a:y  +  4  =  32  +  4  =  36j  whence  y  =  6.  Hence 
the  required  number  is  862 

9.  Let  a;  =  number  of  sheep  bought,  then  ~  =  price  per  sheep, 
a:  -   15  =  number  sold,  and  ~  +  i  =  selling  price;    then 

(.-..  15)  (^.l).,ie,  that  is  (^-^^  (..!,)., 08; 
or  x^  +  45x  =  9000  ;  whence  x  =  75,  and  "^J-<i  =  $3-20.  Hence 
number  bought  was  75,  and  price  per  sheep  |3-20 

10.  Let  r  -  one  number,  then  10 -a- -  other,  andT3  + (lo -ar/^ 
that  is  x^  +  1000  -  300a;  +  30x^  ^  x^  =  280,  that  is  30x«  -  300J 


E3C-  ^^-3  ALGEBRA.  103 

=  -  T20  ;  or  x^  -  lOar  =  -  24,  whence  x  =  6  or  4,  and  the  required 
numbers  are  6  and  4 

11.  Let  X  =  less,  then  24  -  x  -  greater,  and  a;(24  -  x) 
=  35(24  -  X  -  x),  that  is  24x  -  x^  =  35(24  -  2x)  =  840  -  iQx  ; 
or  x2  -  94ar  =  -  840,  whence  x  =  10  or  84,  and  24  -  x  ^  14  or 
-  60  .-.  the  required  parts  of  24  are  10  and  14,  or  84  and  -  60 

12.  Let  X  and  y  be  the  numbers,  then  x  +  y  =  xy  =  x^  -^  y^ - 
X  -hy  =^  x^  -  jj^j  whence  dividing  by  x  +  y,  we  have  x  -  y  =  i  • 
or  r  :=  1  +  y.  Also  x  +  y  =  xy,  that  is  1  +  y  +  y  =  1/(1  +  y);  or 
1  +  2y  =  y  +  y2  ,-.  y^  -  y  =  1 ;  whence  y'=  ^(1  ±  V5),  and  x  =  1  +  y 

13.  Let  X  =  circumference  of  hind  wheel,  and  y  =  that  of  fore 

1,     1  •  J         ,120  120 

wheel  in  yarda;   then  —  and  —  =  revolutions  made  by  each 

in  going  120  yards.     Also  by  second  condition  —  and  — 

X  +  I         V  +  1 
~  revolutions  made  in  120  yards. 

120  _  120  20         20 

^^         x'  -  T  -^)  T   =   7   -no)  by  dividing  by  6 

Then  C  •  or  ^  C 

2^_J^         \  30         30  f 

x+l-y  +  i-"*-^         m  =  ^-0(n)  "  4 

.-.  20x  -  20y  =  xy  (m)  and  29x  -  Sly  =  xy  +  1  (iv).    Subtracting 

(III) from  (iv),  we  have  9x-lly«l;  or9x=  lly4- 1 .-.  x  =  — ^"^- 

y 

Substituting  this  in  (in),  we  have  ?5^1^^±i^  .  20y  =  y  ('H^li') 

that  is  220y  +  20  -  180y  =  lly2  +  y  .-.  HyZ  «  393,  =  20  ;  whence 

lly+1 
y  -  4,  and  x  -       ~ —  =  is.  =  5^  Hence  circumferences  of  wheels 

are  4  and  5  yards  respectively. 

14.  Let  x  =  one  fraction,  then  \l-x~  other,  and  —  +  ^- 

1  15  "^      ^'""^ 

=  sum   of   their  reciprocals   .-.   -  +  ^g-^T^g^  =  \\  •   that  is 

>  +  180x  =  29x(29  -  15x),  whence  by  reduction 
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^^Ir.^'^^^Vo^^^'  ora;2-|H  =  -  iff;  x^  -  |^i^  +  (||i), 
-  lUuoo  -  f269olT  =  -ffii^oS  whence  •2--  ^  ^U  ±  i)^  =  Vt^o*^-  or  fff 
=  iorl  andn-^-n-n^-A-  I;  or  f^  -^  =  fo  ,  ^^ 
Hence  fractions  are  ^  and  ^ 

15.  Let  X  =  number  of  children,  then  -^^  =  share  of  each ; 
46800         46800  04         04 

^'^'^^  V:r2-  =  --^-  +  1950,  that  is  ^  =  ^  +  1 ;  ^i,ence 

x^  -  2x  =  48  .-.x  =  8  =  number  of  children. 

16.  Let  X  =  number  of  hours  the  clock  is  too  fast,  then,  since 
the  shadow  on  the  dial  moves  from  1  to  5,  the  clock  will  strike 
the  hours  from  2  +  a;  to  5  +  X  inclusive  ;  i.  e.  will  strike 
2+x  +  3  +  x  +  4.  +  x  +  5  +  x=U+  Ax  strokes,  and  last  stroke 
will  be  5  +  X.  Then  (5  +  x)^  -  41  =  number  of  minutes  the  clock 
is  too  fast  above  the  x  hours;  i.e.  25  +  lOx  +  x^  -  41- 
i.  e.  x^  +  I0.r  -  16.     But  hours  too  fast  +  minutes  too  fast 

.=  whole  number  of  strokes ;  that  is  a;  +  .r2  ^  10a;  -  16  =  14  +  4x 
whence  x^  ^-  1x  =  30  .-.  x  =  3  or  10,  and  x'^  +  lOx  -  16  =  9  +  30 
-  16  =  23  .-.  the  clock  is  3  h.  23  m.  too  fast.  The  second  answer 
10  is  excluded  by  the  limitation  that  the  clock  does  not  strike 
12  during  the  time. 

17.  Let  X  =  hours  travelled  by  each  =  miles  per  hour  travelled 
by  slower,  then  .r  +  3  =  miles  per  hour  travelled  by  faster; 
x-^  +  x(x  +  3)  =  2x2  +  3^.  ^  324^  ^jjgj^^g  ^  ^  j2.  Hence  slower 
travelled  12  x  12  --  144  miles,  and  the  faster  12  x  15  =  180  miles. 

18.  Let  X  =  number,  then  --  =  share  of  each  .-.  ^  +  1  =  ~- 

^  4*  2  .IT 

whence  x^  +  2x  =  288  .-.  a: :::  16  =  number  at  first. 

19.  Let  X  =  left  hand,  and  y  =  right  hand  digit,  then  i?^^ 
-=  2  (I),  and  10:r  +  y  +  27  =  lOy +  a-  (11).  From  (i)  l0x  +  y.2xy(m) 
From  (11)  9x  -  9y  =:  -  27,  whence  x  -  y  =  -  3,  or  x  =  y  -.  3. 
substituting  this  in  (m),  we  have  10(y  -  3)  +  y  =  2y(y  -  3) 
.-.  2y-  -  17t/  =  -  30,  whence  y  =  6,  and  x  =  .y  -  3  =  3.  Hence  th© 
required  number  is  36 
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K-  price  of  coffee,  and  y  -  price  of  sugar  per  lb.  in 
Ox  +  80i/  =  2500  (i) .    Also  —  =  lbs.  of  sugar  for  $8, 
800       1000 
auu lbs.  of  coffee  for  $10;    then    —  =  — —  +  24  (ii) 

X  y  x 

125-4y 
From  (u)  by  reduction  lOOx  -Vlbij  =  3xy  (iii).  From  (i)  x  = ^ — , 

100(125  -  4y) 
substituting  this  for  x  in  (in),  we  have  ^ -  125y 

i3t.---  3y  X §— ^,  whence  by  reduction  Gy^  -  5l5y  =  -  6250 

125  -  Ay 
.  y  =  12J  cents,  and  x  = ^ =  ^5  cents. 

21.  Let  X  and  y  =  number  of  days  required  by  B  and   C 
spectively  to  finish  the  work]    then  in  1  day  ^  does  i^th; 


I 


1  -1  1       1        ^         36     x  +  18 

JC,-thof  thefield;  -h  +  -  =  T  '•  ^^^  '  x  '  "isT 

what  B  would  have  received,  had  C  not  been  called 


X      '  '  y 

648 


X  +  18 

10  360 

in;    but  B  worked  10  days   .-.  he  did  receive  — -  x  36  =  — - 


/    648  360\ 


Then  ( — r-TS  -  —  J  dollars  =  $1-50  =  $i  ;   whence  by  reduc- 


tion x2  -  lt4x  :^  -  4320  .-.  x2  -  lT4x  +  (^^ly  =  1569  -  4320  =  3249 

4 
.-.  X  =:  30  =  days  B  would  require.     And  J2   +  30  +  ~  =  1 

1=  1  -  (i^  +  iS)  =  1  -  it  =  h  •••  2y  =  12,  and  y  =  36  =  days 

C  would  require  tocradle  the  field. 

Proof.— If  C  had  not  been  called  in,  they  would  have  taken  11^  days  to 
finish  the  work,  and  A's  share  would  have  been  $2  X  Hi  =  $22-50. 
Hence  B's  share  would  have  been  $13-50,  but  since,  when  C  is  called  in, 
B  only  works  10  days,  ho  receives  only  -^Q  =  J  of  $36  =  $12  =  $1-60  loss 
than  he  would  have  otherwise  received. 

22.  Let  X  and  y  =  the  number  of  feet  in  the  side  of  the  base  ; 
then  5xy  -  4xy  -  xy  =  80  +  x  +  y  (i)  ;  also  V25  +  x«  +  y* 
=  M^^  +  y*)(")-    From  (11),  we  get  3(x«  +  y^)  =  40^/25  +  x^  +  y* 


^^^  KEY  TO  [Ex.  Lv. 

That  is  (x^  +  2/3  +  25)  -  ^J^^/x^  +  y^  +  25  =  25 
^^^  tJlU^  ^-^^^^  +  2/^  +  25)^  +  A^o  X  ±p  4-  2  2£.  =  £|J5 
•••  V-r^  +  2/^  +  25  -  V-  =  ±  2^  ...  Vx^  +7/2+25  =  15  or  -  f ; 
squaring,  we  have  a;2  +  7/2  +  25  =  225  or  %f^  .-.  taking  the  former 
value,  a:2  +  7/2  =  200  (in),  but  by  (i)  2xy  =  leo  +  2{x  +  y)  (iv). 
Adding  (iv)  and  (in),  we  have  x"  +  2xy  +  7/2  =  360  +  2(x  +  t/). 
Hence  (x-  +  yy  -  2(x  +  y)  =  360  .-.  (x  +  yy  -  2(x  +  7/)+  1  =  361 ; 
(a;  +  7/)  -  1  =  +  19^  a;  +  y  ,  20  or  -  18  .-.  again  taking  the 
former  value,  a;  +  7/  =  2(^,  and  hence  0:7/  =  80  +  20  =  100 
x2  +  2xy  +  7/2-  =  400  >. 

4^2/  =  400  /   •'•  ^  "  '-^  •'•  2"^  =  20,  and  a;  =  10  =  7/ 

^2~I  2x7/  +  2/^  =      0  ( 

.-.  a;  ^    =      0  )   * '  ^^®  '^^^^  ^^  ^  square  whose  side  is  10  ft. 

23.  Let  X  =  distance  B  has  travelled  when  he  meets  A,  then 

^  +  15  =  distance  A  has  travelled;    Also  since  A  has  yet  to 

travel  x  miles,  and  accomplishes  it  in  2  hours,  his  rate  of 

travelling  is  ~  miles  per  hour ;  also  5's  rate  is  ^-^^  -  ?f±l? 

4i 

Then  time  ^  travels  before  they  meet  =  — ~ 

ix 

time   B  travels  before    they  meet  =  ^  _  

2a:  +  30      "    2z   +   30' 

23: +  30  9a;  ^ 

•'•       3;       =  2^T30'  ^^^*  ^^  ^^  -  24^  =  180  J   whence  a:  =  30  =  rate 

Hence  distance  =  a;  +  a;+l5=75  miles.    5's  rate  -  ^^^^1  _  £? 

9        ~    9 
=  10  miles  per  hour,    ^'s  rate  =  |-  =  15  miles  per  hour. 

24.  Let  X  and  xy  be  the  two  numbers,  the  latter  being 
the  greater;  then  x"^y  =  x^y^  -  a:^,  whence  y^  -  y  =  l^  and 
y  =  i(l  ±  V5).  Also  x^y^  +  a;2  =  a:V  _  ^3  ^.^  ^2  +  1  ,  ^^sL  ^  . 
whencea-.^^^-^iii-V5)^tl.Kl+y5)      ^V5(V5  +  1) 


9 

2a;  + 

30 

X 

9x 
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25.  Let  X  and  y  -  hours  required  by  Bacchus  and  Silenus 

1 

respectively  ;   then  Bacchus  would  drink  —  of  it  in  1  hour, 

y 
hence  in  y  hours  he  would  drink  — ths  of  it,  and  in  ly  hours 

2y  2y 

Bacchus  would  drink  r-ths  of  the  cask  full  .-.  1  -  —  =  part 

1 

drunk  by  Silenus,  and  since  he  drinks  — -  of  the  cask  in  I  hour, 

/       2y\      I 
the  time  he  required  to  drink  part  remaining,  was  (  1  ~  5~ 

2y«  ^         ""' 

^  y  -  -r— .     Had  both  drunk  together,  Bacchus  would  only  have 

/        2y\  y 

consumed  Wl-^)  =  i-^,  and  Silenus  would  have  taken 


3x' 


1/ 
i  +  ^]   hence  when  drinking  together,  time  taken  by  Bacchus 

^  X         t/ 

was  {  I  -  ^)  ^  ^  =  ~o —  ~Ti  ^^d  ^^6  ti'^^  taken  by  Silenus 


=  T  +  S   (') 


y     3xJ     X 

/       y\      I       V      y^  ^       y       y      y' 

^^«  [}Tx)^J  =  Y'-3-x'^  ^'""'^-^  -  y  =  t  +  3^ 

Also  -TT  +  ( y  ~  "3~  )  =  ^^^  taken  when  drinking  separately 

""    T  -  T  +  2   (h).     From  (i)   3x^  -  5yx  =  2y^.     From  (ii) 

5y       25^  _  25^2       2y^ 
3^"*"    36     "  ~9"  "^  "^ 


5y        1y  I2y 

,  a;  -  —  =  ±  — .    Hence  x  =  -g-  =  2y ;  substituting  this 

value  of  X  in  (in),  we  have  24?/^  -  4?/'  =  3(2?/)2  +  12(2?/),  that 
is  24y2  -  4?/2  =  12y«  +  242/  .-.  8^^  -.24t/  =.0  j  y'^^Zy;  y  ~  3, 
whence  x  =  6 


1^^  KEY  TO  [Ex.  Lvi. 


Exercise  LVI. 
a^       c       a6       1 

'  a^+b'         a  (a-6)»    "     a(o  +  6)(a2-a^T62)(a-6)»~ 

,^    (x^5)(x  +  3)       (x  +  2)(xj^       (x+1)(x  +  5)      x+1 
'  (^-5)(x  +  2)       ix  +  3)(ix  +  5)  ""  (Friy(Tn)  =  m 

=  X  +  7  :  a;  +  1 

a^  +  b^ya^  +  b^ 
^'  a^  +  b^  <    a+b  '  ^-ccording  as  a*  +  a^b  +  «63  +  ^4  >  ^4 

+  2aH'^  +  6* ;    or  as  a=*6  +  ab^  >  2a^^ ;    or  as  a^  +  b^  >  2ab; 
but  a2  +  62  ig  greater  than  2a*  (Algebra  Art.  134,  Note  2) 

•'•  a2  +  62  ^     a  +  6 

'^■'   -^  y^   >   (x  +  y)* 

•  x^~^^  <  X*  -  x^i/  +  a;2y2  _  ^^/S  ^  ^4,  according  ai. 

x^  -  .r-'y  +  2x^2  -  2a:V  +  2a; ^  -  ^y**  +  2/^  >  0:6  +  4^5^  +  5^4^^ 

-  5a;22/* -  4:m/^  -  y «  ;  or  as  7x V  +  3xy «  +  2?/«  >  Sa;^^  +  2a; V  +  3x Y ; 

or    as    Ixhf  +  3xy*  +   2y^    >.  5x^   +   20:^^  +  3x^t/  ;    or    as 

y\1x^  +  3x7/  +   2y2)   >  x\5x^  +  3xy  +   2y^) 

Now  since  x-^5  >  y^7,  cubing  we  have  Sx**  >  1\f  .-.  a;3  >  ^^ 

.-.  t/'(3a;2/  +  2y2)  <  x\Zxy  +  2y2)  ;    also  7x  V  <^  5^5  .  .  7^3  <  5^3 

.-.  2/^(7x'  +  3xy  +  2y2)  <  a;3(5a;2  +  3^.^  ^  gy^) 

•  •  :r«  -  ?/2   \  ^4  _  ^3y  ^.  a;2y2  ^xf^y^ 
6.  Let  a;  =  the  quantity  to  be  subtracted  from  each  term ; 
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7.  Let  X  -  the  quantity  to  be  added  to  each  term;   then 

— \ —  =  1,  whence  in  +  x  =  n-{-x:  x-x  =  m-n]  a:(l-l)  =  m-n; 

n  T  X        '  ' 

in  —  n      m  -^  n 

'  =  TIT  =  -0-  =  «= 

(a  +  b)      /a2     a^\  b^         (a  +  b)      /a*       \  h^ 

8-  "(a  -b)^\b^'"^J^  (a  +  6)'"  (a  -  6)  ^  \^62  '^J^  (a-^bf 
(tj  +  6)       a«-62  6»  h 

—  (a  +  c)*       a"^  +2ac  +  c* 

y.  Since  a  :  c  ::  c  :  6,  c  =  Va6  ;  then  ^^^^^^^  =  51"^  ^bc  +  c* 

~  6«  +  26V«^  +  «6  ~  6(6  +  2^/ah  +  a)  ~    ^    ~ 

^^'  a*Tb^  <  0  +  6'  ^c<^^^^i°S  ^3  ^'+  ^^^  ~  "^*  -  6^  ^  a'-  «-6 
+  ab^  -  65 ;  or  as  a«6  -  06*  ^  a6«  -  a«6 ;  or  a3  2a^b  ^  2a6«  ; 


or  as  a  ^  6 


Exercise  LVII. 

1.  Let  x  =  the  quantity  to  be  added;  ihena+x'.b  +  xr.c+sr.d-i-x 
■.  od  +  aa:  +  (fz  +  X*  =  6c  +  6y  +  ex  +  a;*  J  oa;  +  dx  -  6x  -  ex  =  6c  -  od 
be  -  ad 


.*.  X  = 


a  -  b  "  c  +  d 


2.  If  a  :  6  : :  c  :  d ;  then  "T"  =  "T"    If  it  be  possible,  let  x  be  a 

quantity  added  to  each,  so  that  a  +*x  :6  +  x::c  +  x:d  +  x; 

a  +  xc+x  be -ad 

then  T— -  =  -7-—,  whence  as  above  x  =  - — r — } ;  but  since 

o  +  x      rf  +  x'  a-o-c  +  tt' 

o        c  0 

-r-  =  Tf  ^e  li^'^'e  be- ad  .'.be -^  ad  =  0  .-.  x  = r — j  =:  0 
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o.       c        a'^     c^  m      p        in       p 

^-  T  =  T  •'•  P  '  rf^ '   ^^^°  IT  =  7  •••  ^  -"  Yq      Multiplying 
,      ,  ,      ma^  pc^ 

equals    by    equals    3^   =    3^ ;     then     Algebra    Art.     lOG 

ma^   -  2nb^     j)c^  -  2gd^ 

wia^  +  2n6-^  ^  ^c*  +  2qd^    '''    ^"'^  ~    2n62:;,c2   -    2qd^::ma^ 
+  2nh^:pc^  +  2qd^ 
4.  Let  X  =  one  number,  then  —  =  other 

Hence  .^-(^y=:.{.3.,,.,i^B.(^y| 

/24\3         32832 
18  (^-j  -  18x3=  — ^—  -  1368X 

/24\3      1824        /24\3       /24   \ 

(t)  --=-  —  -'<'-;  or(-)  -.3=, eg.,) 

Dividing  each  side  by  —  -  a;,  we  have  f^j    +  24  +  ^2  =  76, 

576  ^"^^ 

that  is  ^  +  a:2  =  52  ;  x*- 52x2  =,- 576  ;  x4-52x  +(26)2=  100; 

x2  =  26  i  10  =  36  or  16  .-.  a;  =  i  6  or  ±  4,  and  the  numbers  are 
4  6  and  +  4 

5.  Let  X  =  one  part,  then  20  -  x  =  other  part ;  then 
X  :  20  -  x  ::  9  :  1  .-.  j;  =  180-9x;    or  a;  =  18,  and  20  -  x  =  2 
Let  y  be  the  mean  proportional  between  these ; 
then  18  :  y  ::  y:  2  ;  or  2/^  =  26  .-.  y  =  6 

6    ^  ^  ^ .    J      ^  _  'V^c  +  X    ^    a^  _  c  +  x         X       c  +  X 
■   y       ^3  »  a  so   ^    -  ^,^-^~  .-.  ^3  -  ^—   .-.  y  -=  ^-j-^ 

.-.  Jx  +  xy  =  cy  +  ^2/;  or  dx  =  cy 

7.  Dividing  the  equation  by  (a  +  6  -  c  -  </)(«  -  6  _  c  +  rf), 
«+6+c+d      a-b+c-d 
^^  ^^^^^  a  +  6-c-rf  =  a~6-c-i-cZ-     '^^^^  ^^*-  ^^^^  ^^  ^^^^ 
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2a +26       2a -2b  a  +  b       c  +  d  'la      2c 

2c  +  2rf  =  liTTd  •••  ^'^'  106,  ^T6  =  ^n  •••  ^^t.  106,  -^-  =  2d  ; 
a        c 

8.  Let  .r  and  J/ =  the  numbers  ;  then  ar +  y:s::a:  -  y  :  rf::a:y  :  ;> 

•••  i>(^  +  2/)  =  ^.ry,  and  vix  -  2/)  =  rfx?/  .-.  —  = ^  and  ~  = 

P        ^y  P        a-y 

sll-\„,,  s+  d        2  2p 

7  =  7""^/^^  ^^^^*'°^  "7"  ^  7'  ''^'"''  ^  =  rr;^ 

<^llk„  2        s-d  2p 

IT  ~  "^  ~  ":7  J  ^7  subtraction  —  =  ,  whence  x  ~  ■ 3 

p        y        ^    -^  X  p   ^  s  —  d 

9.  Let  X  =  speed  in  yards  of  faster  train  per  second,  and 
y  =  speed  of  slower :  then  iii  2"  the  former  passes  oyer  2x,  and 
the  latter  2j/  yards,  consequently  2x  +  2?/  =  length  of  the  faster 
train;  also  3ex-30y  =  length  of  faster  train,  .•.30x-30i/=2x  +  2i/, 
or  28x  =  32?/,  or  1x  =  8i/,  .-.  x  :  y  ::  8  :  7 

10.  Letx  =  ^'3  money,  andy  =  jB's;  thena;  + 150:y-50::  3:2, 
whence  2x  +  300  =  3;?/  -  150  ;  or  2x  -  3y  =  -  450  (i).  Also 
x  -  50.:  y  +  100  ::  5  :  9,  whence  9a;  -  450  -  5y  +  500;  or 
9x  -  5y  =  950  (ri).  Multiplying  (i)  by  9,  and  (11)  by  2,  we  Lave 
18x-27y=— 4050  (III)-) 

18X  -  lOy  .     1900  (,^)|S^btracting  (m)  from  (iv)  I7y  =  5950, 

whence  y  »  $350  =  JB's  stock ;    2x  -  3y  =  2r  -  1050  =  -  450, 
whence  2x  =  COO,  and  x  =»  $300  =  jI's  stock. 

11.  b  =  Vac  .-.  62  =  ac;  25^=  2ac;  6^  -  2ac  -  b^  .-.  adding 
a*  +  c2  to  each,  a^  +  b^  +  c^  =  a^  +  2ac  +  c^  -  6^ .    or  a^  +  62  ^  c'-' 

a+c-6  a+c+6  a-6+c 


a  +  e  +  6  ~  o^  +  62  +  c^J   ^^'^  (a  +  c  +  6)^  =  aTTWl^ 
.'.  a  +  6  +  c  :  (a  +  6  +  c)2  : :  a  -  6  +  c  :  a'  +  b^-i-c^ 
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12.  a  :  c  ::  a  :  c,  .-.  multiplying  each  term  of  the  latter  ratio 
hy  a-c,  we  have  a  :  c  ::  a(a  -  c)  :  c(a  -  c) 

.-.a:  c  ::  a(^/a  -  '^cX^/a  +  ^c)  :  c(Va  -  VO(V«  +  VO 
.'.a  :  c  ::  ^/a('^a-^cXVa  + ^c^a  :  ^c('Ja  -  VO(V«  +  VOV'^ 
.-.  ff  :  -c  : :  (a  -  V«F)(a  +  V«0  :  (V«c  -  c)  (^^^00"+  c)  ;  but  ^/ac=  b 
.-.a  :  c:'.(a-  />)(«  +  i):  (6  -  c)(6  +  c)  since  by  hpothesis  V^=  6 

13.  Let  X  =  the  number ;   then  x  +  3  :  x  +  8  ::  x  i- 8  :  x  +  11 

.-.  (a:  +  3)(a;  +  l7)  =  (x4-8)2,thatisa;2  +  20x  +  51=.r2  +  16x  +  64; 
or  4x  =  13  .-.  a;  =  3i 

14.  Let  i>  and  d  ~  diameters  of  a  sovereign  and  shilling  res- 
pectively, and  i  and  T  =  thickness  of  a  sovereign  and  shilling 
respectively ;  then  rnd  =  nD,  andpt  ^  qT,  and  since  circles  are 
to  one  another  as  the  squares  of  their  diameters,  we  have 
quantity  of  metal  in  sovereign  :  quantity  of  metal  in  shilling 

But  md  ^nD,.D:d  ::  m  :  n  .-.  ~  =  -^,  similarly  ~  .  1. 

.*.  quantity  of  gold  in  sov.  :  quan.  silver  in  shil.  -•  ~  -  ^ 

'    n*    '    p 

But  a  sovereign  =  20  s.,  .-.  quantity  of  gold  in  bulk  equal  to  a 
shil.  :  quantity  of  silver  in  a  shil. ::  ?^  :  %.  or  ::  20n^q  :  mV 

^^-  T  "  T  •*•  "multiplying  both  by  ~^,  we  Ijave  j^  =  — 

.    Art    106    :12a+ll'^       -42^+11^       '        ,.  ,   .     ' 
'•  ^  ^'  ^"^'        lljr;        -        ii|d      )   or  multiplying  by   llf 

•42«+llf6      :12c+lHrf  a        c        4a      4c       4^-56 

b  =  ~~rf  (^>'  ^^^^  T  "  -J  •••  56  =  5i  •••  -5Zr- 

4c  -M         4a  -  56     4c  -  5i 
"     5(i     '  ^^       6       ~  — d —  (")•    ^i^i<3ing  0)  ^7  (»);  ""^e  have 
♦42a +11^6  6  •42c+Ilii  d  •42a+ll|6 

6  '^  4a-  56  "  d  ^  iF^T^J  t^a^is  -:^-ZlV 

-  '^2a+lHrf 
""      4c  -i  5o{ 
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16.  Ua:b::b:c::c:cl,  ac  -  b^  and  fed  =  c^  ...  d  =  ^  =  4L  =  ^'^- 
(a  +  A)  (c  -  d)  =  (a  +  V^)  [  c  -  ^  )  =  V<t(Va  +  VO  (V^  -  VO-7- 
.c-(a-c)5    V  =  l 


c        a^       a       b        c       a         a        ^a 


=  c-ia-c);    T  =  7  =  -d-*-6^  =  T^T^-J^ir-'-y  =  P 


Exercise  LVIII. 

1.  7;.x2  +  nij  oc  cx5  -  di/  .-.  mx^.  +  ny  =  p(cx^  -  dy)  =  j:,cx2  - ])dy 
.'.  pcx^  -  mx^  =  mj  +  pdy;    that  is  a:2(pc  -  m)  =  (/i  +  pd)y 

"  -  fl±l!^\  f    l'nTpd\ 

•  •  ^'  ~  \^i>c  -  «ij2/  •••  ^  -  [y  ^^T^J  Vy ;   But  since  n',  ;>,  ;/i,  d 

and  c  are  all  constant,  \J  C^^^~~\  is  constant  .-.  xaz^Jy 

2.  x  =  mi/',  1  =  3in  .-.  m  =  I  .-.  x  =  7^7/ 

m  m 

3.  X  =  p  +  -—-    then  1  =  p  +  _-  (I),  and  2  =  p  +  m  (11) 

.Subtracting  (i)  from  (11),  1  =  Im  .-.  m  =  ?„  and  p  +  m  =^  p  +  ^-2 

4.  x-2  =  ;/,/ ;  4  =  64«i  .-.  m  =  -,^^- ;  x^  =  -,i^y  .-.  x  =  y^^. 

5.  x  =  7»  +  nxy  .-.  2  =  7/1  +  6n  (i),  and  3  =  m  -  On  (11) 
Subtracting  (i)  from  (u),  we  have  1  =  -  15n   .-.  n  =  -  -j',- 

m  =  2+  -&-  =  Jg*.     Then  x-nxij=m]  x{l  -  n?/)  =  fn 


m  -  -,'^.  =  "?. 


m  -L?.  12 


X  = 


36 


l-7iy       l-(-.Jjy)-     15+y     =l5  +  y 
15 
6.  i/=m  +  nx  +])x'^ ;  then  0  =  7/1  +  3/i  +  9/j  (i) 
lii  =  7/1  +  5/1  +  25/>  (11),  and  -  32  =  7;i  +  In  +  49/7  (iii) 
btracting  (i)  from  (11),  we  get  -  12  =  2/i  +  I6p  (iv)' 
"  (I)  from  (III),     "       -  32  =  in 

H 


+  I6p  (iv)| 
+  40/>    (v)J 


11^  KEY  TO  [Ex.  LVin. 

Dividing  (IV)  by  2,  and  (v)  by  4,  we  have  -  6  =  n  +    8p   (vi) 

-8  =  n+10p  (vii) 
Subtracting  (vi)  from  (vii),  we  have  -  2  =  2p  .-.  p  =  ^  i- 
-6^/i-8-.-.  n  =  2  ]  0  =  m  +  6  -  9  .-.  VI  =  3  .'.  y  =  3  +  2x  -  x^ 

1.  r/.mx^  +  ^-   then  1^  25m  +  -|-  (,);    5  =  81m  +  |-  („) 

Dividing  (II)  by  5,  and  (i>  by  9,  we  have  ^  =  ?^  +  -^  /„,) 

81»l  n  ty  r,(^. 

and  I  .  --  4-  -  (IV).     Subtracting  (iii)  from  (iv)  -^  =  — ^- 

.•.7ft=35^.-.  n-35-125/«  =  321§i;  then2/  =  7n^2  +  -  -  —  +  ^^^^ 

X      302     302j; 

8.  y  =  m62  +  mx^  .-.  y  =  vih"^  +  7?ia2  -  mft^  =  ma^  .'.  —  =  m 

9.  ;s-a:-y  =  »^,and(a;  +  2/  +  z)(a:  -  y  -  2)  =  wi/s ;  that  is 
{x  +  (y  +  z)}{x  -  (y  +  c)}  or  a;*  -  (y  +  z^  =  ny^.  Adding  4yz  to 
each  side,  x^  -  {y  -  zy  =  (71  +  A)yz ;  that  is  (x  -  y  +  z){x  +y^z) 
=  (n  +  4)yz-  hniz^x-y  =  7n.'.x  +  y^z:=-?n.:-m(x-.y  +  z) 
^  (n  +  A)yz  .'.x-y^z^-  '-^yz  .-.x-y  +  zccyz 

10.  Let  x^  =  number  of  cars  attached,  then  decrease  of  speed 
ex:  x'^,  and  is  .-.  =  mx^  ;  then  24  -  7nx  =  speed  of  train, 
.-.  20  =  24  -  2m  .-.  2ot  =  4,  or  m  =  2  ;  then  24  -  2x^  =  speed  when 
x^  waggons  are  attached.  Now  if  speed  is  reduced  to  0,  we 
have  24  -  2a;2  =  0  .-.  x  =  12,  and  .-.  x^  =  144  =  number  of  cars 
required  to  completely  stop  the  train,  .-.  greatest  number  it  can 
move  =  143 
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Exercise  LIX. 

1.  ^3 ,  =  [126  +  (31  -  l)2p,'  =  i^^  X  31  =  2883 

^V|126.(.-l)2)|-  =  (l26.2..2)f=l?^xn  =  .C62.n) 

2.  S,,  --  [  -  400  +  (22  -  1)  X  12}^i  =  (  -400  +  252)11  :.  -  1028 
.^.H-400.(.-l)xl2jf  =  <li^^±i^^^^ 

3.  -S, ,  ^  (4  +  (17  -  1)1] V  =  (4  +  24)7  =  238 

^\...  =  {4  4-  (2^  -I-  ;,  -  Di}'-^  =  II  +  (2„,  +  ;.)i]'^ 
=  ':(2//i+j^)  +  |(2/;i+/;)2 

4.  '^'"--a  +  (n-l)x-§jii  =  (|_s^0)ri=_L6^y  =.11.^.29^ 

5.  1^^  =  2  +  (17  -  1)3  =  2  +  16  X  3  =  2  +  48  =  50 
28^h  =  2  +  (28  -  1)3  =  2  +  27  X  3  =  2  +  81  =  83 

7ith  =  2  +  (/I  -  1)3  =  2  +  3/i  -  3  =  3;i  -  1 

6.  nt'>  =  3  +  (l7-l)x-5  =  3  +  16x-5=:3-80  =  -77 
28'"  =  3  +  (28  -  1)  X  -  5  =  3  +  27  X  -  5  =  3  -  135  =  -  132 
nth  .  3  +  (/I  -  1)  X  -  5  =  3  -  5m  +  5  =  8  -  5;i 

I.  I7ti'  =  2i  +  (17  -  l)f  =:  f  +  16  X  f  =  I  +  sii  =  la^i  =  13^3^ 
28«''  =  21  +  (28  -  1)5  =  i  -f  27  X  ^5  =  I  +  I3i  =  21}^ 

nt«^=2i-f(;.-l)HH^'^-^  =  f-^  +  f«  =  ^^+^n  =  ^(5  +  2n) 
33-3 
^-  **  =    5  -  1  =  ^1^  =  "^^  i  ^ence  series  =  3  +  10^  +  18  +  25^  +  33 

-66-9 
^-  "-    6-1    -  -  ^6^  =  -  15;   hence  series  =  9  -  G  -  21  -  36 
-51-66 

10    ./      100- (-1)       100+1 

9-1        ~       8       -    8  *-  =  I2f  ;  hence  series  =  -  1 
+  HI  +  24i  +  36|  +  49i  f  62^  +  74i  +  87i  +  100 

II.  S,,  =  [2  +  (73  -  1)1}V  =  (2  +  72)V  =  37  X  73  =  2701 
12.  n^^  term  =  H  (n  -  1)2  =  1  +  2n  -  2  =  2n  -  l 
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13.  6;  =  {2  +  (71-  l)2)y  =  (2  +  2n  -  2)|-  =  2n  x  -^  =  n^ 

t  t  t 

14.  S,  -  [2a  +  (^  -  l)2a]y  =  (2a  4-  2a/  -  2a)—  =  2a/  x  -    -  ai^ 

15.  ^20'!'  term  =  a  +  (20  -  l)2a  =  a  +  19  x  2a  =  a  +  38a  =  39a 
/ih  term  =  a  +  (/  -  l)2a  =  a  +  2at  -  2a  =  2at  -a  =  a(2t  -  1) 

IG.  Let  a;  -  By,  a:  -  ?/,  a;  +  t/,  a:  +  3?/  represent  the  numbers 
Then  {x  -  Zyy  +  (a;  +  3?/)2  =  2a;2  +  ISy^  =  200 
(X  -    yy  +  (a;>    2/)2  =  2x2+     2y2  =  133 
.♦.  16y2  =    64 
Hence  ^/^  =  4  or  y  =  +  2  .-.  2a;2  =  13G  -  2^^  =  135  ..  g  =  128 
or  x2  =  64 ;  or  x  =  +  8  .-.  the  series  is  ±  14  +  10  i  6  ±  2 

IV.  Let  a;  -  3?/,  a;  -  2/,  a:  +  y,  a:  4-  3?/  represent  the  numbers, 
then  (a:  -  3y)(a;  -  y)(x  +  yXx  +  3y)  =  (x^  _  9y^){x^  -  y^) 
=  (x2  -  36)(-a;2  -  4)*  ;  x^  -  40a:2  +  144  =  1680,  or  x^  -  40^^  =  1536 
x^  -  40a:2  +  400  =  1936  .-.  a:^  -  20  =  ±  44  .-.  a:^  =  +  64,  or  -  24 
Rejectingtbe  latter  value,  we  have  x^  =  64,  or  a:  =  +  8;  hence 
the  series  is  +  14  +  10  +  6  +  2 

18.  Let  a;  -  2?/,  a;  -  y,  a:,  a:  +  y,  a;  +  21/  re]>resent  the  numbers, 
then  a;-2y  +  a;-y  +  a:  +  a;  +  t/  +  a:  +  2y=5a;  =  25.-.  a;=5 
(X  -  2y)(x  -  yXx  +  y){x  +  2y)x  =  '(x^  -  4y^)(a:2  -  y^)x 
=  5(25  -  4i/2)(25  -  y^)  =  5(4?/*  -  125y^  +  ^625)  =  945,  or 
4j/*-  125t/2  =  -  436  ;  2/4  -  -LfV+  (H^)^  =  m^-  '.  y^  -  ^^  =  ±  9^3 
whence,  t/^  =  4  and  y  =  ±  2.  Hence  the  series  is  1,  3,  5,  7,  9  or 
9,  T,  5,  3,  1 

19.  S=  (a  +  l)Y  =  (60  +  lyf  =  61  X  30  =  1830,  i.  e.  since  the 
principal  on  interest  is  $60  t^ie  first  day,  and  only  $1  the  60th  day, 
thewholeinterestisequivalenttothatof$1830for  1  day.  Interest 
of  $60  for  360  days  =  $3-60,  or  of  $1  for  360  days  =  $0-06,  or  of 
$1  for  1  day  =  ^^^  =  giy  of  a  cent;  hence  the  interest  of  §;i  for 


*  The  common  difference  is  given  =  4 .-.  y  =  2. 
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1830  dajs,  i.  e,  of  $1830  for  1  day  =  -^ga  cents,  and  since  this  is 

1830 
to  be  divided  into  60  payments,  each  will  bo  -zx — ^tt  ~  -^^^j  of 

&  cent. 

20.S  =  {2a  +  (n-iyif  =  C2H-(„-l)i|.  =  („+i)^  =  2<2fl) 

21.  Let  5=  IS  +  22  +  32  + 7i2 

Now  ?v^  -  (n  -  1)3  =  37i2  -  3/1  +  t 

(n  -  1)3  _  („  »  2)3  =  3(n  -  1)*  -  3(n  -  1)  +  1 

(n^)^jn^)^=^n^yj^u^yhj.     Hence  by  addition 

«=«  =  '[3(71  -  2)^  4-  3(n  -  1)2  4-  3/i2|  -  (3(71  -  2)  +  3(n  -  1)  +  3;^}  +  7> 

n3  =  3(12  +  22  +  .-. . .  nO  -  3(1  +  2  +  ....«)+  « 

But  by  supposition,  1^  +  2^  +  ....  ,j2  =  s,  and  it  has  been 

shown   in  question   20,   that   1   +  2  +  3    ....    71  -  ^^^^  ^ ^^ 

Therefore  «-3S-?;!<^>  +  „ 

o  c         3  .   ^"("  +  1)  2n'  +  3W(71  +  1)  -  271 

3b  =  11^  + -  7i  =    : ^ 


^''  2 


^^     7»(27i^  +  37t  +  3-2)     n(27i^+ 371+1)     7f(n+l)(2y?-{- 1) 
2  ~  2  ""  2 

_  «(?t  +  l)(2n  -f-  1)      7i(n+  l)(2n+  1) 
2-3  =  6 


'^       ^  ^       .  w 


22.  S  =  {2a  +  (n-  i),/|-;    517  .  J4  +  (,,  ^  j)9||..    ^034 

=  4«  +  9n(/i  -  1)  ;   1034  =  9/i^  -  571 ;  324^2-18071  +  25=37224+25 
=  37249;  1871-5  =  ±193;  18/i  =  198;  71=  11 

Note.— Tlie  negative  value  is  inadmissible. 

23,  I  +  I  '  d  +  I  -  2d  =  31  -  3(1  =  9G,  or  Z  -  f£  •=  32; 
/  -  3J  +  /  -  4<i  +  Z  -  5d  +  Z  -  6i  =  4/  -  I8d  =  86,  or  2Z  -  9(Z  =  43 ; 
2Z  -  9d  =  43,  and  2Z  -  2cZ  =  64  .-.  7d  =  21,  and  d  =  3,  whence  /  -'35 ; 


*NoTE.— The  student  must  here  read  n  as  number,  n  -  1,  one  less  tliau 
number,  &c.  Thus  taking  n  =  3,  then  7i  - 1  =  2,  n  -  2  =  1 ;  if  71  be  taken 
aa  4,  we  should  have  to  take  four  addends  as  above. 


11^  KEY  TO  [Ex.  Lix. 

and  inverting  tbe  series  35,  32,  29,  20,  &c  ,  wo  have  2,  5,  8,  11, 
14,  17,  20,  23,  26,  29,  32,  35 

24.  /  =  5,  and  Z  -  2fi?  =  7  .-.  the  sixth  term  or  last  term  but 
one-  l-d  -  — — -  =  6,  and  the  series  ia  found  by  reversing  the 
series  5,  6,  7,  8,  9,  10,  11 

25.  'S'  =  6n  +  cn2=:(6+c;0;i  =  (2&  +  2c?0|-  =  (26  +  2c  +  2c;i-2O— 
=  [2(i  +  0  +  (/I  -  mc]~     But  by  formula  5  =.  f2a  4-  (n  -  l),l]~ 
whence  it  is  evident  that  a,  the  first  term  of  the  series  ^  b  +  c; 
d,  the  common  difference  =  2c.     Then  the  t'^  term  =  a  +  (t  -  I  )d 
=  b  +  c  +  (t-l)2c  =  b^c  +  2ct 

26.  The  (m  -  7i)'^  term  =  «  +  (m  -  w  -  l)rf; 

the  (m  +  w)th  terra  =  a  +  (m  +  n  ^  l)d  .-.  the  sum  of  the  two 
terms  =  2a  +  (2m  -  2)(i  =  2{a  +  (m  -  l)rf|.  Also  the  m^^  term 
=  a  +  (w  -  1)0?.     Therefore,  &c. 

27.  (p  +  qy^term  =  a  +  (p  +  q-l)d=m1  ^-n 
(p-9)tHerm  =  a  +  (^-^-l)^  =  «;-'-2?^  =  "^-^---^  =  -^ 

But  a  +  (q^l)d+pd  =  m  .-.  a  +  (j  -  i)^  =  7/1  -  ;.c/  =  m  -  p  x  -^ 

2^ 

=  wi  -  (7/1  -  n)-;  but  a  +  (^  -  i)rf  =  ^th  term  .-.  qti^  term 
=:m-(,„-n)| 

28.  ;;th  term  =  7  -  |-  =  ^  "  f  +  ^  =  ¥  -  (P  «  1)J 
=  -'-2^  +  (P  -  1)  X  -  i  ;  but  pth  term  =  «  +  (;)-  1)(/,  when-.e  a  =  J^S 
and  (Z  =  ~  ^.     Then  sum  of  71  terras  =  S  =  {2a  +  (11  -  l)d}^ 


(13  .  (,.  -  ,)  X  -  J,|  =  c,  _  I  ,  j>|.  .    (^'  _  1^ 


27       n\n 

J 


=:-j(27-n) 
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29.  Letx-y,  a;anda;+^  =  theniimbers;  thcn(x-yy^  +  x(x-\-y) 

-x^-2xy  +  y^  +  x^  +  xy=2x^-xy  +  i/=  16,  and  x^+  (x  -  ?/)(x  +  y) 

=  x^  +  x^  -y^  =  Ix^  -y^  -  14.     Subtracting  the  second  from  the 

2?/2  _  2 
first,  ly"  -  xy  =  2,  or  a;  =  -^-— — .     Substituting  this  for  x  in  the 

2(2t/2  -  2)2 
equation   2x'^  -  y"^  =   14^    we  have   -^ y    =   14, 

or  7?/4  -  30/  =  -  8,  196!/*  -  840y2  +  900  =  -  224  +  900  =  676 ; 

14y2  -  30  =  ±  26  ;  I4y^  =  56  or  4,  y^  =  4  or  f ;  rejecting  this  latter 

8-2       6 
value  vre  have y  =  ±2.    Hence x  =  — —  =  — —  =  +  3,  and  the  three 

±2        ±  ^ 

numbers  are  1,  3  and  5,  or  -  5,  -  3  and  -  1 

30.  Let  X  -  3y,  X  -  y,  X  +  y  and  x  +  3y  represent  the  numbers ; 
then  X  -  3y  +  X  -  y  +  X  +  y  +  X  +  3y  =  4x  =  20  .'.  X  =  5  ; 

1111  4x'-20a;i/2 


X  -  3y  X  -y  x+j/  a;  +  3i/~x*-  lOxV  +  9j/*  ~  ^* 
.-.  25(625  -  2501/2  ^  ^^^4)  ^  24(500  -  lOOy^)  ;  or  9?/*  -  154^^  =  _  145  j 
324y*-5544y2+ 23716=  -  5220  +  23716  =  18496  .-.  182/^-154 
=  i  136 ;  181/2  =  290  or  18  .-.  2/^  =  1  or  ^^'^  and  y  =  ±  1  or  ±  \\llA^ 
Rejecting  the  latter  value,  we  have  5  +  3,  5  +  1,  5  +  J  and  5  i  3  ; 
that  is  2,  4,  6  and  8  or  8,  6,  4  and  2  for  the  Sfcdes. 


Exercise  LX. 

1.  &-^  term  =  3  x  3=  =  3  x  243  =  729 ; 
5(36  _  1)       3  X  (72^ 

'6"       3-1        =  2 

2.  9th  term  =  1  x  2«  =  1  x  256  =  256  ; 
1(2"   -  1)     512  -  1 

^^"     2-1    =-T-  =  6n 

3.  7t«»term  =  f  x26  =  ^  x  64  = -^f  a  =  13^; 

K2'  -  1) 
5:  =      2-1       =  ^  "^  <^2^  ""  ^>  =  ^^^ 


12^  KEY  TO  fEi.  r.t. 

4.  I2th   term   =   3   x   (  -  2)' ^   =  3  x  ^   2048   -   -  6144  • 
3[(-2)i2»i|       3(4096-1) 

^  12  -        _  2  ^1         = -^ =  -  4095 

5.  6th  term  -  4  x  (  -  A)5  =  4  x  -  fi5^  =r  -  5iv's  -  _  to  ^.^  . 


J'"  term  -  30  x  (  -  ^)7  ^  30  x  -  ^i- 


S.  = 


3011 -(0 


+  i  S4        -    ■'^64 


«•  ^-  -  -~  —  =  f  =  u 


'•^-    r-T^T)      ,r7 

Q     e      _  "^  7  7 

10     ^      - ^  64         64 

11.  ^  = -i^  =,  _j55^  _  v^aiv    ^^„ 

^        10-       To        '^ 

13.  S       =  -9.-  4.      ^^^»      _     q     J    Toi(T 

""         '"  "^  1-Tdo    -    -•  -^  -^W  =   '^  +  ^^"^^  "  ^lo 

14.  ,S      =  -S£2..  4.  I5M55 .     Rfi2     .   Tgg^TO        „, 

'*•    '^cc        1  0 0 0  +  1  _     ,      -  f t,*^oV  +  -^r;j—  =  -5j3i  4.      3 2„  ^  Sis 7 
Too  Too  ^     '^        99UtM»        9yoo 

ir>      9    -  H'3»-l)        3«.   1 

17.   .9,0  =  ?lCV?)L^_r_il  _  2(32_-J)        ^2_        62V2  +  62 
^62(1+V2)      '^'"■'         "       ^'-'       -~V2-l=-2-— 
18    5    _«'1(«'r-I}       ftP(ag"-l)       a5^  +  P-«P 


/I  c\  ff-i  , 

19.  r  --   {^J  -(!?)*=?  .-.  series  =  i  +  §  +  ^+^  +  i^ 

2(V.   r  =  (J^i-3)^~'"^  =(65G1)*  =  3    .-.    series   =    2  +  6+18. 
+  54  +  162  +  48G  +  1458  +  43T4  +  13122 


21-   '•  =   (4-  1  =  (-^,y  =  ^  .-.  series  =  9  +  3  +  1  +  J  + 


I 

22.  Let  a-,  a'?/,  t^2  j^^^^  a-T/^  represent  the  four  numbers;  then 
X  +  3!/-  ^  a(l  +  ^2)  ^  148,  and  ay  +  a^  =  xy(l  +  ^z'-^)  ^  888 

,   ,      .      14S  888        148       888 

•••   1  +  r  ^    V"'  ^"^   1  +  ^/^ •••  -  -      = •••   148m  -^  888 

**  xi/  X  xy 

148 
.-.  y-  Q]    then  1  +  y'  ^  1  +  36  ^  37  =:  — -  .-.  Zlx  =  148  .-.  x  -A, 

X 

and  the  series  is  4,  24,  144  and  864 

23.  Let  a-,  xy,  xy'^  and  xy-  represent  the  numbers  ;  then  x  +  xy 
=  15  (I),  and  xy^+xy^^y\x  +  xy)  =  60  (ii).  Dividing  (ii)  bj(r) 
we  have  y^  =  A.'.y  =  ±2,  and  since  x(l  +  y)  =  15,  we  have 
X  =  ¥',  or  r^^f  =  5  or  -  15  ;  hence  the  numbers  are  5,  10,  20  and 
40,  or  -  15,  30,  -  60  and  120 

24.  Letxy%  ay  and  x  represent  the  number  of  dollars  they 

severally  had  ;  then  xy^=x+  135  (i),  and  xy^  +  xy  +  x  =  315  (ri) 

135 
.-.  xy  +  2x  =  180  (III).     From  (i)  x  =  -a^-y,  and  from  (iii) 

180         J135      _     180  3  4 

1  or,  180  180 

whence  y  =  2  or  -  -^  ;  hence  a:  =  =  isq  =  45    or  a:  =  -— - 

180  y+2         ^  2-t 


a: 


3 


=  240  ;  hence  the  shares  were  $180,  $90  and  $45. 


Taking  r  ; ,.;  value  as  above,  gives  us  x  =-  $240,  and  the  shares 

wo"'d  b<,  ;;  and  $240,  which  implies  that  the  second  receives 

«300  less  thau  liotliing  for  his  share,  or  in  other  words,  instead  of  receiv- 
ing anything  he  gives  $300  to  be  divided  in  addition  to  the  $315  among 
the  other  two. 


122 


KEY  TO  [Ex.  Lx. 


25.  Let  X  =  the  first  number,  and  y  =  the  common  ratio  of  the 
1st  three  numbers ;  then  the  numbers  are  x,  xy,  xy\  xy^  +  xy,  and 
xy^  +  2xy 

And  xy  +  xy^  +  (xy^  +  xy)  +  (xy^  +  2xy)  =  3xy^  +  4xy  =  40  (i)  ; 
also  xy(xy^+2xy)  =  xY  +  Ixhj' =  64  (ii).  Multiplying  (i)  by 
xy  and  (ii)  by  3,  and  subtracting,  we  have  2xV  =  192  _  40xy 
.-.  xY  +  20x2/  =  96 ;  whence  3:2/  =  4  or  -  24.     From  (i)  xy{Zy  +  4) 

40 
-  40  .-.  32/  +  4  =  -  =  AQ.  =  10  ...  32/  =  6,  and  y  =  2  .-.  a:  =  2  ; 

hence  the  numbers  are  2,  4,  8,  12  and  16 

26.  8  ^  a^ia'\-  h)r  +  (a  +  Ihy  + {a  +  (n  -  1)6{7«- 1 

'^^     =  grjKaM^6)r2  + fa  +  (/i - 2)6}r^ - 1  .f  (g  +  (y^ _  i)6|;.n 

S~Sr=      a  +  br  +  br^  +  br^  + 6r»-i  ~  [a  +  (7^  -  i)6|r^ 

<S'(1 -r)=a  + ^— ^: -  {a  +  (n  -  l)b\r'^ 

^  _a_       6r(l-r^-i)       [a -f  (n  -  l)?)|r^ 
1  -  r  "^       (1  -  r)^  TTT 

^  =  ^  -  {«  +  (^  -  1)^1^"      6r(l-r"-i)  ^ 

1-r  ■*■      (1-r)*  i 

27.  (i)a2  +  62  +  c2-(a_6  +  c)2=  a^  +  6^  +  c^-  (a^  +  ^2+^2) 
+  2ab  +  2bc  -  2ac  =  2ab  +  2bc  -  2ac  =  2ab  +  2bc  -  2b^,  (since 
ac  =  b^)  =  26(a  +  c  -  6).  Now  (a  +  c)^  _  jz  =  a^  +  2ac  +  c^  -  b^ 
=  a2  +  262  +  c2  -  52  =  a2  +  62  +  ^^  a  positive  quantity  .-.  (a  +  e)^  >  b^, 
and  .-.  cf  +  c  >  6,  and  .-.  a  +  c  -  6  is  a  positive  quantity,  and 
.-.  2b(a  +  e-b)'i3  positive,  .-.  a^  +  b^i- c^.  (^a-b  +  cy  is  positive, 
.\a^  +  b^  +  c^>(a-.b  +  cy 

(II)  (a  +  b  +  c  +  dy=(a  +  by+^c  +  df  +  2(a  +  6)(c  +  r/) ;  but 

-f-  =  A.  =  ±  .  IJl?  _  ^_±i  ^  i±^      (a  +  bXc  +  d)      (b  +  c)2 
6       c  ~  rf  •  •     6     ~     c  (/     •'•  6rf  =        ^2 

.-.  (a  +  6)(c  +  d)  =  -(6  +  c)2=  (6  +  c)2...  6d  =  c^.-.  (a  +  6  +  c  +  c/)2 
=  (a  +  6)2  +  (c  +  rf)»  +  2(5  +  cy 
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28.  (i)  (p  +  qy^iGTUi-arP^'i-^  =  m 

(P  -  </)^^  term  =  ar^ "  ^ "  ^  =  n 

.'.  a^r'^P -^  =  mn^  .-, ar^-^^ ^/mn  =  p^^ term 

(n)  Also  „-^,^.  =  r»  =  -  .-.  r  =  (—)'',  and  ^-  (— j 

.-,  the  ^'h  term  =  ar^-'^  =  "Vp""  =  ;:^  =  ^'^  >^  jTF  =  ^^l  m  ) 

29.  Let  x,  xy  and  xy^ represent  the  numbers  ;  then  x-\-xy-{-  xy^ 
^  35,  and  a-y  :  2-1/2  _  ar  ::  2  :  3  .-.  y  :  y2  _  1  :;  2  :  3, 
or  3y  =  2?/2  _  2  .-.  2y^  -  3y  =  2,  whence  y  =  2  or  -  | 
.-.  X-  4-  xy  +  xy^  =  X  +  2x  +  4x  =  7x  =  35  .-.  X  -  5  ;  or  x  +  xy  +  xy^ 
=  X  -  ix  +  ^x  =4x  =  35  .-.  X  =  J-f  ^  =  46§,  hence  the  numbers  are 
5,  lOand  20  ;  or  46s,  -  23J  and  llj 

30.  Let  X,  xy  and  xy^  represent  the  digits ;  then  1  OOx  +  lOxy  +  xy^ 
=  the  number,  and  x  +  xy  +  xy^  =  sum  of  its  digits ;    then 


lOOx   + 

lOxy  +  xy2 

:    X  + 

xy    + 

xy2    ::    124 

:    7,    that 

is 

100  +  lOy  4-  y2  :  1  + 

y  ^f 

::  124 

:  7,  whence 

100+  10y  + 

1  4-  y  +  y^ 

yl 

124 

•.    Art.    106, 

99  +9y 
1   +  y  +  y=^  - 

117 

11+y 

13 

7,  or  ^ 

^■y   ^r   t~ 

T 

Br*  "^^  + 

7y  =  13  +  13y  +  ISy^ 

,  or  131/ 

2  +  6y  =  64 ; 

whence  y  = 

2, 

Also  lOOx  +  lOxy  +  xy 

^+594  = 

100xy2 

+  lOxy  +  X  ; 

or  99x  -  99xy2 

'=-594; 

or  X  -  xy2  = 

-  6 ;  or  X  -  4x 

=  -6;  or-3x  =  -6  .'.xs 

2, 

hence  lOOx  +  lOxy  +  xy^  =  248,  the  number  required. 


!^^^] 


Exercise  LXI. 


fi)  A.S.  =  7,  5,  3  ;   hence  d  =  -  2  .-.  13,  11,  9,  7,  5,  3,  1, 
-1,-3  inverted,  give  U.S.  i,-,  -,\-,  1,  |,  ^  J,  1,  -  l,  -  i 

(II)  A.S.  =  18,  14,  10 ;  hence  d  =  -  4  .-.  30,  26,  22,  18,  14,  10, 
6,  2,  -  2  inverted,  give  H.S.  l^,  -,V,  ^,  f^-,  tV,  tV,  i,  i,  "  i 
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./Ill)  J.S.  =  2,  4,  G ;  hence  d  =  2  and  -  4,  -  2,  0,  2,  4,  6,  8,  10, 
12  inverted,  give  H.S.  -  I,  -  i,  ^,  h  h  L  h  "iVj  "i^f 

(IV)  J.S.  =  , V,  A,  i^ ;  ber^ce  cZ  -■=  -S^  and  -  ^|,  -  ft,  -  -,V,  -^ 
/V,  H,  t^,  n  and  fl  inverted,  give  H.S.  -  ^f,  -  H,  -  2,  U, 

If.       1  •}       1  4      .14    „v.,l    li 

'■i)}     I   i  }    Hh)    -.i.i    ""'^    4  1 

-  10  and  -  V  inverted,  give  H.S.  =  .f.^j  ^,,  -f'^-,  f,-,  1^,-11,-  h, 

r.  5 

-  TT"!   -  '2  i 

(vi)  J.S.  ^  -  2,  0,  +  2  ;  hence  (/  =  2  ;  then  -  8,  -  G,  -  4,  -  2,  0, 
2,  4,  G,  8  inverted,  give  H.S.  :=  -  |,  -  i,  -  ^,  -  i,  oc,  i,  |,  J;,  | 

4  -  i 

2.  (i)  Insert  3  J.  means,  between  J  and  i.     Here  tZ  -  ^"""T 

-  ~/  -  -  iV;  lience  J.  series  -  ^,  H,  iJ,  ^,  ^  =  i,  U,  S^,  i,  h 
and  .-.  J/..S.  ^  2,  n,  'sS  I,  ?  =  2,  2^,  2|,  2§,  3  ^  _  ^^ 

(n)  Insert  3  ^.  means,  between  ^   and  |.     Here  d  -      _  ' 

=   ~|  -  =  -  -,ij;  hence  J.S.  =  ! ,',,  1  ■,  '  f*,  H  and  ig,  and  invert- 
ting  these  we  have  H.S.>^  5,  5-i%,  Of,  G-j\-  and  7  i        i 
(III)  Insert  3  j1.  means,  between  -j^f  and  i.     Here  d  =    ^  _- 

=  ^  =  •,%;  hence  ^.-S.  =  -,\,  3%,  -Ig-,  -/,-,  ^3^,  and  inverting  these 

we  have  H.S.  -11,6?,  45,  3i,  3  ^         ^ 

(iv)  Insert  3  J.  means,  between  J  and  -/;,-.     Here  </  =^  -^  __  j| 

=       T^ "79:^")  nence  ^.o.  -  f-y^;,    79.^,    792?    791;?    792    ^"^ 

inverting  these,  we  have  H.S.  =  2^  +  2  -^^^y  +  2  -p.^i;  +  2  |2f  +  3f 

_  5.  _  -V 

(v)  Insert  3  J.  means,  between  I  and  -  f .     Here  ri  =  ■y.JY^ 

_  a 
^  '  /  ^  -  3  ;  lience  ^.5.  =  ^,  -  ^,  -  t,  -  V",  -  ^,^',  and  inverting 

these,  we  have  H.S.  =  6,  -  2,  -  f,  -  i^,-,  -  | 

3.  Corresponding  ^.5.  =  g,  1,  f.  Hence  (/=  ^  ;  5^^  terra  ol 
^.S.  =  I  +  (5  -  l)i  =  3  +  ^5^  =  ->/ ;   hence  5^1^  term  of  H.S.  =  -,\-', 
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11th  term  of  ^.-S.  =  |  +  (11  -  1)^  =  I  +  \-  =  ^5^ ',  bence  ll^i^  term 

3/i  3/i-l 

of  H.S.  =  li ;  nth  term  of  ^.5.  =  f  +  (n  -  1)3  =  '^  +  y  -  ^  =  — ^  ; 

5 
hence  n^  term  of  H.S.  =  ^    __  , 

4.  Of  corresponding  ^.S,  -,%-,  -,%  iV  tbe  6th  term  =  fj  +  (^  - 1)^- 
=  -i'y  +  -i'3-  =  A;   10"^  term  =  fj  +  (^0  -  1)1^3  =  -1^3  +  rs  =  il»  ^nd 

n  2  +  n  .     ,    ,^ 

nth  term  =  -^-^  +  (n  -  1)-^  =  -^3-  +  —  -  -1^3  =  -^  .:  required  6^^, 

13 
IQth  and  wth  terms  of  H.5.  =  1| ;  1-jV  and  ^^^-^ 

5.  Of  the  corresponding  Jt.S.  10,  12,  14,  the  4th  term 
=  10  +  (4  -  1)2  =  16,  and  the  8th  term  =  10  +  (8  -  1)2  =  24 
.-.  the  4th  and  8th  term  of  the  H.S.  =  -i^  and  i/j  ^ 

6.  Insert  2  J.  means,  between  i  and  1.  Here  d  =  ^-^  ~Y~^ 
hence  ^.S.  =  i  +  i  +  %  +  i,  and  inverting  these,  we  have 
H.5.  =  4+2  +  U  +  l;  hence  unknown  terms  are  2  and  U 

1.  Of    the     corresponding    .^.-S.     — ,     y,     the     8th    term 

1  /^M^      "^      '^_'^A-  !^^ 

=  _  +  (8-l)(^y-yJ=   -  +  y---  -^   -   ^^    -         ^^       ; 

06  I  ./I      1 

hence  8tli  term  of  H.S.  =  ^^^^ ;  ^tb  term  "  —  +  («"  1)  (y^T 

6(2   -n)   +0(71-    1)  ^  ^     rr   o  "^ 

= -air ■■■  »'"  '"»  "f  ^•*-  =  r(2--n)  +  a(,.-l) 


2a6  w^  -  n'^  ?/r  -  n^  1 

8-  ■^•'^^-  =  ^TT  ^      1  1      ^         2m         ""    m 


+ 


m  +  nm-n         m''  -  n" 
9.  ^.J»f.  =  J(«  +  ^)  =  K4  +  0)  =  *2^  =  6i  ;    G.l/.  =  V^  ^  V4^ 

_  2fl6         2x4x9,^^, 

V36  =  6 ;  H.M.  =  ^y-^  =  -^^-:^r9-  =  -  =  ^"^ 


.)■ 
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10.  J.M.  =  K6  +  4^)  =  i  of  10,V  =  6fj ;   G.M.  =  ^/gT^^  =  V25 

2  X  6  X  4i        60 

11.  a: c::  a- b:b-c  .'.ab-ac  =  uc- be  .'.  2ac  =  ab  +  bc -  b(a  +  c) 
2ac  ,^         /2ac\*  /  2ac 

^a^-2ac-  +  c^+2ac.2(^y=(a.O^+2ac{l.^-^,| 

=  (a  -  c)^  +  2ac'i      ^     .^  i,  =  a  positive  quantity  if  a  and  c  have 
like  signs  .-.  d^  +  c^>  2b'^ 

12.  b  =  i(a  +  c),  and  w6  =  V^?;   substituting  the  value  of  b, 

m  m^ 

we  have  ^(a  +  c)  =  Vac  .-.  —(a  +  cf  =  ac  /.  m2(a  +  c)^  =  4ac, 

and  dividing  each  by  a  +  c  we  get  m^(a  +  c)  =  —7—,  but  a  +  c  -  26 

,    „       4ac  2ac 

•*•  2^'^      ir+^'  ^^  ^'"^"  a"T^  5  hence  Art.  261,  biri'  is  the  if.JUf. 

between  a  and  c  .•.  a,  bni^  and  c  are  in  H.  Prog. 

13.  Let  a,  6  and  c  be  any  three  quantities  in  H.  Prog.,  and 

let  X  be  the  quantity  which,  when  subtracted  from  each,  leaves 

remainders  in  G.P. ;    then  {a  -  x){c  -  x)  -  (b  -  xy^  that  is 

ac  -  ex  -  ax  •{■  x'^  =  b"^  -  2bx  +  x^  .-.  2bx  -  ex  -  ax  =  b^  "  ac 

b'^  -  ac 
.'.  X  =    26  ,  c  -  a  '     ^^^  ^^^^®   ^*  ^  ^^^  ^  ^^®    ^°   H.P., 

a  :  e  ::  a  ^  b  :  b  -  c  .'.  ab  -  ac  =  ac  -  bc]   ab  =  2ac  -  be 

ab 
•'•  ^  ~  2a  -  b'    Substitute  this  for  c  in  the  above  value  of  x, 
a^b  2ah^  ~  6^  _  ^2^, 

~  2a  -  6  2a -6 

and  we  have  x  =  -■— ^b— — ■  =   .   i      ,  ,j  ■-;yy»— »■ 

ab  4ab  -  2a^  -  26^  +  aZ>  -06 

2^ "  "^ "  2^rr6  2^n        ^ 

2a62_    h^^a^b       b(2ab  -  b'^  -  a")       b 
*  ^  4a6  -  2b'  -  2a2  =  2(8a6  -  i^  _  ^.^      y  =  J  of  middle  term. 
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14.  jIJI.  =  i(a  +  b),  and  G.M.  =  \fab  .-.  l(a  +  6)  +  V^  -  16  (i) 
and  i(a  +  b)  -  'Jab  =  4  (ii).  From  (i)  a"+  'I'Jab  +  6  =  32 
,-.  ^Ja  +  ^Jb  ^  i  4^/2.  From  (ii)  a-2^/ab  +  b  =  8  .-.  V«- V^  =  i  2V^ 
.-.  2^Ja  ^  ±  G'/2,  whence  a  =  18 ;    and  2^Jb  -  +  2V2,  whence  6  =  2 

2ai  46 

15.  A.M.  --  K«  +  i),  and  H.M.  =  ^^j^^  .-.  ^2  +  b)  =  V  x  YVb 

(U/) 

.-.  28  +  146  +  146  4-  762=  J286  .-.  "76--  1006  =  -  28,   or 


6.-4)  6^-1^6  +  "!^^= 4^ -  -W   '•'    b  -  ^Si 


2500-196 

V  .-.  6  =  14  or  f 

2ab  2ab 

ItJ.  a  +  6  =  30,  and  ^^j^^  =  13J  .-.  -^  =  13J  .-.  2a6  =  400 

(r+2a6  +  6^  =  900,and4a6  =  800.'.a2-2a6  +  62=100,ora-6  =  il0 
a  +  6  =  30,  and  a  -  6  =  +  10  .-.  2a  =  40,  or  20  ;  a  =  20  or  10 
26  =  20  or  40  .-.  6  =  10  or  20  .-.  the  numbers  are  20  and  10 

17.  a  -  b  =  161,  and  ^/ab  =  9,  since  the  G.M.  between  the  A. 
and  H.M.  of  a  and  6  =  G.M.  between  a  and  6,  (see  Art.  261) 
Then  a^-  2ab  +  b'^=m^,  and  ab  -  81  .-.  4a6  =  324;  a-^+  2a6  +  6^ 
ni-  .-.  a  +  b  =  V.     Hence  a  -  6  =  £/,  and  a  +  6 


•      EXEKCISE   LXII. 

1.  Fg  =  l-2-3-4-5'6=  720 

2.  (i)   V^  =  8-7-6-5  =  1680;    (ii)   Vq  =  8-7-6-5-4'3  =  20160; 
V,  =  l-2-3-4-5-6-7'8  =  40320 

3.  We  are  to  find  the  permutations  of  13  letters  of  which  5  are 
(IS,  4  are  6's,  and  3  are  c's 

^^       ,^         IZi  1-2-3-4-5-6-7-8-9-10-1M2-13 

T*^^"  ^=  \p\irr  =     l-2-3-4  5xl-2-3'4xl2-3     =  ^60360 


128  KEY   TO  [Ex.  Lxu. 

4.  Fi2  =  1-2-3-4-5-6-7-8-9-10-1M2  =  whole  number  of  changes 
l-2'3-4-5-6-7-8-9'10-lM3 

16^60ab  ~  49896  =  number  of  days  required 

=  136  years  222  days. 

5.  Fg  =  ?i(n  -  l)(n  -  2)(n  -  3)(7i  -  4),  and  V^  =  n(n  -  l)(/i  -  2) 
Then  n(n  -  l)(n  -  2){n  -  3)(n  -  4)  =  6  x  n(n  -  l)(n  -  2) 
.-.  (n  -  3)(n  -  4)  =  6  ;  that  is  n-  -  7;i  =  -  6,  whence  w  =  6 

6.  Fio  =  1-2-3-4-5-6-7-8-9-10  =  whole  number  of  days 
.-.  1-2-3-4-5-6-8-9-10  -^  518400  =  number  of  weeks  he  had  to 
board  them,  and  since  board  is  worth  $5  per  week  for  one  per- 
son, it  is  worth  $50  per  week  for  10.  Hence  total  value  of 
board  =  $50  x  518400  =  $25920000 ;  and  $25920000  -  $5000 
=  $25915000  =  loss  when  the  $5000  is  not  paid  till  the  expira- 
tion of  the  term  of  the  board.    And  amount  of  $5000  at  6  per  cent. 

3628800 
^^^      365i~   years,    i,  e.   for   9935-112   years   =   5000(1   +  rt) 

=  5000(1  +  596-112)  =  5000  x  597-112  =  $2985533-60. 
Hence  his  loss  when  the  $5000  is  paid  at  once,  and  put  out 
at  interest  until  the  expiration  of  the  term  =  $25920000 
-  $2985533-60  =  $22934466-40 

'7.   Vn  =  15-14-13 (15  -  n  +  2)(15  -  n  +  1) 

and  F„_i=  15-1413 {15  -  (n  -  1)  +  1};  then 

15-14-13- •••(15 -71 +2)(15-n+l)=  15-14-13 •  •••(15-71  +  2) X  10 
.-.  cancelling  same  factors  of  both  sides,  we  have  15  -  w  +  1  -- 10 
.'.  n  =  6 
8.  (i)  Permutations  of  14  letters  whereof  2  arc  o's,  3  arc  n's, 

,   ^                „                l^  l-2^3-4-5-6-'7-8-9-10-lM2-13-14 

and  two  are  ^'s  =    .- — -. — :-  = tllZ-12 

\P    \q    \r  1-2  X  l-2-3ii  1-2 
=  3632428800               -     -    - 

(ii)  Permutations  of  12  letters  whereof  5  are  i's 

\l}        1-2-3-4-5-6-7-8-9-10-11-12 
=  ^\^  ~-  r2¥iT =  ^91680 
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(III)  Permutations  of  8  letters  whereof  4  are  o's 
_  J?    _  1-2-3-4-5-6  X-S 

\P    ~         1-2^P4         "^  ^^^^ 

(IV)  Permutations  of  13  letters  whereof  3  are  o's  and  3  are  w's 
_       tj^  l-2-3-4-5-6'7-8-9-10-lM2-13 

]p   \q    *  1-2-3X1-2-3 =  172972800 

9.  (1)  Permutations  of  7  letters  of  which  2  are  a's 

\3        1-2-3-4-5-6-7 
=  -jj  =  f7, =  2520 

(II)  Permutations  of  13  letters  whereof  2  are  o's,  2  are  n% 

and  2  are  ^s  =  ^  =  1^2£5;^^^9a0aW2v^ _  ' 

\p  \q  \r  1-2  X  1-2  x  1-2  ~  778377600 

(III)  Permutations  of  7  letters  whereof  2  are  t's  and  3  are  o's 
-        -''  1-2-3-4-5-6-7 

\P    \q    "     1-2X1-2-3'  =  ^^^ 


5n 


(^)(^)-^(^)(2V^) 


or  'K5/i  -  2)Con  -  4)  =  %^,^(2n  -  3)(27i  -  6)  ;  or  135(25«^-  30n  +  8) 
-  2320(2/i^  ^  9n  +  9)  j  or  253n2 ..  3366n  =  -  3960,  whence  n  ^  12 


Exercise  LXIII. 

10-9 
,   (III)  0^  =  0^  =  -j-^  =  45 

n    ,x   ^       15-14-13-1211 

2.  (OC,=-3:2:-3-:^:^=3003; 

15-14-13-12-1M0-9 
^"^  ^^=         1-2-3-4-5-6-7         =6435; 

/    N  r,  ^,        15U-13 

(lii)  C,,=  C,  =  -^73.3--  =  455 
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12-1M0-98 
3-   C.  -      I.2-3-4-5      =  ^'' 

4.  Whole  number  of  combinations  of  2n  things,  1,  2,  3,  4» 
Ac,  ...  2n  together  =  2^**  -  1  ;  similarly  the  whole  number  of 
combinations  of  n  things,  1,  2,  3,  4,  Ac,  . .  n  together  =  2"  -  1. 

22»-  1  2^™-  1 

Then  2^^  -  1  =  (2"  -  1)  x  513  ,-.   2nTT  ~  ^^^  '   ^'^  ^^"^®  2'*^nr 

5  2"  +  1,  we  have  2**  +  1  ^  513  .-.  2**  =  512,  and  .-.  by  inspection 

n=  8 

36-35-34-33-32 

5.  (i)  Cs  =  — r^2^3T5 —  "^  439824  =  No.  of  different  selections 

(ii)  Taking  away  one  man  from  the  36  there  remain  35,  and 

35'34-32-31 
these  combined  together,  4  and  4  give  — ..„.g  . —  =  52360  com- 
binations to  each  of  which  the  reserved  man  must  be  attached. 

6.  Number  of  combinations   of  21    consonants,   4  together 

21'20"19*18 
=  —   „  =  5985  ;  also  number  of  combinations  of  5  vowels, 

5*4*3 
3  together  =  ..».g  =  10.     Hence  there  can  be  formed  5985  x  10 

s  59850  different  sets  of  seven  letters,  each  set  containing  four 
consonants  and  three  vowels.  But  each  of  these  69850  sets 
can  be  permutated,  l-2-3-4-5-6''7  =  5040  ways,  each  forming  a 
different  word  .-.  the  required  number  of  words  =  59850  x  5040 
=  301644000. 

1.  The  different  arrangements  of  9  of  the  persons  while  the 
tenth  remains  fixed  =  9-8-7-6-5-4'3-2-l  =  362880  =  whole  number 
of  different  arrangements  of  the  ten  persons,  so  that  no  one  has 
the  same  neighbours  in  any  two  cases.  But  one  half  of  these 
arrangements  will  be  similar  to  the  other  half  if  the  position  of 
neighbours  on  the  right  and  left  hand  sides  be  not  regarded 
as  making  a  difference.  So  that  if  Jl  is  said  to  have  the  same 
neighbours  in  the  arrangement  BAC  that  he  has  in  the  arrange- 
ment CJB,  then  the  correct  answer  will  be  i  of  362880  =181440 
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o      .        ,x,         .      n(n  -  l)(n  -  2)(n  -  3) 

8.  n(;i-  l)(;i-  2)  :  -^ 7:2^^ '-'  ^  '  ^  •'•  ^ancel- 


n-  3 
^^^Si  ~~^  =  1,  whence  n  =  7 


9.  n(n-  l)(n-2)  ....  (n-/>+  1)^  10n(n-  l)(«-2)  ....  (n-p  +  2)  ; 
or  dividing  each  by  n(n  -  l)(n  -  2)  . . . .  (n  -  j9  +  2),  wc  gel 
n-p+ 1  =  ]0  .-.  n-/>  =  9  (i).     Again 
n(n~l)(n-2)....  (n-p  +  i)     nQt- l)(n-2). .  .(n-jo  +  2) 

or  multiplying  each  side  by  [;?  -  1  we  have 
n(n-  l)(n-2)  ....  (n-p+1) 

i =f«(^-l)(n-2)....  (n-iJ  +  2), 

and  dividing  each  side  by  n(n  -  l)(/i  -  2) (n^p  +  2),  we 

n  -p+  1 
have =  -^  ;  or  3>i  -  3p  +  3  =  5p  .-.  3n  -  Sp  :.  -  3  (11). 

Now  multiplying  (i)  by  3,  and  subtracting  from  (11),  we  have 
bp  =  30  .-.  /)  =  6,  and  similarly  n  =  15 

10.  1-2-3  ••••  (n-  1)  =  jn^^^l,  or  j[n-  1  according  as  BAC 
and  C^5  are  regarded  as  different  or  the  same  arrangement. 

11.  Number  of  5  flag  signals  with  10  flags  =  -  =  252; 

number  of  signals- with  four  flags  out  of  10  =  — ^ =  210; 

.  .      „  10-9-8  10-9 

number  with  3  flags  =  -j::^~=\20',  number  with  2  flags  =  7:?  =  45 

and  number  with  one  flag  =  10.     Therefore  whole  nuipber  of 
signals  =  10  f  45  +  120  +  210  +  252  =  637 

12.  There  are  in  all  nine  coins  and  they  may  be  combined, 
any  number  together,  to  make  a  sum ;  then  the  combinations  of 
9  things  1,  2,  3, 9  together  =  2«-  1  =  2^  -  1  =  512  -  1  =  511 
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[Ex.  LXIV. 


,     ,,         ^    ,      ,       3  3-4  ,        3-4-5   ^       3-4-5-6 

1.  (1  +  .)-  -  1  -  -.  +  -^.^  -  — -.^  +  -^,-2— .4  -  &c. 

=  1-30,  +  6^2  _  I0a;3  +  15j;4  -  &c. 

o    .,        N    2      ,         2  2-3  „       2-3-4   ^       2-3-4-5 

2.  (I  +  .)--  1  -  -X  +  ^-.^  -  ^^x3  +  --^3^..  -  &C. 

-  1  -  2x  +  3x2  _  4J.3  +  5_^4  _  ^Q 

3.  (1  -  2x)- 1  =  1  + -(2x)  +  i-^(2x)2+ ^-^2^^^^ 
=  1  +  2x  +  4x2  4-  8a;3  +  iQ^i  ^  ^q 

5  5-6  5-6-7  5-6-7'8 

4.  (1  -  J-)  - '  =  1  ^  -(ix)  +  -a.y  +  j:3:3(ix)3  +  j^:3r,a-)« 

+  &c.  =  1  +  f  X  +  Y^^  +  ^8^^^  +  ¥^*  +  &c. 

2  2-3  2'3-4  2-3'4-5 

6.  (l+3.)-=l--(3.)+--(3xy-— (3.)3+-f:5:5:-^(3x)* 

-  &c.  =  1  -  6x  +  21x2  -  108x3  +  405x*  -  &c. 

5  5-6        „     5-C'7  5-6-7-8 

6.  (1  -  2x)  -  =  1  +  -(2x)  4-  -(2x)2  +  — 3(2x)3  ^  j^:^^^(2x)* 

+  &c.  =  1  +  lOx  +  60x2  ^  280x3  +  1 120x*  +  &c. 

4    4-5  ^   4-5-6  ,   4-5-6-7 

1.    (1  -  X)-  =  1  +  -X  +  _X2+  _x3+  ^^^X*  4-  &C. 

=  1  +  4x  +  10x2  ^  20x3  ^  35^4  +  ^c. 

i     1    V   1(-1)      l-(-l)(-3) 
8.(1-  4x)i  =  1  -  -(4x)  +  -^(4x)2  -   ^.3^.3    (4x)3 

l-(-  1)(  -3)(-5) 
+  l-2-3'A'lQ (^^^* -  &c.  =  1  -  2x  -  2x2-  4^3  _  iQj.i  _  ^^^ 

-    ,_^     2    2-5  ,   2-5-8  ,   2-5-8-11 

9.  (14-x)  ^=1--X4-— gX2-^-;3:3:^^x3+^-:2;3:^^ 
=  1  -  |X'  +  £X2  -  l^x^  +  Hg-^*  -  &C. 

4     4      4(  -  1)      4(-i)('-6) 

10.  (1  -  ix)^  =  1  -  -(£x)  -  -^':^  (tx)2  ,  ^y:^^^^'  (f  x)3 

4(-  l)(-6)(-  11) 
+     1-2-3-4-625 (^^)*  -  &c. 
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X  K-2)(-5)(-8) 

^       r2^ii —  (5^>  +  *c- 

=  1  +  2x  -  -,ij-a:2  +  ^fQ_a:3  _  -^ie^x*  +  &c. 

10    ^1        x-l^     ,      "*  4-9  4-9-14  4-9-14'19 

12.  (1  -  x)    ^  =  1  +  — X  + a:^  + 3^  4.  r* 

'^  ^  "^  5  "^  ^  l-2-25^  ^  l-2-3-125^  ^  l-2-3-4-625^ 

13.  (a  -  a:2)-3  =  [a(l  _  a-ix^)}-^  =  ^-^(1  -  a-ix^)-^ 

=  a-^i  +  3a-ix2  +  6a-2:r*  +  lOa-^x^  +  15a-4x8  +  &c.( 
=  a-  3  +  3a-4x2  +  6a-  «x*  +  lOa"  6a;6  +  15a-  ^a:*  +  &c. 

14.  (a2  +  a:3)-i  =  |a2(l  +  a-^a;')} -1  =  a-2(i  _  „"  V) "i 

^a-2(l  -a-2x-3  +  a-4x6  -a-6a;^  +  a-8a;i2_^^.) 
=  a-2_a-*x3  +  a-6xe  -a'^ar^  +a-i"xi^-&c. 

15.  0.1  -.*)-%  {«Kl-«-M)}-%a-i(l-a-M)-^ 

=  «-^(l  +2a"M  +  3a-ix^+4a-^x  +  5a-2x*"+&c.} 
=  a-i  +  2a"  ^x*  +  3a-2x^  +  4a' ^x  +  5a-^x^  +  &c. 

16.  (a4_^3)?  ^    {a4(i_a-4^3)p  ,  J(i.«   4^3)? 

.  «%  4(a-^x3)  .  ?^(a-.x3)2  _  ^^i|^c«-.^. 

2(-l)(-4)(- Y) 
^  r2^^^4^8l («-*-^)*-&c.| 

-  «^[1  -  la-*x'  +  la-^x^  -  -,\-a-^^x^  -  ^J^a-iSxi^  -  &c.} 
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4-5-6-7  . 

=  «-i2-  4a-i'=a;-^+  lOa-^^'a:-*-  20a-2ix-''  +  BGa-^^x-"  -  «fec 

1-4-7  10  4 

19.     («%     -    X^  )   ■   ^        =         {  a2/,j(l     _     ^,  -  2,,^  -  l^J  )  }    -   ^ 

2\  O-r,   /-iX'*  o.fC.Q    /,.i^^ 


_  4 


.1    _2f  2/^xM  2-5  /xM  2-5-8    /zM 

+  &c.} 


2-5-8-11  Ya:^\^ 
r2^-4-81  \d^mj 


-1    -ic,      2/a;^     5/    a:    \     40/a:^\     llO/ar^N 

=  "  '^''^  •n+3(;^J+^(;^j+8T(^3J+243(^^^ 

-4_5  10_&i  _LR_S  2i  11    5 

=  a    ■^ni    ^   +   §    a-  ^  m    ^x*    +   §«     ^w    "'x  +  fQa"  ^m"  ^  a:^ 

,  .  „    -  2.a    -14 
+  iifa     3  m     ■■*  x2  +  &c. 

20.  (a  +  x-3)5    =   [(;(l    +   a-ix-3)}^   =    ««(!    +  a-^x'^y 
2  2/  1  \         2(  -   3)  /  1  \2       2(  -  3)(  -  8)/  1  \3 

2(-3)(-8)(-13)/  1  y 
■*■  1-2-3-4-625         [^J    +*^-l 
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21.  (a  -   6x)"»   =  [a(l   -  a'^x)]' ^   =  a' ^(1  -  a'^x)'^ 
-if,     V*^^     13  /*^\*     1-3-5  /6x\3     1-3-5-7    /6x\* 

.  a  ,        1  /6x\        3  /b^x^\         5  /63x3\         35  /b^x^\ 
=  a"»  +  ia"^6a:  +  la'h^x^  4-  -,^a'^6V  +  .^i^-a'h^x*  &c. 


Exercise  LXV. 

,    „       ^  .„        ,    ,      7i(n  +  l)(7i  +  2) (n  +  r-1) 

1.  Gen.  term  of  (1  -x)-^  =  -^ ^-^ ^ 5^ f^pr 

3-4-5----(2+r) 

\r 

(ii)  Since  general  term  =  the  (r  +  l)th  term  =  6th  term  .•.  r  =  5 

3-4-5-6-'r 
Hence  Ctli  term  =  ,  .,  .,  .  ..r'  =  21^5 
l-2'3'4'5 
„   ,,^                  .          ^  ..                n(n  +  l)(n+2)-"(n  +  r-l) 
2.(i)Gen.termof(l  +  x)-*=(-l)'"x-^^ r^— -x"" 

(ii)  Since  general  term  =  6th  term  =  (1  +  r)th  term  .-.  r  -  5 

4-5-6-7-8 
Hence  6th  terra  =  (  -  1)«  x  x^  =  -  56x5 

3.  (i)  General  term  of  (1  -x)"' 

./-lyx    P^P   -^   g>CP   +   2?)    [P   +    (r   -    1)9|  , 

^  [r  x  5*"  * 


2-5-8----(3r-  1) 


(ii)  Since  general  term  =  (r  +  l)th  term  =  6th  term  .-.  r  =  5 
2-5-81M4  308 

Hence  6th  term  =  (  -  1)«  x  ^.^.a-.-s  ,  243^°  =  "  ni^^ 
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4 

4.  (i)  General  terra  of  (I  -  x)  ' 

(II)  As  before  r  =  5  .-.  Gth  term  =  (  -  1)«  x  ^^^^l^^^^^^^^^' 
=  (-1)x-tM'  =tLj^' 

5.  (i)  General  term  of  (1  +.t)"2 
,      ,,,      7-9-12 (5  +  2r) 

=  (-i)'x [7-^-27 x" 

7'9"ll*13"15 
(II)  As  before  r  -.  5  .-.  6tli  terra  -  (  -  1)5  x    ,  oo  .  k  oo^° 

'^         '  1  ^■o*4*5*32 

C.  (i)  General  terra  of  (1  +x)~  ^ 

-  (      lY  ::  ^^^  ^  ^^^^'  ^  ^^^ (P  +  (^  -  Og|  ^ 

V        >»  |r  X  9''  ^ 

w.n.,^-lM4....(5t3r) 
*>      ^  [rxS'-  ^ 

(II)  As  before  r  =  5  .-.  6th  term  =  (  -  1)^  x  ^^ii^a:^ 

7.  (a-x)    1  =  [a(l  -  a-ix)}"^  =  «-i(l  -  a- i^)  "i 

.-.  (I)  Gen.  terra  of  (.  -  .)-  =  .-x  x  ^(^^  l)'-"(^^>- D^.^.,^^, 

,      1*2-3  ••••r  ^ 

=  a-ix  r^ a-'-x''  =  a-i  +  a-'"a:'"  =  a " ^'^  +  i^a:*" 

(ii)  .*.  6th  terra  =  a-  ^x^ 

8.  (a  +  \xy  =  {a(l  +  ia-ix)}"  =  a^  h  ■{■ -^Y 
(I)  .-.  Gen.  term  of  (a  +  ix)f  ^         ^^ 

=  a^  X  P<^~gHP-2g) [P-  (r-  l)g}/x  Y 

|r  X  <7^  i  2«  / 
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a       6-l(-4)(-9)-'-'(ll-5r)/x';>^ 

6       61-4 (5r-  11)     ,  ^ 

=  (  -  1/  X  a^  X  i^r^^y^T «-'-^'^ 


6  6-1-49-14 

(II)    .-.    Gth    term    =    (  -  1)'^  x  a-  x  1.2.3.4.5.105' 


-^r^' 


?irn+l)(n4-2) (n  +  r-l)  ^  ^^ 

9.  (I)  Gen.  term  of  (1  -  2.r)- '  =  -^ ^ [7 ' (2^'/ 

(11)  Since  general  term  =  (r  +  l)th  terra  =  5tb  term  .-.  r^  i 
Hence  5th  term  =  (4  +  1)24j*  =  5  x  ISx*  =  80x* 

10.  General  term  of  (I  +  ^x~)    '^ 

r      ,,r     ?^(P±g)0^-^29)----f/>  +  0--l)g}   .   ... 

^  (  -  1)    X  —  J^  ^  ^r  U-^  ; 

5-7-9----(3  +  2r)     Vx'""                    5-7-9  •  •  • '(3  +  20 
.  (  -  1)^  X  — ^^,i^ X  -^  =  (  -  1)^  X  ^3, a- 

5-7-9-11 
(II)  As  before  r  =   4   .-.    5th  term  =  (  -  1)*  x    1.2.3.4.81-* 

11.  (a-2  +  x^)''=  {a-'^(l+a2x-b}     '  =  a*(l+aV*) 

.-.  (I)  General  term  of  (a"^  +  x    ^) 

5      '        ,,,     y(f)  +  9)(p  +  2(?)-'-{p  +  (r  -  Dgj/-   .    -".V 
=  a  •  X  (  -  l)*-  X  j^  ^  ^r  \a  X      ) 

,                      2-712--'-(5r-3)        -'^ 
^a^x(.irx         ■    ^^,,. a-x    » 

2-7-12----(5r-3)  ,    .\ 

-(-l)"-  [7x5^ «"*^^    ^ 

2-7-12-I7  <    .&       119  44^-8 

(I.)  .-.  5th  term  =  (  -  D*  x  1.2.3.4.625^     '^    '  =  ^«  '  "^ 

12.  (a"^  -a:'^)''=  [a' ^(1  -  a^x"  ^)}'' =  a(l  -  a^ar  "  ^)'* 


(i)  General  term  of  (a    '  -  x    ') 


I 
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j,^  («    X       )    -ax  -^-^^^-_--_ (flJ^    iy 

=  (r  +  l)a2       a;    3  . 

13.  ri"  =  1024       14.  r^  =  128        15.  0^^  =  0        16.  r^^  =  4096 
n.  r    is   the   least  integer  equal  to  or  next  greater  than 

^"^  "^  ^^aTI'  °^  <^  +  l)iTi'  or  5  X  I  or  ^/j  but  the  first  integer 

>  V^  is  4  .-.  the  greatest  term  of  the  expansion  is  the  4th  term 
=  32 

18.  r  is  the  least  integer  =  or  next  >(n-l)-^;  or(5-l)— ; 
or  4  X  1 ;  or  4  .-.  r  X  4th  term  =  5th  term  =  4^"*  ^  ""  ^' 

19.  r  is   the  least  integer  =  or   next  >  (n  f  1)-^  •    o- 

3  ^+^'      ' 

^^^  "^  ^^2T3  J  or  21  X  3  ;  or  V  which  is  13  .-.  the  greatest  term 

is  the  13'h  term  =  125970  x  2^  x  31^ 

20.  r  is  the  least  integer  =  or  next  >  (n  - 1)  r^,  or  (7  - 1)-^; 
or  6  X  I ;  or  9  .-.  the  9th  term  =  ^UUP  =  the  IQth  term. 


ExBRcrsB  LXVI. 

1.  7a:<35.-.x<5     2.  16x-84>108,  or  16z>  193  .•.x>  12 

3.  4x<12.-.x<3     4.  4a:+10>a:-20;  3a:>-30  .-.  x>- 10 

5.  ax  +  bhx  -  5ab  >  a^;    ax  -  a^  +  '5bx  -  5a6  >  0  ;    a(x  -  a) 

+  5b(x  -  a)  >  0;    (x  -  a)(a  ■\-  5b)>  Q  .-.  ^  -  a>  0  .-.  x  >  a. 

Also  6:r  -  7aa;  +  7a6  <  62^  6a-  -  6^  -  7a:r  +  7a6  <  0,  b(x  -  6)  -, 

7a(x  -  6)<  0,  (6  -  7a)(x  -  i)<  0  .'.  x  -  6  <  0  .-.  a;  <  6 

6.  a'+l>a'+a,accordingaHl5a(a+l)jora3a2-a  +  l5a; 
or  as  a2+  1  5  2a.  Now  if  a  =  1,  a^  +  1  ,  2  =  2  x  1 ;  but  if  a>  l 
then  Art.  134,  a' +  1>  2a  r.  a^  +  1  ^  a' +  a.  aocordm^  a,  a  5  1 
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7.  Ai  abuvc  (c^  +  1  >  a^  +  a,  if  a-*  +  1  >  2a ;  but  Art.  134  for 
all  values  of  a,  except  a  =  1,  a^  +  I  >  2a  .-.  a^  -i-  I  >  a^  +  a,  when 
a  is  a  neg-ative  improper  fraction. 

8.  y  +  —  >  2,  if  a2  +  i2  >  2ab  ;  but  a^  +  b^>2ab  by  Art.  134 

9.  Multiplying  each  by  12,  and  reducing,  we  have  7x  +  6  <  6x 
+  12,  and  1x  +  6>  6x  +  10  .'.  x  <  6,  and  x  >  4  .*.  x  =  5 

10.  a2  +  62>2rt6,  Art.  134;  also  a2  +  c''^>  2(w,  and  6^+ c2>  26r. 
Then  by  addition  a^  +  62  +  ^z  +  c^  +  6^  +  c^  >  2a6  +  2ac  +  26c; 
that  is  2a2+262+  2c2>2a6  +  2ac  +  2bc  .'.  a^ ■\'  b'^+  c^> ab  +  ac  +  bc 

11.  d^  >  0?  -  (6  -  c)^,  since  (6  -  c)^  is  necessarily  positive 
.-.  a^  >  (a  -  6  +  c)(a  +  6  -  c),  these  being  the  factors  of  €?-{h-  cy 
similarly  6^  >  (a  +  6  -  c)(6  +  c  -  «),  and  (^>(a-{-c-  b)(b  +  c-a). 
Multiplying  unequals  by  unequals,  a^iV  >  (a  -  6  +  cy(a  +  6  -  c )'^ 
(6  +  c  -  a)2 ;  extracting  sq.  root  a6c >  (a  - 6  +  c)(a  +  6  - «)(6  +  c  -a) 

13.  Let  6  =  a  +  7n,  and  c  =  a  +  n,  a  being  the  least  of  the  three 
quantities  ;  then  a6(a  +  6)  =  a(a  +  m)(2a  +  m)  =  2a^  4-  Sa^/n  +  aw^ 
a<:(a  +  c)  =  a(a  +  n)(2a  +  n)  =  2(/^  +  Sa^n  +  an^ 
bc(b  +  c)   =   (a  +  m)(rt  +  n)(2a  +  m  +  n) 
=  2a^  +  3a\m  +  n)  +  a(m  +  ny+  mn(m,  +  n) 

.-.  by  addition 

(I)  ab(^a  +  b)  +  ac(a  +  c)  +  6c(6  +  c)  =  6a'  +  &d\m  +  n) 
+  2a(iii^  +  n'-*)  +  2amn  +  TOn(m  +  n) 

(II)  Also  Qabc  =  6a(a  +  m){a  +  n)  =  6a^  +  Qa^(in  4-  n)  +  6a//in  ; 
subtracting  (ii)  from  (i)  vre  have  (i)  -  (n)  =  2a{in'^  -  2mn  +  n^) 
■\-  mn{m  ^  n)  -  2a (m  -  nf  +  mn(m  +  n)  ;  but  since  by  supposition 
a  <  b  and  <  c,  it  follows  that  in  and  n  are  positive  quantities 
.-.  2a(in  -  nf  4-  wn(»i  +  ?0  is  positive  .-.  ab(a  +  6)  +  ac(a  +  c) 
+  6c(6  +  c)  -  6a6c  is  a  positive  quantity  .-.  ab{a  +  6)  +  ac(a  +  c) 
+  6c(6  +  c)  >  6a6c 

(III)  Also  2(a3  +  63  +  c^)  =  2a?  +  2(«  +  w)»  +  2(a  +  n)^ 
>a'  +  6a2(?n  +  n)  +  6o(wi='  +  n^)  +  2(7/i'»  +  n^)  ;  subtracting  (i)  from 


I 
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(m)  wc have  (III) -(I)  _  4a(mHn')-2amn  +  2(ni'  +  n^)^mn(m^n: 
=  4rt(/n^-27/m+7j2)  +  8a//in-2amn  +  2(w4-n)(m2-win+w2)~(m+7j),«r 
=  4a(m  -  ny  +  Gavm  +  (m  +  n){2(m^  -  mn  +  n^)  ~  mn 
=  4a(m  -  ny  +  Ganm  f  (m  +  w){2(m2  -  2mn  +  w^)  +  ^nnj 
=  4a(7n  -  .70^  +  6amn  +  (m  +  n)[2(m  -  n)^  +  mn]  which  as 
before  is  a  positive  quantity  •.•  a,  m,  and  n  are  all  positive 
.-.  2(a^  +  b^  +  c3)  -  a6(a  +  6)  +  ac(a  +  c)  +  6c(6  +  c)  =  a  positive 
quantity  .-,  a6(a  +  6)  +  crc(a  +  c)  +  6c(&  +  c)<  2(0^  +  b^  +  c^) 

12.  3(1  +  fl^  +  a4)  -  (1  +  a  +  ^2)^  =  2  -  2a  -  2a«  +  2a4 
-  2(1  -  a)  -  2a»(l  -  a)  =  2(1  -  «)(l  _  a^).  Now  1  -  a  and  1  -  a' 
have  the  same  sign  whether  a  >  or  <  1  .-.  their  product  is 
positive.  Hence  3(1  +  a^  +  o*)  _  (c  +  „  +  ^2f  ^  ^  ^^^.^.^^^ 
quantity  .-.  (1  +  a  +  a^f  <  3(1  +  a^  +  a^)  unless  a  =  1 

14.  a:V  -  (ac  +  bdy  ^  {a^  +  /,2)(,^  +  ^2)  _  ^^^  ^  ^^^^ 
=  a2r/2-  2abcd^¥c^=  ^ad  -  bey  which  is  necessarily  positive, 
unless  «^  -  5c ;  but  a: V -  (ac  +  bdy  =  {xy  +  (ac  +  bd)}{xy  -  (ac  +  bd){ 
.-.  [xy  +  (ac  +  6r/)}[ry  -  („c  +  M)}  =  (ad  -  bey  .-.  a:i/  -  (ac  +  bd) 

(ad  -  bc)'^ 
~  'xi+ac  +  bd  '  ^  positive  quantity  .:  xy  >  ac  +  bd 

15.  v^^^^  +  ^F~:rb2  >  «^  if  ^2RV:rip.  >  a  -  vi?^rT2; 

or  if  2a6  -  b^>a'-  2aV^?^"6^+  a^-  i^ .  or  if  2ab >  2a^-  la^f?:^?-^ 
oviU>a-^d^-b''-  orifV(f^^^>a-6;  orifa2-52>a2-2a6  +  i=';' 
or  if  2ab  >  262 .  or  if  a  >  6 

16.  Making  the  same  supposition  as  in  Ex.  13 

(I)  (a  +  6  +  c)^  =  (3a  ^  m  ^  ny  =    27^3  +  2na\m   +   n) 
+  9n(m  +  w)2  +  (m  +  y^)* 

(II)  27a5c  =  27a(a  +  m)(a  +  n)  =  27^3  +  27a>i  +  n)  +  27rtm 
(III)  9(a3+  63  +  c«)  =  9{a3+  (a  +  m)^+  (a  +  703|  -  27a3+  27a2(m  +n) 
+  27a(m2  +  n^)  +  9(7ft3  +  w^) 
•'•  (0  -  (n)  =  9a(7/i  +  n)2  -  27a/nn  +  {m  +  n)^ 

=  9a(»i  +  n)2  -  ZQamn  +  9amn  +  (m  +  n)» 

=  9a(?n  -  7i)2  +  9a/nn  +  (th  +  w)'  =  a  positive  quantity 
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That  is  (a  +  6  +  cy  -  2labc  =  a  positive  quantity 
.'.  {a+  b  +  cy>  llahc 
Again  (III)  -  (1)  =  27a(7n2+ ;i2)  -  9a(7;i  +  nyH  9(m^  + n^)  -  0«  +  ^)' 
=  9a{3(w2  +  n^)  -  ('«■  +  nY]  +  {m  +  n)f9(»i2  -  mn  +  n^)  -  (m  +  «y} 
=  9a(27ft2  ^.  2n^  -  2»in)  +  (»i  +  n)(87/i2  -  7mn  +  8/r) 
=  18rt(//i'^  -  m;i  +  /I'O  -  18ci»m  +  18a/n;i  +  (/ti  +  /0{(8rti'  -  16wn  +  Sr.^) 

+  9//l7i} 

=  18a(7;i  -  71)^  +  18a77i/i  +  "(77i  +  »){8(/h  -  nf  +  9m7j} 

=  a  positive  quantity 

That  is  9(a3  +  ft^  +  c^)  -  (a  +  6  +  c)^  =  a  positive  quantity 

17.  (a  +  6)(6  +  c)(c  +  a)  ^  8a6c,  according  as 
a26  +  ab'^  +  a^c  +  ac^  +  h\  +  ftc^  >  6a6c 

or  as  (a62  -  2a6c  +  ac')  +  5(c2  -  lac  +  a»)  +  c((i'  -  2a6  +  ft^)  >  0 
or  as  a(h  -  c)^  +  6(c  -  af  +  c(a  -  6)^  ^  0 
But  a(h  -  cf  +  6(c  -  a)2  +  c(a  -  6)^  >  0  unless  a  =  6  =  c 
.-.  (a  +  6)(6  4-  c)(c  +  a)  >  8a6c 

j8  L^3t  ""^^f  "V  =  7/1 ;  then  x-^  +  34x  -  71  =  mx"^  +  2mx  -  77/i ; 
-that  is  (771  -  l)x^  +  2(/7i  -  I7)x  =  7/71  -  71,  whence 
X  =  —^{17  -  7/1  ±  V8("i  -  5)(»i  -  9)})  w^ere  if  x'  is  to  be  real, 
w  -  5  and  771  -  9  must  both  have  the  same  sign  :  i.  c.  771  must 
be  >  9  or  <  5  .-.  the  given  expression  can  have  no  value  between 
9  and  5 

19.  First  "^y^lW  >  Y,  if  3/1'^  -  3n  +  3  >  n- +  n  ^  1; 
orif27i='-47i  +  2>  0;  or  if  ti^  -  2/i  +  1  >  0  ;  oviin'+l>2n: 
but  71^  +  1  is  >  2/1  .-.  &c. 

'    "  "^  "^  !   <  3,   if  n3  -  71  +   1  <  3/i2  +  37t  +  3; 

+   71+1  ' 

or  if  0  <  271^  +4/1  +  2  ;  or  if  0  <  n'^  +  2/1+1  ;   or  if  0  <  (/i  +  1)^ ; 
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but  (n  +  1)2  is  necessarily  positive  .-.  0  is  <  (n  +  1)^  .*.  &c. 

n^  -  n  +  1 
Hence  ^2  ^  ^^  ^  ^  lies  between  3  and  i 

NoTB.— If  n  =  1,  the  expression  =  J. 


Exercise  LXVII. 

1.  j-^  »  1  +  a:  +  a;2+x3+  &c.  ••••  toTi  terms  =  1  +  1  +  1  +  1 
+  Ac.  •  •  •  •  to  n  terms  =  n 

(x-a)(x^+  ax  +  d^)     x'^  +  ax  ■{■  a^     d^  +  a^  +  a^     3a'     3a 


2. 


3. 


(x  -  a)(j:  +  a)        "       a;  +  a       ~       a  +  a       ~2a 


(x^  +  J)(x^  -  J)       x^+J       2J        2 

(X  +  7)(j:  -  5)       a:  +  7       12 
"*•  (X  +  3)(a:  -  5)  "  xTs  "  T  "  ^^ 

(X  -  0(x  -  3)  _  x+J        _3J 

(^  -  0(a;  ~2)~a;-2''    -l^    """^J 

3:(x^  +  6)  -  a(x^  +  5)       (a:  -  a)(x^  +  6)       xHfi       a^  +  ft 

•  x{x  -  a)  +  6=^(a;  -  a)  ~  (x  -  a)(x  +  6^)  ~  a;  +  6^  ~  oTP 

fl(x  ~  c)(x  -  c)        a 
F(x  -  c)(x  -  c)  ~  T 

x(a  -  a) a^ a 

(a  ^  x)(a3  -  a^x  -  ax'^  +  x^)  ~  a?  -  c^  -  WT'a^  ~  ~0   ~  ^ 

x(x^  -  a?)  +  2a(x-' -  a?)     (x  +  2a)(x  -  a)(x  +  a)     (x  +  2a)(x  +  a) 

•  (X  -  a)(x^  +  «x  -  1 2a2)  ~  (x  -  a)(x^+ ax  - 1 2a2)  "  x^  +  ax  -  12a» 

3a  X  2a  Qa^  3 


a-  +  a-!  -  I2c4^      -  lOa^^  5 
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Exercise  LXVIII. 

X  x-2 

1.  Dividing  by  3,  we  have  j:  +  y  +  —  =  3+§  .-.  — r—  is  integral 

=  /  say.     Then  x  =  3f  +  2  ;  substituting  this  for  x  in  the  given 

eq\iation  we  have  3y  =  11  -  4(3/  +  2)  .-.  y  -  1  -  4i ;  letting  i  =  0 

we  have  x  -  2  and  y  =  1. 

3y  1  +  3y 

2.  Divide  by  5,  and  we  have  x  -  2y  -  —  =  2  +  ^  .-.  — r —  is 

2  +  6?/  2  +  y 

integral  .•.  so  also  — ^^ —  integral  .•.  -  -  ■  =  t,  whence  t/  =  5i  -  2. 

Substituting  this  for  y  in  the  given  equation,  we  have  5j;  =  11 
+  13(5/  -  2)  .-.  X  =  13/  -  3.  Hence  taking  in  succession  /  =  1,  2, 
3,  &c.,  we  have  x  -  10,  23,  36,  49,  &c.,  and  r/  =  3,  8,  13,  18,  &c. 

y  y-  1 

3.  Divide  by  2,  and  we  have  x  +  3i/  +  —  =  29  +  ^  .-.  — r—  =  /  ; 

whence  y  -  2t  -v  \.  Substituting  this  for  y  in  the  given  equation, 
we  have  2x  =  59  -  7(2t  +  1;  .-.  x  =  26  -  7/,  and  taking  in  suc- 
cession /  =  0,  1,  2,  &c.,  we  have  x  =  26,  19,  12  or  5,  and  y  =  1, 
3,  5,  or  7 

y  y  —  ^ 

4.  Dividing  by  5,  and  we  have  r  +  2i/  +  —  =  5  +  y  .-.  —7—  =  / ; 

whence  y  =  "5/  +  1.  Substituting  this  in  the  given  equation 
for  y,  we  have  5x  =  26  -  11(5/  +  1)  ;  whence  x  =  3  -  11/,  and 
hence  when  /  =  0,  we  have  x  =  3  and  y  =  1 

8y      2        2  +  8y 

5.  Divide  by  9,  and  we  get  x  -  y  -  y  =  — , .-.  — - —  is  integral, 

.     7  +  28y 
^        integral,    .-.  so  also  is  ^ integral, 

y+7  .  ,      ,       y+7 

/,   then  y  =  9/  -  7;. 


§«- ---. 
stituting  this   fur   y   in   the   given  equation,  we  have  9x 

-  =  2  +  17(9/  -  7>  .-.  X  =  17/  -  13.    Now  writing  in  succession 

/  =  1,  2,  3,  Ac,  we  have  x  =  4,  21,  38,  55,  Ac,  and  y  =  2,  11,  20, 

y\  <fec. 
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6.  Divide  by  13,  and  we  get  a;  +  »/  +  ^  =  6  +  —  .-.  ^^"^?  ig 

■i'j  lo  13 

40y  -  55  V  -  3 

lutegral,  .-.  ~ is  integral,  .-.  3y  ~  4.  +  ^  is  integral, 

y  -3 

-*•  13  ""  ^'  ^^^nce  7/  =  13^  +  3  ;  substituting  this  for  y  in  tiic 
given  equation,  we  have  13a;  =  89  -  21(13/  +  3),  whence 
x=2-2U.     Now  writing  t  =  0,  we  have  x  =  2  and  y  =  3 

■7.  Divide   by  12,   and   we   get  a:  -  3y  -   —  =  >    i   ^  -1 

^^-5.    .  y-1  ^^  V      I    ^^ 

•'•   -jj-  IS  integral,  .-.  so  also  is  — —  integral.     Let  - — -  =  t, 

then  y=12t+l;  substituting  this  in  the  given  equation  for  y, 
we  have  x  =  41(12/  +  1)  -  17,  whence  x  =  Alt  +  2.  Now  writing 
in  succession,  0,  1,  2,  &c.,  for  t,  we  have  x  =  2,  43,  84,  125,  &c., 
and  y  =  1,  13,  25,  37,  &c. 

8.  Divideby37,  and  weget2:4-y  +  ^  =  9  +  -  •  £^li!  :, 

fe  -^     37  ^37**      37       ^^ 

y  -  4 
integral,  .-.  so  also  is   -^  wLich  say  =  /;    then  y  =  37/  +  4 

Then  37a:  =  357  -  43(37/ +  4),  whence  a:  =  5-43/;  whereforb 
taking  /  :=  0,  we  have  a:  =  5  and  y  =  4 

9.  Divide  by  22,  and  we  get  a:  -  y  -  ^  =  ±   .   ?}l±I  ;, 

&  J        22        22  ■•'       22 

integral,  .-.  so  also  is  y  - ~^  integral ;  that  is  ^"^^^"^^ 
or  -^  IS  integral  =  /,  say  then  y  =  22/  +  6.  Hence  22a; 
=  6  +  43(22/  +  6)  .-.  a:  =  43/  +  12.  Now  writing  in  succession, 
0,  1,  2,  &c.,  for  /  we  get  x  =  12,  55,  98,  &c.,  and  y  =  6,  28,  50,  &c. 

10.  Divide  by  7,  and  we  hav^  ^  +  3y  +  ~  =  25  +  —  .-.  ^^  "  ^ 
is  integral,  .-.  so  also  is  ^^  integral,  .-.  ^  =  /,  whence 

y  =  7/  +  4.  Then  7a:  =  177  -  25(7/  +  4),  whence  a:  =  U  -  25/. 
Hence  taking  /  =  0,  we  have  a;  =  1 1  and  y  =  4 
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61y  38      61y+38 

1 1 .  Divide  by  99,  and  we  get  x  -  y  -  -^  =  3  +  —  .*.       ^ 

305.y  +  190  ,       . 

is   integral,  .-.  so  also  is   — -^ integral,    .-.   so  also  is 

8y+  91                                              104y+ 1183   . 
3;,'  +  1  +  — gg—   integral,  .-.  so  also  is  — — -^ integral, 

by  +  94                                          lOOy  +  1880 
.-.  so  also  is  ?/  +  11  +  — -^ —  integral,  .-.  so  also  is ^ 

y  +  98 
integral,  .-.  so  also  is  ?/  +  18  +  — -^ —  integral,  .-.  »/  =  99r  -  98 ; 

substituting  this   in   the   given  equation   for  y,   "we   have  99x 

=  335  +  i60(99^  -  98),  whence  x=  160f-155.     Now  substituting 

in  succession  1,  2,  3,  &c.,  for  f,  we  have  a:  =  5,  165,  325,  485, 

&c.,  and  y  =  1,  100,  199,  298,  &c. 

'  '         '         '  X  2        ar-2 

12.  Divide  by  4,  and  we  have  Ax  -  y  +  —  =  5  +  — .-.  — -—  =  t, 

whence  x  =  4/  +  2 ;  then  Ay  -  l7(4f  +  2)  -  22  .-.  y  =  17/  +  3. 
Taking  /  =  0,  1,  2,  3,  &c.,  we  have  a:  =  2,  6,  10,  14,  &c.,  and 
2/  =  3,  20,  37,  54,  &c. 

13.  Multiplying  the  first  equation  by  3,  and  the  lower  by  4, 
and  adding  the  results,  we  have  18.r  +  29y  =  123.     Divide  by 

ll.y  15   .    lly-  15 

18,  and  we  have  x  +  y  +  -^  ~  ^  ■'"  18  *** 18 —  ^^  integral, 

55y-75  ".  y-3. 

.-.  so  also  is  —^1^—  integral,  .-.  so  also  is  3y  -  4  +  -y^  mteg., 

.-.  y  =  18/  +  3.  Hence  18x  =  123  -  29(18/  +  3)  .-.  x  =  2  -  29/. 
Now  taking  /  =  0,  we  have  x  =  2,  and  y  =  3,  and  consequently 
z-^  A 

14.  Multiplying  the  upper  equation  by  11,  the  lower  by  G, 

and  adding  the  results,  we  get  5Gx  -  49y  =  469,  or  8x  -  7y  =  07. 

X  4        X-  4 

Dividing  this  by  7,  we  have  x  -  y  ■{■  -^  =  9  +  y.-.  -^-  =  f, 

whence  x  =  7/  4-  4 ;  then  1y  =  8(7/  +  4)  -  67,  whence  y  =  8/  -  5. 
Now  taking  /  =  1,  2,  3,  &c.,  we. have  x  =  11,  18,  25,  &c.,  and 
y  =  3,  11,  19,  &c. ;  but  since  z  must  also  be  positive  and  integral, 


i. 
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"    we  find  upon  trial  that  the  only  admissible  values  are  x  =  11, 
and  y  =  3,  and  consequently  z  ~  2 

15.  Let  X  -  the  number  of  $3  notes,  and  y  ~  the  number  of 

$5  notes  ;  then  3x  +  5y  =  697,  or  a:  +  ?/  +  -^  =  232  +  —  .-.  -^^ 

o  o  3 

4?/ -2  y-2 

IS  integral,  .-.  — ^  is  integral,  and  .-.  also    -    -  =  t,  that  is 

y  =  3/  +  2 ;  then  Zx  =  697  -  5(3/  +  2),  whence  a:  =  229  -  5/. 
Hence  5/  <  229,  or  t  <  4^;  i,  e_  <  454  .^  ^-ij^  gi^gn  sum  can 
be  made  up  of  $3  and  $5  notes  only  in  45  different  ways. 

16.  Let  X  =  the  number  of  25  cent  pieces,  and  y  =  the  number 
of  10  cent  pieces;   then  25a;  +  lOy  =  2730,  or  5x  +  2^/  =  546, 

X 

.-.  2x  +  y  +  Y  =  273  .-.  a;  =  2t.  Also  2y  =  546  -  10^  .-.  y  =  273  -  5/. 
Hence  5/  <  273,  or  i  <  54§  .•.  the  given  sum  may  be  made  up 
as  directed  in  54  different  ways. 

17.  Let  X  =  the  number  of  guineas  paid,  and  y  -  the  number 

5v 
of  half-crowns  received  in  change;   then  21a;  -  -^  ~  150^,  or 

2a;  1        2a;  -  1 

42x  -  5y  =  301,  .'.  8a:  -  y  +  y  =  60  +  y  ...  — —  ig  integral, 

16a;  —  8         a;  —  3 
.-.   so   also   is    — g —  .-.  — ^  =   /,    or  a;  =   5^  +   3.     Also 

5y  =  42(5/  +  3)  -  301  =  210?  -  175  .-.  y  =  42/  -  35 ;  and  taking 
/  =  1,  we  have  a;  =  8,  and  y  =  7 

18.  Let  x^  and  y"^  be  the  two  square  numbers  required,  and 
assume  x^  +  y^=(nx~  yY  =  n^x"^  -  2nxy  +  y"^ ;  then  x^  =  n^x'^  -  2nxy ; 

or  X  =  w^x  -  27iy  .-.  (71^  -  l)x  =  2ny,  or  x  =  -~-,  where  n  and  y 

may  be  assumed  at  pleasure,  and  it  will  be  found  that  x^  +  y^  ig 

a  complete  square. 

But  if  only  integral  values  are  required  assume  in  the  expres- 

2ny 
sion  X  =  :^^^i  that  y  =  w^  -  l,  then  x  =  2w,  where  w  may  be 
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taken  -  any  integral  number,  and  it  will  be  found  that  x'^  +  -f 
is  a  complete  square. 

19.  Let  x"^  and  y^  be  the  two  squares  required,  and  assume 

x^-y^^  (X  -  nyy  -  x"^  -  2nxy  +  nV.     Then  y^  =  2nxy  -  n^y^  ; 

n2  +  1 
or  y  =  2nx  -  n^y  ;   or  2nx  -  (/i^  +  \)y  .-.  x  -       ^^      x  y,  where 

n  and  y  may  be  assumed  at  pleasure,  an<J  it  will  be  found  that 
x''  -y"^  is  B.  complete  square. 

But  if  only  integral  values  are  required,  assume  in  the  above 
expression  y  =  2n;  then  x  =  n^  ■{■  1,  where  it  will  be  found  that 
when  n  is  taken  =  any  integral  number,  x^  -  y^  will  be  a  com- 
plete square. 

20.  Assume  that  the  basket  contains  x  parcels  of  4  with  2 

over,  or  y  parcels  of  6  with  2  over.     Then  4x  +  2  =  6y  +  2  ;  or 

y  y 

4x  -  6y  =  0  ;  or  2x  -  3y  =  0  ;  or  x  -  y  -  y  =  0  .-.  —  =  t]  ory  =  2t. 

Also  2x  =  3y  .'.  x  =  3t.  Hence  taking  ^  =  1,  2,  3,  &c.,  we  have 
X  =  3,  6,  9,  12,  «&c.,  and  y  =  2,  4,  6,  8,  &c. 

But  X  and  y  must  be  taken  such  that  both  61/  +  2  and  4x  +  2 
are  >  90  and  <  100  .-,  y  =  16,  and  x  =  24,  and  the  number  of 
apples  =  16y  +  2  =  98  ^ 

21.  Let  the  number  =  6x  +  l  =  8i/  +  5=  10a  +  9 

y        2 
Then  6x  -  8y  =  4 ;    or  3x  -  4y  =  2  ;    or  x  -«/-  —  =  -- 

o  o 

.-.  y  =  3^  -  2,  and  x  =  4t  -  2 
Also  Gx  +  1  =  IO2  +  9  ;   or  6x  -  lOz  =  8  ;    or  3x  -  5c;  =  4,  but 

2t 
'5 

whence  t  =  5t'  and  z  =  12^  -  2.  Then  x  =  4i  -  2  =  20t'  -  2 ; 
y-'it-2~  \W  -  2,  and  z  =  I2t'  -  2,  whence  taking  t'  -  1,  we 
have  X  =  18,  y  =  13,  and  z  -  10,  and  .-.  the  least  number  divisible 
as  required  =  6x  +  I  =  (18  x  6)  +  1  =  108  +  1  =  109 


x  =  4f-2  .•.3(4^-2) -52  =  4;  or  12^-5^=10  .-.2^-2+- =  2, 
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X  y  X         y        38 

22.  Let  —  and  —  be  the  two  fractious,  then  T^  +  T7  =  ;;>) ' 

X  1 

or  clearhig  of  fractions  3x  +  2y  =  19  .-.  a:  +  y  +  —  =  9  +  --,  and 

Z  2 

consequently  x  ~  2t  ■\- I,  whence  y  -  %  -3t.     Now  taking  t  =  0, 

1  and  2,  we  have  a:  =  1,  3  or  5,  and  y  =  8,  5  and  2 

.-.the  required  fractions  are  -^q  and  -^ ;  -,^(j  and  -j'\  ;  .and  ^^  and  -^V 

*» 

Note.— We  cannot  take  t  =  3,  since  then  2/  =  8-3<=r8-9--l:-a 

negative  quantity 

23.  Let  X,  y  and  z  -  barrels  respectively  ;  then  x  -v  y  ■[■  z 
-  50  (i),  and  2x  +  5i/  +  4^  =  250  (ii).  -ifful§!yj5g'(i)  by  2,  and 
subtracting  the  result  from  (ii),  we  have  3y  +  2z  =  150,  whence 
y~2t  and  2  =  75  -  3i 

Also  X  =  50  -  2/  -  «=  50  -  2;  -  (75  -  30  =  i  -  25 
Then  in  order  that  z  may  be  positive  75  -  Zt  must  be  positive, 
and  .'.  3^  <  75,  or  ^  <  25,  and  in  order  that  x  may  be  positive, 
^  -  25  must  be  positive,  that  is  /  >  25  ;  therefore  t  is  both  less 
than  and  greater  than  25,  which  is  impossible. 

24.  Let  Xy  y  and  z  =  the  number  of  pieces  respectively ; 
then  x  +  y  +  2  =  100  (i),  and  lOOx  +  20y  +  5«  =  2000  (11). 
Dividing  (11)  by  5,  and  from  the  result  subtracting  (i),  We 
have  19j;  +  3y  =  300,  whence  x  =  3f  and  y  =  100  -  1^^ 
.-.  c  =  100  -  a;  -  y  =  100  -  Zt  -  (100  -  19/)  =  IQt.  Now  taking 
f  -  1,  2,  3,  &c.,  we  have  a;  =  1,  6,  9,  12  or  15 ;  y  -  81,  62,  43,  24 
or  5  ;  and  z  =  16,  32,  48,  64  or  80 

25.  2x  +  Zy  =  25,  whence  x  =  U  -  Zt,  and  y  =  2t  +  1.  Now 
taking  /  =  0,  1,  2  or  3,  we  have  a:  =  11,  8,  5  or  2,  and  y  =  1,  3,  5 
or  7,  and  hence  the  parts  are  2a:  and  Zy  =  22  and  3  ;  16  and  9 ; 
10  and  15,  or  4  and  il. 

26.  Let  Xy  y  and  z  be  the  three  parts  ;  then  x  +  y  +  z  »  24:  (i), 
and  36x  +  24y  +  8z  =  516  (11).  Dividing  (11)  by  4,  and 
inultiplying  (i)  by  2,  and  taking  the  diflference  of  the  results, 
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we  have  1x  +  iy  =  81,  whence  x  =  4i  -  1,  and  y  =  22  -  It 
...  2  =  24  -  (4<  -  1)  -  (22  -  7/)  =  3  +  3^  Now  taking  ^=1,2 
or  3,  we  have  x  =  3,  T  or  11 ;  y  =  15,  18  or  1 ;  and  c  =  6,  9  or  12 

27.  Assume  y"x  to  be  a  perfect  number ;  then  its  divisors  are 
1;  y,  y',  ••••  y",  x,  xy,  xy-^,  ....  xy-^--^  .'.  2/«x-  =  1  +  y  +  if 
+ y'^  +  x  +  xy  +  xy^+ xy"  - 1.     Now  1  +  y  -r  y^  + y** 

=      y_  1    )  and  a:  +  xy  +  a;y2  +  ....    xy'*-!  =  ^—73-  x  x 

•*•  2/  ^  -  r^-^^ —  ;    or  clearing  of  fractions 

y«  +  ix-y"x  =  y"  +  i~l+y"x-x;  or  y"  +  ix  -  2y"x  + x  =  y"  +  i- 1 

•■•  ^  -  „Ti  +  i_  2y'*-  1*  -^^^  ^"^  order  that  x  may  be  a  whole 
number,  let  y"  +  i  -  2y"  =  0,  or  y  =  2  ;  then  x  =  2"  +  i  -  1.  Also 
let  n  be  so  assumed  that  2"  +  1  -  1  may  be  a  prime  number ;  then 
it  will  be  found  that  y»x  =  2"  x  (2«  +  i-  1)  will  be  a  perfect 
number.  Thus  if  71  =  2,  we  have  2^  x  (2^  -  1)  =  4  x  (8  -  1) 
=  4  X  7  =  28  =  14  +  7  4-  4  +  2  +  1  =  sum  of  all  the  divisors  of  28. 

28.  Let  the  number  =  lOx  +  7  =  12y  +  9  =  142  +  11  •  then 
lOx  -  12y  =  2,  or  5x  -  6y  =  1,  whence  x  =  6i  -  1,  and  y  =  5^  -  1. 
Also  lOx  -  142  =  4,  or  30/  -1z=1,  whence  t  =  It',  and  z  =  30t'  -  1. 
Then  X  =  6/  -  1  =  42/'  -  1  ;  y  =  5/  -  1  =  35/'  -  1,  and  2  =  30/^  -  1. 
Now  assuming  V  =  1,  we  have  x  =  41 ;  y  =  34;  and  z  =  29. 
Hence  the  least  odd  integer  =  lOx  +  7  =  410  +  7  =  417. 

29.  Let  X,  y  and  z  represent  \he  numbers  respectively  ;  then 
X  +  y  +  2  =  100  (i),  and  50x  +  30y  +  22  =  500  (11).  Dividing  (n) 
by  2,  and  from  the  result  subtracting  (i),  we  have  24x  +  14y  =  150 
:vr.eDce  x  =  7/  +  1,  and  y  =  9  -  12/  .-.  2  =  100  -  (7/  +  1)  -  (9  -  12/) 
-  90  +  12/.  Now  /  must  be  <  1  •.•  y  =  9  -  12/  must  be  positive ; 
also  /  must  be  >  -  1  because  x  =  7/  +  1  must  be  positive,  and 

■  .',  y  and  z  niu^t  be  integral,  /  (an  only  -  0.     Hence,  whcA 
VN-e  have  x  =  1,  y  t  9^  and  2  =  90, 


wo  KEY  TO  [Mis.  Ex.  1-7. 


Miscellaneous  Exercjbbs. 

1     i/i     ^\      Mo^     .-,       1       «       a       2      lY-  21a 

1.  Kl-«)-M3«-2j  =  ---.^  +  _=__ 

2.  {(X^  -  a:  -  2)  +  1)2  _  |(a;2  .  ^  -  2)  _  i|2 

=  (x2-x-2)%2(x-2-  x-=^)+l-{(x2-  0.-2)' -2(x2-.  a:-2)  +  ij 
=  4(a;2-a;-2) 

3.  The  G'.C.itf.  of  the  first  three  quantities  is  evidently  a  +  b, 
and  as  it  is  also  a  measure  of  the  remaining  quantity,  it  is 
their  G.C.M. 

4.  Since.  =  ,-^,  ..6  =  r^  -  6  =  ''z'^'""  .  ^ 

*-«'  6-a  6-a  6-0' 

and  a;  —  a  =  7 —  as  — ;— 

0  -  a  0  -  a 

X-  b  ^x-  a        b         b^-ab  +  g^     b'^  -  b^  +  ab  ^  a'     ab  ~  a'' 
b      '  b^  a"     (6  -  a)6     ""        (6  -  a)6        ""  0(6 -a) 


a 
t(6  -  fl)        a 


6(6  -  a)  ~    6 

5.  X  +  y  +  s  =  15  (1),  a;  -  1/  +  ^  =  5  (11),  -x^l  +  z^S  (iii) 
Adding  (i)  to  (111),  we  have  22  =  18  .-.  2  =  9 
Adding  (i)  to  (11),  we  have  2a;  +  22  =  20  .-.  2a:  =  2,  and  a;  =  1 
Hence  a;  +  y  +  2  =  1  +  y  +  9  =  15  .-.  y  =  5 


6.  5^27  X  5  -  3^x  5  +  2^125  x  5  -  A^olTl  =  15>^5  -  6^5 
+  10^5  -  16^5  =  (15  -  6  +  10  -  16)^5  =  3^5 

7.  a;*  -I-  1  =  0.     Divide  each  side  by  x^-    then  a;2  +  ^  -  0 


1  1 

.-.  a-*  +  2  +  -5  =  2  .-.  X  + 
a:* 


~  =  ±  V2;    clearing  of  fractions 
Hence  x  =    rz 
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o-   _    f>        c  a  ^  b      b  +  c        a  +  b       b 

'   b    ~    c    ~   d  ^       ^°      6       ~       c      '  '  b  -^  c  ~  ~c 
b  4-c       c  -ird        b-hc       c  be         a  +  b       6  +  c 

^^''^    c    ^  ~r  '''  ^Td  =  1'    ^^^T  "  T  •'•  6"+^  =  ^Td 

Hence  a  +  b  :  b  +  c  ::  b  +  c  :  c  +  d 


9.  a  :  c  ::  2a  -  b   :   26   -  c   .-.   a  :   2a  -  6  ::  c  :   26 


c 


tt  c  2a  2c  2a         2c 

•■•  2^~:r6  =  w^c  °^  2^r3-6  =  26^r7  •••  T  =  37:;^<^'*- 1^^> 

a  c 

6~  ~  3c-  26  •'•  **^  "  ^^^  ~  2*^^  J    °^  ^^^  =  6c  +  2tt6  =  6(c  4-  2a) 

6  «c  «  >«  |-       26       2a  X  |-  26 

•'•  T  =  m^  =  — c  •••  y  =  — c  •»  *^^  ^3  T  ^3  ^^®  ^• 

«  +,2  «  +    2 

c  26  c 

mean  between  a  and  y  •*•  «}  y  and  y  are  in  H.P, 

10.  Sum  to  n  terms  when  r  is  a  proper  fraction 


l-r 

1 


Q        .                   a                    a                                      pa 
Sum  to  oc  =  T =  — r    = -— 


-(-7)'   '{■-(■-a 

a  pa 


1 

P  times  the  sum  to  n  terms. 

11,   X  a     -    x"   a  /xT    -    x'TVx**    +    1    +   «• 

xt    -  xT 

n  to 

Xi   -  X  '.  T 

jca    -  x'    > 

■  s» 

X  '  »    -  X "T 

■_  tn 

X        t     ~   X  "  T 


^^^  KEY  TO  [Mi8,Ex.H-17. 


-A 

+  a* 

-aix 

-  J  J 

_ 

ax^ 

JJ 

+ 

ax^ 

+ 

J 

JJ 

+ 

ax^ 

+ 

J 

V2,  1^'t  trial  div.    -  uix^ 

P»  comp.  div.  =  147x4  -  63x^y  +  dxh/ 
2"^  trial  div.  =Hlx^-  UQx^y  +  2lxY 
2»*  comp.  div.  =  147X-4  -  126xhj  +  in^y  -  36^:^3  +  ^g^* 

=  abc  X  x^  =  abc  X  I  =  abc  ^  ^ 

14.  1(2:.^+  ^x- V)+y|[(2x-3+  1^-2^^  _^|  ^  ^2^,^  ix-yf-y^ 
=  4x*  +  22/^  +  i;c- V  -  2/'  =  4a:*  +  y3  +  ^^-4^4 

[(a:H  6^)  +  ax]{(a;2+ 60  -  «a:}  =  (a:H  fe^)--^- a2^2 ^  ^4  +  64  ^.  262^2_  „.^a 

15.  (V5_-__2V3)^  ^  (2V5   -   3V3)73V5   +    2V3) 

33  ~~  3^  — 

=  3-3(45  -  12V15  +  12  +  30  -  9/15  +  4VT5  -  18)  =  3^(69-  1 7^/15) 

16.  ^  -  ^ 1^  J2x^+1 

24a;«  +  6^ 


17    ?i_±_lj:ii?f_JLl> 

4(4x^-  1)  +  2(2a;  -  i)(4a:Mn^  =  2(4p"ri) 

?^U (4z^   4-    1)    +    (2a:    +    l)(2a;    +    1)" 

2(22:    -    l)(4a:^   +    j)    -     -  2(4r''^  -   1)(4^M~1) 

4^^ +_ljf4x2  +  4a:  4.  1       4^2  ^  2,r  +  1 
2(4i:^^  l)(4x^f  1)'    "       liKx^^-p 
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x(a  -  c)  a-  c  X  1 


18.  (I) 


{x  +  a)(x  +  c)   "  X  +  a  -  c  '  '  (x  +  a)(x  +  c)      x  ^  a-c 

a 


x'^  -T-  ax  ~  ex  -  x^  +  ax  +  ex  4-  ac  ;  2cx  =  -  ac  .'.  x  =  -~ 


(II)  V(-^"  -   1  )(x  -  2)  -   2   =  V(^"  -  3)(a;  -  4)  ;    squaring 
(X  -    l)(x  -   2)  +  4  -  4V(^-^)(x  -~2)  =  (X  -  3)(a;  -  4); 
.-.  2^Jx^-3x  +  2  =  2x-3  .'.  4x'^-  12x  +  8  =  4x'^-  12a;  +  9  .-.  8  =  9 
which  is  absurd  .-.  the  equation  has  no  possible  roots. 
1_ 1  1 

^"^^  (X  +  3)(x~5)  ■*■  (X  -  5)(x  +  7)  "  (x  +  3)(x-16)  "^  ^ 

.-.  (X  -  t)(x  -  16)  +  (X  +  3)(x  -  16)  -  (X  -  5)(x  +  1)  =  0 

i2  _  9x  -  112  f  x^  -  13x  -  48  -  x2  -  2x  +  35  =  0  ;   x2  -  24x  =  125, 

whence  x  -  12  +  ^269 

b+c     I  b -c 

19.  Since  n  =  ^^,  —  will  =  ^"^l    then  //.  mean  between 


n  and  —  = 
n 

2 

c 
c 

b'^-c'^ 

62- 
6'^  + 

C2 

But  a'.b 

y.h.c 

r 

+  c 

"T" 

- 

b 

-  c 

■'■6 

+ 

a^       b'^ 

a2 
a2 

-62 
+  62 

= 

62 

62 

-C2 

+  c?  .-.  also 

a2_ 

'^2  + 

62 
62 

is  the  /f.  ] 

"  b^  -  c'- 

' ' 

[nean 

between  n 

and- 

20.  Let  MJ  =  work  and  x,  y,  z  =  times  in  which  ^,  5  and  C 

can  separately  perform  it ; 

w 
Then  —  =  ^a  daily  work  +  B's  daily  work  (i) 

to 


b 


=  ^'3  "  +   Cs  «  (II) 


-^  =  i5's  "  +  Cs  "         (III) 

w         w 
— --^-  =  B's  "        -  C'3  "         (IV) 

7<i  V  w 

Tlifjii  a'lding  (ui)  and  (iv),  wo  have 2^8  daily 
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KEY  TO  [Mis.  Ex.  20-26. 


M)  3  1  1  1         be  -.ac  ■{■  ab 

work  =  2-—.    Hence  —  = r-  +  —  =    -r 

y  y         a  b  c  abc 

2abc  .  2abc  2abc 

^^d  y  =  *7=^^6 5  similarly  x  .  ^^^^^,^^,  and z  =  ^^^,^, 

g^  6^  c2 

^^-  (a-6)(a-c)  +  (t-i)(a-6)  "  (a-c)(c-6)'  bychanging 
signs.     Hence  Z.  c.  ?rt.  =  (a  -  6)(rt  -  c)(c  -  ft) 
a-(c  -  b)  +  b''(a  --  c)  -  c\a  -  b)     o?c  -  d'b  ^  ab"- -  €}>"■  -  oc^  +  bi9- 
\a  -  r)(a  -  c)(c  -  b)  "^  a\  -  a?b  +  ab^  -  c6«  -  ac^  +  it^  ~  ^ 

^^•«^-(— 4^— ;  =  («+— 6— )(« 46—) 

a^  +  4a&  +  462  _  9^2       9^2  -  aZ  4.  ^^^  __  4^2 


X 


46  '^  46 

-  («  +  26)-  -  (3c)^       (3c)2  ,  (g  -  26)2 
~  46  ^  46 

_  (a  +  26  4-  3c)(a  +  26  -  3c)       (3c  +  a  -  26)(3r  >  a  +  26) 

46  ^  Ab 

_  (g  +  26  +  3c)(a  +  26  -  3c)(a  -  26  +  3c)(26  -  a  +  3c) 
1662 

23.  a*  +  2^262  +  64  -  2a262  =  (a^^h^f  -,  (ab^2y 
=  (a2  +  06V2  +  62) (a2  -  a6V2  +  62) 

Similarly  a'^  +  2aW  +  6*  -  3a26''^  =  (a^  +  62)^-  (a6V3)^ 
=  (a2  +  62  +  ab^jBXa^  +  62  -  a6V3> 
xy  +  2/2  +  x2 

2/  X 

24.  ,      n        A    =  — 
xy  +  y^  +  x^         y 

X 

25.  G.C.3f.  of  (X  +  '7y)(a;  -  45^),  and  (x  +  2y)(x  -  4j7>,  and 
(X  -  yX^  -  ^y)  isx-Ay  .-.  I.  c.  m.  =  (x  -  y)(x  +  2y)(x  -  4?/)(a:.+  7?/) 
=  a:*  +  4x3y  -  27a;2i/2  _  343^^3  +  532^4 

ac^^-i)  aa^'-n 

26.  When  r  =i  +  1,  the  formula  S  =  -^^ — ~  becomes  S  =  -^ — ~ 

'  r- 1  1-1 

=  a(i"-i  +  i"-2  +  1^-H  &c.  to  n  terms)  =  «(1  +  1  +  1  +  &c.  to  ;* 
terms)  =  nn 
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When  r  =  -  I,   S  -~     \.  _  ^      becomes   S  ^  "^^i  Zl 

-fl'{(-l)^-l  +  (-l)»^-2+(_l)n-3+&c)| 

-  0(1  -  1  +  1  -  1  +  1  -  1  +  &c.  to  n  terms)  -  a  if  7i  is  odd,  and 
=  a( -1  +  1-1  +  1-1  +  &c.)  =  0  if  n  is  even. 

27.  (])  a,  =  a  +  (t-l)d;  then  by  same  notation  a„  =  a+  (/n  -  l)d, 
it„  -a  +  (n-  l)d,  a^-a  +  (p-  l)d,  and  a^^  a  +  (q-  l)d.  Then 
(p-qX'n-n)d=(m'-nXp-~q)d.\(p-q){a  +  (7n-l)d-a-(n-l)d] 
=  (m  -  n)\a  +  (/>  -  l)d  -  a  -  (q  ~  l)d] ;  since  we  have  merely 
added  a-d~a  +  d  =  Oio  each  of  the  2''^  factors. 

•••  (P  -  9)(«m  -  «»)  =  ('^  -  nXdp  -  a,) 

(ii)  Since  a,  =  ar'~i;  therefore  by  same  notation  a„  =  ar^-^, 
a^=ar^-\  a^  =  ar^"'^,  and  a^  =  ar'^'^.     Then  since  (/>  -  q)(m  -  n) 

But  r"*- "  =  ^,  and  ^^"^  =  ■^.  Also  since  —  =  — ^  =  0,  multiplying 

(^n-i\p-q       /,.p-i\  m-n  /ar^'-i\P-2 

=  (H   >«>>-H^)   '-it) 

28.  On  1"*  morning  the  watch  is  behind  the  clock  by  lis., 
and  45  hours  afterwards  it  is  only  2s.  behind  .-.  the  watch 
gains  upon  the  clock  to  the  amount  of  9s.  in  45  hours,  or  ^  sec. 
in  1  hour. 

Let  X  =  gaining  rate  of  watch  per  hour  ;  then  since  the  gain- 
ing rate  of  the  clock  is  -,V  s.  in  24  h.,  or  1  s.  in  240  h.,  it  is  ■^\-q  s. 
in  1  h.  .-.  X  -  j|rj  is  the  gain  of  the  watch  on  the  clock  per  hour 
•■•  ^  -  ^40  =  ki  whence  x  =  J  +  ^\tj  +  -jVo ;  bence  watch  gains 
per  day  ^\%  x  24  ^-  f  2  =  49  s. 

-  8{(2)i2_  i| 

29.  (I)  6Mo  12  terms  =    ^  ^  ^  ^     ^  =  16{(i)i2  -  i|  =  2059||i 

(ii)  3''»  term  -  a  +  2d  -  4,  and  (v''  Ltui  -  c  ■!-  5d  =  -gf 
■.3d^l\-A  =  -  I'j ;  hence  d^-^i  .-.  a  ~-  4  -  2^/  =  4  +  Vi'  ^^  H\ 
A  series  =  5U  +  4^  +  4  +  3^^,  +  &c. 
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KEY  TO 


[Mis.  Ex.  29-31. 


(Ill)  3r<J  term  =  ar^  =  4,  and  6">  term  =  ay*  =  §f  .-.  ar^^  f  ar^=  ||  v  4 

.'.  r'^^s^j  whencer=§.    And  (^  =  ^  =  4  v  ^  =  9  ...  G.  series 
=  9  +  6  +  4  +  2§  +  &c. 

30.  Let  X  =  length,  then  x  -  60  =  breadth  in  yards,  and 
x(x  -  60)  =  5500  ;  that  is  x^  -  60x  =  5500,  whence  a;  =  110,  and 
a;  -  60  =  50 

31.  (I)    (.3-  2/3)^   .    (.  _  ,).  .-   f^V  ^   (,3  ^  ,,   ^  ^.^. 

=  a:*  +  2a;3y  +  Sa'V  +  2xy^  +  y^         ^  ^ 


(n)  1 
+  0 
-  2 
+  1 


T+0+    0+0+     5-    4 

+  0+    0  +  0+    0+    0 

-14  +  0  +  28-14 

+  7  +    0-14 


+    0  + 
+    0 

-  66  +     64 
+     7+33 


3+9 


32 


7  +  0  -  14  +  7  +  33  -  32J  -  59  +  100  --  23 
59j;2  „  lOOa;  +  23 


*lx^  -  14x3+  Ya;'-*  +  33x  _  32 
-m 

'  +  a; 


.m-: 


a;»  +  2x  -  1 

'"*~^  +  a;"*"'*  +  a;"*"  '^  +  j'™-  9 


&C. 


We  observe  here  that  each  term  is  derived  from  that  preceding 
it  by  dividing  by  x\  Let  us  now  assume  that  this  is  true  to  r  -  1 
terms,  and  we  have  then  left  as  remainder  a;'^  ^'•-i;  _  j.-7?i 
Dividing  this  by  x  -  a:  -1,  and  we  get  as  first  term  of  the  quotient 
a:'«-2('-  +  i)  which  will  be  the  r"»  term  of  the  quotient  of  a:"*-a:  "» 
^  X-.x-\     But  a:"*- 2^  +  1  =  ^.m  ■  2rr  •  i ;  5.  i  ^  ^2  ^  ^,.  _  ^y^  ^^^^  ^  ^2 

.-.  if  the  law  is  true  for  r  -  1  terms,  it  is  true  for  r  terms. 
Now  it  evidently  holds  for  5  terms  .-.  for  6  and  .-.  for  7  terms 
and  so  on,  and  .-.  it  is  generally  true,  and  since  the  first  term  is 
x"^-  S  and  each  term  is  derived  from  the  preceding  by  v  by  x^ 


the  rt^term  is  a;"*-i-2rr-i; 


2r-n 


If  711  be  an  even  number 


the  quotient  will  contain  an  even  number  of  terms,  and  will  be 


+  x' 


'+  x'' 


+  &c.  +  aj'^-p-i)  +  a;"*- ("»  +  !)  +  X 


in, -  (7»  +  si 


+  &c.  +  a-^i  ^'»  =  a-(x-i  +  .r-^  +  x'r.  .j.  &,.  ^o  ,^  -) 
+  X-1+  a:-^  +  a:  '^  +  &C.  to  a:^-«  .-,  first  part  of  quotient 
-  second  part  x  jj"» 
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32.  (i)  LetV37  +  20V3  =  V^  +  Vy;  then  V37-20V3  =  V^-Vy 
.-.  V1369  -  1200  =  V169  =  13  =  x  -  y.  Also  31  +  20V3 
=:  X  +  y  +  2'/xy  .\  x  +  y  =  31 ;  hence  x  =  25,  and  y  =  12. 
Then  V-«^  +  Vy  =  a/25  +  VT2  =  5  +  2V3 

(ii)  Let  V4a:  +  2^^x^  -  1  =  V-^'  +  Vy  i  then  ^4x  -  2^4:x'^  -  1 
=  V^'  -  Vy  •■•  Vl6a;2-l6x2+4  =  V4  =  2  =  x' - y.  Also  4x  +  2V4x2-  i 
=  X'  +  y  +  2Vx'V  .'.  x'  +  y  =  4x  .-.  2x'  =  4x  +  2,  or  x'  =  2x  +  1,  and 
2y  =  4x  -  2  .-.  y  =  2x  -  1.     Then  ^/x'  +  Vv  =  V^xTl  +  '/2r~l 

33.  (a*  -  X*)"'  =  [a\l  -  a-^x"*)}'^  =  a-i^(l  -  a-^x"*)"^ 

3  3-4  3-4-5  3-4-5-6 

=  a-i2(i+--a-'*x-*+— a-8x-8+j^a-i2a:-i2+j-2:^a-i6x-i6 

3-4-5-6 
+  &C.)   Hence  5tbterm  =  a-i2xT-r7^-:a-i6a; -16  ^a-i2x  15a -i''x-i6 

1' J*o'4 
=  15-28a:-i6 

28  X  27  X  26  X  25  X  24  X  23  X  22 

34.  C,  =  [TJ^^TRT =  ll^*"*" 

35.  (X*  -  4x2  ^  10  -  12X-2  +  9x-*)^  =  {(x*  -  4x'^  +  4) 
+  6x-2(a;2»  2)  +  9x-4j^  =  {(x2-  2)H  2  x  3x-2(x2-  2)  +  (3x-2)2j^ 
=  z2-2  +  3x-2 

36.  Letx  =  ^1 ;  then  x'=  1  and  x^- 1  =  0  .-.  (x-l)(x2+x+ 1)  =  0 
.-.  x-l  =  Oorx=  1.  Alsox2  +  a;  =  -ij  whence  x  =  ^(-1  ±V"-3) 
.-.  -v/l  =  1,  or  i(  -  1  i  V^^).     Also  12  =  1,  and  {K  -  1  +  V^^)P 

-  1  +  K""li  V~3),  i.  e.  sum  of  the  cube  roots  of  unity  =  su>m 
of  their  squares. 

37.  (i)  bx  +  ay  =  ab  =  ax-a^  +  hi/-b'^]ax~bx-ay  +  by  =  c^  + 1^^ 

a2+62      6(a2  +  6Z) 
or x(a - 6) -y(a - 6)  =  a2+ 62 1  x  =  y+  .•.  .  —  +  by  +  ay=ab 

ba^  +  b^  6a2+6»  62^^  +  &) 

.-. -^-^:-^  +  y(a  +  6)  =  a6  5  y(a  +  i)  =  a6  - -^-;j^  =  -      ^.^ 

-  62(a  +  6)  ^2  52  ^2  ^  1,2 

=        a-6        •••  y  =  -  ^^Tft  =  rr^'  and  X  =  y  +  -—7^ 


6-a'^    a-6 
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(ii)  If  in  these  equations  we  write  jc  for  y,  we  shall  obtain 

values  of  x  and  y,  which  will  simultaneously  satisfy  the  given 

equations.     Thus  x^  -  Gx  +  4a: ;  or  x^  -  lOx  =  0  .-.  x'^  -  lOx  is  a 

factor  of  the  reduced  equation  in  x.     Now  from  first  equation, 

x^  -  ex 
y  =   2 i    substitute  this  for  y  in  the  second  equation, 

/x^'-Gxy              3(x^-6x) 
Then  I — ^ — j    =  4x  +  -^-^ .-.  a;*  -  12x3  +  iga;^  +  80x  =  0. 

But  we  have  shown  that  x^  -  lOx  is  a  factor  of  the  left  hand 
member  of  this  .-.  (x^  -  10a;)(a:2  -  2x  -  8)  =  0.  Hence  a:^  -  lOx  =  0 ; 
whence  x  =  0  or  10.  And  x^  -  2x  =  8  ;  whence  a;  =  4  or  -  2. 
Then  x  =  y  =  0,  or  10,  or  -  2,  or  4 

38.  Let  a:  =  yds  JB  sold  for  $1 ;  then  a;  +  i  =  yds  ^  sold  for  $1 ; 

1  1 

— -  =  what  B  received  for  1  yard,  and  — — r  =  what  j1  received. 
•*•  "        '  X  +  i 

90         40 
Then  —  +  ^^  =  42 ;    whence  21^2-  58a:  =  15  .-.  a:  =  3,  and 

I-  a     7-2      5 

39.  Insert  5  J.  means  between  2  and  1 ;  d  = r  =  z — r  =  — . 

Hence  ^.  series  is  2  +  2f  +  3§  +  4i  +  5J  +  G^  +  7;  that  is 
2  +  i.7-  +  1 1  +  I  +  16  +  3^7  +  7.     Therefore  the  H.  series  is 

40.  The  I.  cm.  of  denominators  =  (a  -  b)(x  -  a)(x  -  b)  ;  then 
clearing  of  fractions  (a  +  c)(x  -  Z>)  -  (5  +  c)(x  -a)  =  (x  +  c)(a  -  h)  ; 
or  ax  +  ex  -  ah  -  he  ^  hx  -^  ex  ■\-  ah  ■{■  ac  =  ax  +  ac  -  bx  -  be; 
ax  -  he  -  bx  +  ae  =  ax  -  be  -  bx  +  ac.  Therefore  the  given 
expression  Is  an  identity. 

41.  i^Tl  =  1  -  Va:  .-.  a;2  +  1  =  1  -  4Va:  +  Gx  -  4a;Va:  +  x^ 

.'.  -  4Va:  +  Gx  -  Ax\fx  -  0  .-.  2^x{1x  -  SVa:  +  2)  =  0  .-.  2Va:  =  0, 

tvhence  a:  =  0  . 

/3±V-7\=^  

Also  2x  -  3Va:  =  -  2,  whence  x  -  [ 7 J   =  1(1  +  ^V  -  7) 

42.  ah  "  {%h  +  6c  -  3ac  -  a6  +  lac  -  26c)  =  ah  +  he  +  ac 


3Ii9.  Er.  43-46.] 


ALGEBRA.  ISS 


43.  |x2  -  ^xy-  -^^y-  -  inx  +  ny  +  %x^  ^  xy  -  -^^y^  +  px  -  qy 
~  j|x2  +  Ixy  -  1^3/2  +  (p  _  7rt)x  +  (/I  -  q)y 

And  ^x^  -  §a:y  -  fj?/''^  -  7?ja;  +  7iy  -  fx^  -  ory  +  iV2/^  -  px  +  qy 
=  T^^^  -  3^  2^  -  -iW  -(m+  P)x  +  (n  +  q)y 

(X  -  8)(a:  +  6)(x  +  *l)(x  -  4)       a:  +  7 


44. 


45. 


(x-4)(x  +  6)(x -8)(x  + 5)       a; +  5 

a:  a  b  1 


► 


(x-a)(a;-t)       (a  -  6)(x  -  a)   '    (a-6)(a;-6)  a-  6 

.-,  Z.  c.  m.  of  denominators  =  (x  -  a)(x  -  b)(a  -  h).  Hence 

x(a  -  b)  -  a(x  -  6)  +  h(x  -  a)  -   (x  -  a)(x  -  b)  ;  that  is 

ax  -  bx  +  ab  -  ax  +  bx  -  ab  =  x^  -  ax  -  bx  +  ab]  tjiat  is 

/a  +  by      /a  +  by 
a:2  -  (a  4-  b)x  =  -  ab  .-.  x'^-  (a  +  b)x  +  f  -y  j    =  f  -^  )    -  «* 

tt2  -  2a6  +  62  a2  -  2ai  +  i2  a  +  6        a  -  6 

= ab  = .-.  X  -  —7; —  =  +  — r — ,  whence 

4  4  2         ~     2     ' 

a:  =  a  or  6 

(lii)  Multiplying  by  168 

1G8  +  63a:  -  48x  +  8  =  186  .•.  loa-  =:  10  .♦.  z  =  j 

46.  Multiplying  by  (x  -  y),  (y  —  2)  and  (z  -  x)  respectirely, 

we  have 

x^ 

v"  -  2^  =  28(y   -  -)  \    .-.  by  addition   18x  -  9y  -  9i  =  0 

-  x^  =   19(2  -  x)  ) 

.-.   2x  -  y  =   2;    substituting  this   in   third   given   equation, 

(2x  -  yY  +  x(2x  -  y)  +  x2  =  19  .-.  Tx^  -  5xy  +  y^  =  19  ;   subtract 

from  this  the  first  equation,  and  we  have   Qx"^  -  Gxy  =  -  18 

^'''  +  3 
•  ■  y  ~  — ~ ')  substitute  this  in  the  Crst  given  equation,  and  we 

,     /x2+3\         /x*+3\=»       ,        ,  /x2+3\2 

have  x2+ ^— —  j^  4.  ^— —j    r.  x^  +  x"^  +  3  +  l-^j    =37 

clearing  of  fractions  ;  2x<  +  9  +  9x2  ^x*-  37x2 .-.  3x*  -  28x'  =  -  9, 

x^+3      9+3 
whence  x^  =  9  or  §  .-.  x  =  i  3  or  ±  W3 ;  y  = =     ,  „    =  ±  4, 


160 
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±  JV3  ~  ±  V3  ~  ±  V3  ""  ""l       ''   ^=2x-j/  =  ±6i:4  =  i2, 
3 
or  -  ±  §V3  T  W3  =  +  !V3 

47.  The  question  amounts  to  finding  the  least  real  value  of  x, 
which  will  satisfy  the  given  equation 
b'iv^  -  2abx  =  m  -  a%^  -  2a'b  -  2a\  where  m  represents  the  least 

value  which  makes  x  rational ;   x^-  ^:,  =  m  ^  a%^  -  2a%  -  2a^ 

0  b'^ 

la       a^       a^  +  m-  aH^  -  20.^1  -  2a^       m-  a?h''  -  2a%  -  a' 
"^  -    b    ^bi=  p =    Y^ 

.    ^        «   _  j:  V^t  -  d\b-'  +  26  +  1)  a  +  V,/i  -  a^(6  +  1)^ 

b  b  '-^ 1 

Therefore  the  least  value  of  m  that  will  render  x  rational,  is 
m  =  a\b  +  1)2,  and  .-.  the  least  possible  value  of  the  given 

expression  is  found  when  a:  =  y ,  and  is  therefore  a\b  +  1)^ 

48.  {(x^P  +  G  +  9x-eP)  -  4xP(x^P  +  2x  -  ^P)  +  /^x'vf 
=  \(^x^P  +  3x-3i')2  _  2  X  2xP{x^P  +  3a; -3P)  +  (2xP)^j^ 
~    x^P   +    Zx-^P   -    2xP 

49.  (I)  5-  =  {2a  +  (n  -  V)d\~  =  {6f  +  (8  -  l)2,o||  =  (q^  ^.  20)4 
=  4x265-=  1073 

M.12/1  /256a:- ^V^-)  /  256x-i6y 

1  +  §x-2y  =  3^2  +  2y 

256a;-2v8 

243ri4 i_ 

27         __  6561a:i^-  256x-V 

3x'^  +  2y  ~  8lx^+5iy 

(u,)  S^  =  as  above  ^^3.»[l  -  (  -  3^'^ .(^.jlgf^l^Ol} 

243X1      243  ''^'^  ^  +  ' 

=  —T—  =  —  =  60} 
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'  a(r^~  1)  dr3(r6  -  1) 

5  I. : —  =  sum  of  first  three  terms,  ana , —  -  sum 

/•  -  1  '  r  —  1 

of  next  six.    Then  72 «{ TT"  r  ~ ITT — ,  or  dividing  each 

by     ~  _  I    }  ^^  get  12  =  r%r^  +  1),  whence  r^  -  8  or  -  9  .-.  r  =  2 

.-.  any  series  having  r  =  2  will  answer. 

51     j^mn-mp  +  np-mn  +  mp-np  -  ^0  =  1 

(X*  +   2x-  +    1)   +  x(x2  +    1)    ^    (x^  +    1)"  +   x(x^  +    1) 

^^-    (X*    +    2X2    +     1)    _    j;(X^    +     1)      -      (x2    +     1)^    -     X(X^    +     1) 
(X^+  1)(X^  +  X  +1)  X-  +  X  +  1 

'    (X2+  1)(X2-X+  1)    ~    X2  -  X  +  1 

53.  x2-2(a  +  b)x  =  3a^  -  lOab  +  36^;  complete  the  square 
x'  -  2(a  +  b)x  +  (a  +  6)2  =  3a^  -  lOab  +  36^  +  a2  +  2a6  +  i^ 

-  4a2  -  8a6  +  46^  =  4(a  -  6)2  .-.  x  -  (a  +  6)  =  ±  2(a  -  6)  ;  or 
x  =  a4-6±2(a-6)-3a-6or36-a 

54.  Because  ^y  -  x  :  V26  -  x  ::  2  :  2  .-.  ^[y'~x  =  ^J-2^~x 
.-.  y  -  X  =  20  -  X ;  hence  y  =  20.  Then  from  first  given  equation, 
Vy  -  V20-^  =  ^jW^^  •'•  Vy  =  2V20'^^,  and  hence  j/  =  80  -  4x, 
but  y  =  20  .'.  20  =  80  -  4x,  or  4x  =  60,  and  x  =  15,  and  J/  =  20 

55.  {(x2  +    1)    -   2x}{(x2  ^    1)    +   2x]   -K  2(x2  +    2x    +    1) 

=  (X2  +  1)2  -  4x2  +  2(x2  +  2X  +  1)  =  X^  +  2X2  ^   -.    _  4  J.2  ^  2x2  ^.  .|^.  ^  ^ 

=  x*+4x  +  3; 

(x*   +    Ixh}   +    r/3)(x*  -    2x2yi    +   3/*)    -    2j/^(x*   -    2x'^^    +   f) 

-  (t'  +  y«)*(.r2  -  y^)%  2j/3(x*  -  2x>«  +  j/3) 

-  (x*  -  y^f  +  2xV  -  4j^/  +  2ys 

^  x»  -  2xV  +  Z/^  +  2x4?/-''  -  4x^^  4-  2^6  =  j;"  _  4xi/?  +  3^^ 

56.  Multiply  2"'^  given  equation  by  3,  then  Sx^y  +  3x7/2  _  3^3^ 
Add  thiS  to  1«'  given  equation,  and  we  get 

v^  +    Wxhf  +   3x1/2  4.  yJ  =    a^  +   363   _.^   X  +  y   =    -^(FT~3P. 
■  63 

/]  il     .(;/!  i      r     (/)     -     6^     .-.     X»/(^Vl^    +    363)    _     ^3      .^     j.y    „     ____. 

L 
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Then  x""  +  2xy  +  7/  =   (a'  +  363)*,   ^nd  4^y  = 

.-.  a;2  _  2x7/  +if=  (tt3  +  363)^ 

(a3  +  36=»)* 


Tlicn  a-  -  y  =  ±  \/(a3  +  36^)^  fl  -  ^^3) 


X  -  7/  -  ± 


.r-y  =  ±(a^  +  363)^V^3:r365 
.r +  .V:-- (a^  +  360^ 


.-.  j;-  K«'+36"'')M  1± 


V  a3  +  36y 


35 
57.  Let  X  =  number  at  first,  then  —  ^  what  each  had  to  pay, 

but  two  left,  therefore  the  number  remainining  =  a;  -  2,  and  con- 

35  ,  35         35 

consequently  - — -  =  what  each  paid.     Hence =  —  +  2 

X  —  ^  *  x  —  2,x 

.-.  x'^  -  2a;  =  35 ;  or  a:2  -  2x  +  1  =  36  .-.  a;  -  1  =:  +  6,  and  a;  =  7 

=  ail  ,  ±a-hi  .  I^^ia-hiy  +  |||(«H0'  +  4c. 

Hence  4*^  term  =  a^  x -— -(a' ^6^    =a2x4a'M  =  4a^6^ 

59.  (  -  2a^x^f  =  4a*x8     -  2a2x*  x  -  3ax''  x  2  =  12a3xii 

-  ^ax^x  lax^  X  2  =  -  |a=^a;*     -  x*   x   jaa;^   x   2  =  -  ax^ 

ax   X  -  Sax"  X  2  =  -  6aFx'^  (I'ia^  -  a)x^ 

=  -  V'o^^*'         ••■  coef.  ofx^^  =  (12a3  -  «) 

(4a*  -  V«'')^'  .-.  coef.  of  *»  =  (4a*  -  ^^a"^) 
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60.  Let  X  and  y  be  the  numbers,  x  being  the  greater ;    then 
X  :  1/  ::  X  +  1/  :  a,  and  x  :  y  ::  x  -  y  :  b  .-.  y{x  +  y)  =  axj 
and  y(x  -  y)  ~  bx 
xy  +  y'-=  ox 
xy  -  y^=  bx 

2xy    ~=  ax  +  bx;  or  dividing  by  2x,  we  have  y  =  |(a  +  6) 

2/         2(a  +  6)^       (a  +  by 


2>r  -  itx  -  bx  -  (a  -  b)x 


a~b       4(a-b)       2(a-b) 


1  4x  -  3         30x  -  23 

^1-  0)  2  +  — ^3T  =  2  +  TsTTTo  =  T3:^-:rTo 

/x^  +    1\  /x^  +  2   +  x-^\    _    fx^  +   l\  /(x  +   X  i)\ 

^"^  (^x2  -  ij  1^    ^'  +  ^''    y  ~  v^  -  vv  ^'  +  ^"^y 

/x2  +   1\  /       x  +  x-1       \  x^  +  x+x  +  x-i 

""     (^X3    -     1  j  (^X^   -     1     +    X-y     ^    X*    -    X^   +     1    -    X^   +     1     -    X-^ 

x3+2x  +  x-i  x5+2x3  +  x  x(x^+l)=* 

^  x4-2x2  +  2-x;^  "^  x^ '^2x*  -r  2x^  -  5  ^  x^  -  2x*  +  2x2-1 

x+,  6  x-4  x  +  2 


"-"   (X  +   7)(x  _  5)       (X  +  7)(x  +  3)       (X  -  5)(x  +  3) 

.-.  I.  c.  m.  of  denom.  =  (x  +  1)(x  -  5)(x  +  3)  ;   then  reducing  to 

(X  +  6)(x  +  3)  +  (X  -  4)(x  -  5)  -  (X  +  2)(x  +  1) 

commou  denom.  = ; — —^rrv rr^ — -t;^ 

(x  +  7)(x  -  5)(x  +  3) 

X-+9X  +  18 +X--9X  +  20 -x2-9x- 14  x''*-9x  +  24 


x«  +  5x2-29x- 105  x3+5x^--29x-105 

63.{g-;^2+f;)-2xi(^+i)+g 

(II)   {(x*  -  2x3  +  x^)  +  1  (x2  -  X)  +  T^,.}^ 
=  {(X-^  -  X)2  +  2  X  i(x2  -  X)  +  (0''}^  =  X2  -  X  +  i 


"  y  "^  X  "2 


64.  (x"*  -   2j/")(x"*  -  y^)    =    x^  -   2x"*^*  -  x^y'^  +    2t/2« 
=  x^^  -  3x"*i/»  +  2i/2'» ; 

jx'^''  +  (ax"»  -  6)}{x™^  -  (ax'"  -  6)}  =   (x"*^)^  -  (ax"»  -  6)^ 
=  x^^  -  o2x2"»  +  2a6x'™  -  6> 


I 
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KEY  TO 


[Mis.  Ex.  65-71. 


3(x   -   2)    =    4(x3  +  2x2  +   4x   +   8) 


65.  (i)  12(x*  -   2*) 
=  4x^  +  8x2+  16x  +  32 

(II)  4  -  2  +  1)20  -22  +  11-3(5-3  .-.  quotient  =  5a^b^  -  Safe* 
20-10+    5 
-  12+    6-3 
-12+6-3 

66.  Let  a  :  b  ::  b  :  c  ::  c  :  d;  then  a  ;  i  ::  a^  :  6«. 
_,a«^c  a       b       c         a       a       a       a      a^- 

a       b       c       d^  bed         d       b        b       b      b^ 

.-.  a  :  d  \:  a?  :  b^ 

61.  x2  <  lOx  -  16,  or  x2  -  lOx  <  -  16,  or  x^  -  lOx  +  25  <  9, 
or  X  -  5  <  +  3,  or  X  <  8  or  >  2  .-.  values  are  3,  4,  6,  6  and  7 ;  or 
thus(-x2+10x-16)>0;  -(x2-10x+16)>0  5  -(a;-2)(x-8)>0, 
.-.  X  -  8  must  be  negative,  .-.  x  <  8  and  x  -  2  must  be  positive, 
.-.  x>  2 

68.  By    Art.    106,    (vii) 


26 


.-.  5  =  ^Jx  -  5  :  or  X 


5  =  25  .-.  X 


■5 
30 


26 
20 


Vx-5 


a       b 

69.  y  +  ~  >  2  ;   if  a:^  +  b^>  2a6,  but  a^  +  b^  is  greater  than 

2ab  by  Art.  134,  Note  2,  .-.  t  +  —  >  2 
'  '        b       a 

70.  Let  n  -  1,  n  and  n  +  1  be  the  three  numbers  ; 
then  (n  -  1)=»  +  n^  +  (n  +  1)^  =  the  sum  jof  their  cubes 
=  n^  -  3n^.  +  3;i  -  1  +  /t^  +  n^  +  371^  +  3n  +  1  =  3n^  +  6n  =  3n(n^  +  2) 
which  is  evidently  divisible  by  3n,  i.  e.  by  three  times  the 
middle  number. 


71. 


1 
-  5 
+  4 


1  +  0-4+       7+       0 

-  5  +  25  -  125  +  690 

+     4  -     20+100 


5  +    6 

-  3950 

-  552  +  3160 

-  4507  +  3166 

1  -  5  +  25  -  138  +  790 


•.  quotient  =  a*  -  5a'  +  25a2  -  138a  +  790 


4507tt  -  3166 
a^  +  5a  -  4 
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(II)  (x3  -  a;  -  3)2  ^    (X   -  X  - 1)^   =   (x2  +    1   +  x'  ^f 
=  x*+2x2+3  +  2a;-2  +  x-* 

72.    It    is    evident    that    the    {n   -    1)**    factor    of 
\x^  +  fl*)(x*  +  a')  &c.,  that  is  the  n^^*  factor  of  the  given 

/ixn-i  /'i\n-i 

series   is  x^'^        +  a^*''      ,  and  that  the  term  before  this  is 

Cnn-2         /i\n-2 

x^*''  +  a^^^  ,  and  so  on.  Hence  the  series  is  the  same  as 
(x(i)"-'  -  a(J)"-')(x(i)"-'  +  a<i)""')(x(!)"-'  +  a«)""') 
....  (x*  +  a*).  Now  the  product  of  the  first  two  terms 
=  x^'^       -  a*^'^       ;  and  the  product  of  this  by  the  third  factor 

/l"\n-3  (i\n-i 

=  x^"        -  a^^^      J  and  so  on.     Hence  the  product  of  the 

first  71-1  factors  will  be  (x*  -  a*),  and  the  product  of  this 

by  the  «'•»  factor  (x*  +  a^j  will  be  x  -  a  which  .•.  =  the  pro- 
duct of  the  given  factors. 

Note.— All  this  will  be  perhaps  more  evident  to  the  student,  if  he 
takes  a  numerical  example,  and  examines  how  the  indices  are  affected  by 
Kj'iltiplying  them  as  in  the  above  question.    Thus  suppose  n  —  5. 

Then  {.<*)'-'-««)'-'}{,(!)' -%„(!)-') 


I 


•TO    13(2x  +  3)-  7(2x-3)         x-4  12x  +  60  x-4 

•^'  12(4x2  _  9)  ~  4x2  +  9  ""  12(4x2-9)  ~  4^T  9 

S  "L^  x-4    _  4x'  +  20x2  +  9j.  +  45  _  4^.3^  1^3.2  +gx'-l6 

4x»-9  ~  4x2  ^  9  ~  I6r*-8T 

3GX-+  18x  +  9 
ICz*  -  81 
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74.  (0  {(ix^  +  If)  +  hxyWax-'  +  ly')  -  hxy}  =  a^'  +  fy^)'  -  ^xY 

=  -h^"^  +  h^Y  +  -sW  -  l^Y  =  iV*  +  s\Y 

^"^   (2x^    +    3y*)(2x*   -    3y^){{4x^    +    9y0     +   GrV } 
I  (4x^  +92/0  -  6x^y*} 

-^  (4x^  -  9y^){lGx  +  I2x^y^  +  Sly  -  36x^y^) 
=  (4x^  -  dy^){l6x  +  36x^y^  +  Sly) 
=  6Ax^  +  144xj/^  4-  324x^y  -  144xy^  -  324x^y  -  l29y^ 
=  64x^  -  729?/"^ 

75.  Multiplying  first  equation  by  V2,  and  second  by  V^,  we 

have  2a;V6  -  6t/  =  6^/2  (i) ;    3x^6  -  Gy   =    5VT8   =    15V2  (ii). 

9V2       9/12 
Subtracting  (i)  from  (ii)  x^/S  =  9^2  •'•  ^  =  TTg   =  ~§~  ^  3V3  ; 

then    2xV3   -   3j/V2    =    6V3   x  aJ3  -   3y^l2   =    18   -   3yV2  =  6 

12 
.-.  3yV2  =  12  and  •'•  2/  =  3/2  =  ^2 

76.  -S^  of  1  +  3  +  5,  &c.,  =  {2  +  (n-  1)2}y  =  (2  +  2n  -  2)-^  =  w^ 


n  n 

2 

n 


S  to  in  terms  =  {2  +  (Jn  -  l)2}y  =  (2  +  n  -  2)—  =  K; 

then  sum  of  last  half  of  the  series  =  71^  _  _  =  3^2  _  3  times  ^w^ 

a^  +  2ab  +  62       (a  +  b)'^ 
77.  The  ^.  mean  is -r =  — —r — ,  and  the  H.  mean 

a"  -  2ab  +  b'^      (a-  6)^  

is ^ =  — ^ —  I   then  Art.  262,  the  G.  mean  =  'JJIH 


a^b^  ab  ab      ~    b 


a 


r(a  +  b)\a-b)^      (a  +  b)(a-b)       a^  -  b^       a        b 

2ac  2ac 

78.    By  Art.   260,  it  appears  that   H  =  .-.  b  -  — — , 

substitute  this  for  6 

a-\-  c  1 

Then 


:iU9.  Ex.  78-81.!  ALGEBRA.  1^* 

1  1  I  ac  -  a*  ■{:  ac  -  (^      _ 

•*■  ac  ~  a(c  -  a)      c(a  -  c)  ~  ac{c  -  a)^«  -  c) 

2ac  —  a^  —  c^ 

.-.    1  = r-z r  ,',   2ac  ~  a^  -  c^  =  lac  -  a^  -  <?•.    Now 

(c-a)(a-c) 

reversing  the  steps  of  this  operation,  we  shall  have  proved 

the  point  required. 

X  mx 

79.  V  =  r  +  s  +  t,  and  s  =  m — ,  and  t  =  nxy'^  .-.  v  =  r  +  —  +  nxy^ 

0  =  r4-m+n      "^ 

8  =  r  +  771  +  2771  V  From  these  equations  r  =  1, 77i  =  -  }|,  and  7i  =  -j^,- 

l=r+0+o) 

771X  X 

.'.v  =  ri-Y  +  nxtf=  1  -  Pay  +  "iVy" 

80.  {(a  +  b)x  +  (a  -  6)}{(a  +  b)x  -  (a  -  b)\  =  (a  +  bfx^  -  (a  -  by 
=  iab  .-.  (a  +  6)^x2  =  4a6  +  (a  -  b)'^  =  (a  +  6)^  .-.  z^  =  i  ...  x  =  j-  I 


(H)y 

-  —  =  x  +  —  .-.  a'j 
a             ax 

'  -  ab)x^  -  b^r    = 
b'x                        b^ 

;  aV- 

-rf&x2- 

62x 

6* 

>»'    - 

a(a  - 

6)' 

a(Gi 

-  b)    ^    4d' 
Aab^(a 

(a   - 
-6) 

6)2   -    4a2(a  - 
6*  +  4a262  -  4fl6' 
4o2(a  -  6)2  • 

by  ■'■ 

•  4a6 

a(a   - 

i      b' 

b) 

4a'-'(a  - 

b)-'  "*■  4d\a  - 
f  4a2-  4a6 

.    X   = 

2«(a 

-6) 

nrai 
^rst 


2a(a-6)  '  '  2a(tt  -  6) 

81.  Product  of  first  two  factors  =  d^  -  l"^;   hence  product  of 

first  three  factors  =^.a*  -  6*,  aud  product  of  first  four  %ctors 

*  -  6*.     Hence  it  ia"  evident  that  the  exponent  of  a  or  of  6  in 

irst  term  is  2",  in  product  of  first  two  terms  2^,  in  product  of 

first  three  terms  22,  of  four  factors  2',  of  five  2*,  aud  so  on  ;  hence 

the  exponent  in  the  product  of  first  n  factors  will  be  2""*,  and 

If  the  series  to  n  4-  1  factors,  the  exponent  will  be  2".     Hence 
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KEY  TO 


lis.  Ex.  82-87 


1 
-  9 


l-((^  +  b\-p)  +  (ap  +  bp--c  +  q)~(aq  +  bq-  cp)  -  qc 


(ap  +  bp) 
9 


—  cp 
+  {aq  +  bq) 


+  qc 


+  0 


1  -  (a  +  6)         -         c 
Hence  quotient  =  a;^  _  («  +  6)^  _  c 

83.  f(a2x6    4-  '2a6a:4  +    52^2)    ^    ^gocx^    +    26c)    +    c'^x  -  ^\^ 
=  l(ar'  +  bxY  +2XCX-  \ax^  +  bx)  +  {ex  "  i)^i^  =  ax' ^bx  +  cx'-^ 
(x--a)(a:  +  &)  +  (a:  +  u)(x-6)     (x-g)(x -6)  +  (x  +  a)(x  +  &) 
(x2-o^)(x2-62)  ■=■  (a;2-a2)(x''_60 


84. 


(a:2  -  a2}(a:2  -  P) 


'  x'^-ax-bx  +  ab-^x^-\-ax-\-bx  +  ab 


x^-ax  +  bx-ab-kx^+ax-bx-ab 
^  (j;2  -  a2)(x2  -  62j 

-  ^^^  -  ^"^     a:2  -  a6 
""2x2+  2a6  ~  a:'-*  +  ab 

85.   G.  C.i»f.    of    (x^    +   px    ^   p^)(x^    -  px    +   p^),    and 

(^2  +  px   +  i)2)(a:2  +  ;,a:   -  p^)    is   evidently   a:^   +  jjx   +  p\ 

Otherwise  by  ordinary  rule,  thus  : 

X*  +  p-'x'  +p^)x^  +  2px^  +p^x^  -  ;,4(1  x^+px+  p2)a:3  .^s^^.  _^ 

x*+;72^2  +  p*  _^!+p^lj:^'a: 

-J[>x2-;)2x-»3 


2px^-p*=2p(x''^-p^) 


x^  -  p^)x*  +;j^a;2  +  p4(x 
a;*  -j3^a; 


•px^-p^x-p^ 


^X2  +;)3x  +  p4  =^2(X2  +  ;,X  +;)2)  .'.   G.C.itf.  =  x2  +  ;)X  ^ p^ 

^^Cc  +  5)(a:-4);    i-a^Ca:  -  6)(x  +  5);    and  V'(x  -  6)Gr  -  4). 
Hence  hem..  =  ^Y-(^  +  5)(a;  -  4)(a:  -  6)  =  ^x'  -  Sa:^  -  26a.-  +  120) 

,       2(a^  4-  1) 


a6  +  1\2       1 


/q6  +  1\ 

_  a^  2ab  +  b'^ 
"      (a2  ~  1)2 


«-=  -  1  '    "  a 

a^t^  +  2a6  +  1  4-  «2  -  azja 


+  1)   'fab  4-  1\^ 


1  4-  b' 


U2-1 

a6  4-  1 


X  - 


(a2-l)* 
a  4-  6        ,         ab-hl±(a  +  b) 

^ri»  a^^  ^  = a^-n — 

(a6  4-6)4-(a4-l)  ^  6(a4- 1)  4- (a4- 1)  _  (&4-l)(tt4-l)       6  +  1 

(«-!)(«+!)  ""  a^' 


a^^ 


a^-l  (a4-l")(a-l) 

»6  -  6  -  g  4-  1       (6  -  l)(g  -  1)       b-l 


(a  4-  l)(a-l)  ~  a4-l 
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88.  Multiply  both  numerator  and  denominator  of  the  first 
factor  by  x ;  then 

74_a..-^_2(x2-l)  *  (^i^l  j  ""  X  \x^  -  1)  -  2(a:2-  i)  *  \^xH  1  j 
/.r  2(a:*  -  a-^'  +  1)  +  2\  fx^-  l\  _  /x^  -  1  +x-=^  +  2\  /^^-  1\ 
(^x - ^(x-i  +  x^  +  1)  -ly  (^i^TJay  -  (^x^  +  1  -  a:-2  _  2y  \x^^rlJ 
/x2  4-  1  +  a:  -  2N   /x2  -    1\       /x*  +  x2  +  IN   /x^  -    1 

"'  (^x^^TiT^^J  (^x2  +    ly  -  (^x*-x2+  ij  (^x2  +    1 


X6    -    1 

xMTi 

n-1 
89.  Let  n  represent  any  square  number ;    then  — ^  will  be 

n+1 
'~2~ 
2-2n  +  l      47i  +  n2-2n+l      n2  +  2n  +  l 


half  the  next  lower  number,  and  — r—  will  be  half  the  next  higher 


/n-lY  n" 

Then  n  +  (  -y-  j    =  n  +  - 


4  4  4 


90.  Let  X,  y  and  z  represent  the  number  of  hours  taken  by  ^, 
B  and  C  respectively  to  fill  or  empty  the  cistern ;  consequently, 

1  1 

in  1  hour  .4  will  fill  — th  of  it,  B,  — th  of  it,  and  C  will  empty 
X  y 

1 
— th  of  it. 


i.  e>  once  the  contents  of  the  cistern 


5       1 

%  and  the  third  by  \ 

~  3  ^T 
=  1 

\f^l  =  \;  ;  whence  -//  =  i  or  y  =  3 
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TT.An^'^      5      27      5  5      27  15        1       1 

7       3       7       3  7       7  11 

Also  —  —  —  =  - r=l.*-:r-  =  — :  or  —  =  —  •  x  -  i 

91.  2a;°  +  2a;4  -  5x=»  +  4x2  _  9 

3 
So:*  +  3r*  -  lOa^  -  x -i-  3\  6x«  +  Sx"^  -  I5a;«  +  12x^  -  27(2x 
/  6xg  +  6x*  -  20x^  -    2x^  +    ex 

5x3+  i4a;2_    6^-27 

Sx*  4- 3x3  -  10x2  -  X  4- 3(3x  -  27 
6 
5ar»  +  14x2 ^  g^ _  27\  15x*  +  iSx^  -  50x^  -  5x  4-  15 
y  15x^  +  42x3  _  18x2 -81x. 

-27x3-32x2+  76x+  15 
5 
'  -  135x3  -  160x2  +  380x  +  75 

-  135x3  -  378x2  +  I62x  +  729 
218x2+ 218x- 654 

2^2  +  ar  -  3\  5x3  +  14^2  _  6^  .  27(Bx  +  9  ^  ^^^^'''  ^  ""  ""  ^'^ 

75x3+^2  _  j5^ 

9x2 +9x-  27 

9x^+9x-27 

92.  I.   c.  m.  of  (ax  +  6)(px  +  5),   and   (ax  +  bXqx  -  p) 
=  (ax  +  bXpx+qXqx-p) 

=  0/7^x3  +  (ag^  +  6^5  _  ap2^x2  _  ^„^^  ^  ^^2  _  j^2)^.  _  j^^ 

/.  c.  m.  of  x(x  -  y);    (x^  +  2/*)(x^  -  y^);   and  y(x  +  7/), 
that  is  of  x(x*  -  2/*)(x^  +  xV  +  7/^)  ;   (x*  +  7/)(x^  -  3/^). 
and    7/(x*   +  7/*)(x*  -  x*7/^   +  y^)    =   x(x    -    y)(x   +   7/)i/ ,, 
=  x2/(x2  -  2/2)  =  x3j/  -  x?/3  *  : 

93.  (i)  Multiplying  by  273,  we  have 

91x  -  182a  =  78x  +  234a  -  2 Ix  -  42a;   or  34x  =  374a,  whence 
X  =  11a 
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(ii)  Reducing  first  member,  and  also  the  second  member, 

z  —  5a:  —  5  11 

—^  =  -2-rT  5    ^^  dividing  by  x  -  5,  we  have  —  =  ^^  _  ^, 

whence  x'^  -  1  =  6,  or  x^  =  7,  or  .r  =  +  ^7 


(ill)  Squaring  each  side,  a:  +  4  4-  2V2r2  +  14a;  +  24  +  2x  +  6 
=  3x  +  34  .-.  2V2a;=^  +  14x  +  24  =  24  ;  or  V2a;^  +  14x  +  34  =  12 
.-.  2x2  ^  14J.  +  24  =  144,  or  x2  +  7x  =  60  ;  x^  +  7x  +  Q^  =  60  +  ^^ 
^  2f  ^  .-.  X  +  i  =  +  J/  .-.  X  =  5  or  -  12 

(iv)  x-//   -    X-  +    3x-i/    -    3y    =    ^/x^~+~3y,   but    x^y    =    5 

.-.  5  -  x2+  15  -  3y  =  V-r^+  3y,  or  20  -  (x^  +  3y)  =  -^x^  +  3y . 

.-.  (x2  +  3y)  +  V^^TSy  =  20  .-.  (x2  +  3y)  +  (x^  +  3y)^  +  i  =  ^4^ 

.-.  (X-  +  3r/)'  -  +  1-1=4  or -5;  squaring-  these,  x2+  3t/  =  16  or  25. 

5  5 

But  since  x=^  =  5,  x^  =  —  .-.  —  +  3y  =  16  or  25.     Hence  3y^  -  ISy 

=  -  5  ;  oY  3y^  -  25y  ^  -  5.     From  first  of  these  equat.  y  =  5  or  J. 
Hence  x  =  1  or  +  V^S 

94.  (X  -  2)(x  -  3)(x  -f  2  -  V  -  3)(x  +  2  +  V~^^) 
=  (x2  -  5x  +  6)(x2  +  4r  +  7)  =  x*  -  x^  -  7x2  -  9x  +  42  =  0 

95.  a-a  +  7n  +  a-in  +  m-a  =  ni 

96.  a«  +  i9  =  a8  +  2a*64  +  6«  -  20*6*  =  (a*  +  6*)^  -  (a'by2y 

=  (a*  +  64  +  a26V2)(a*  +  6*  -  a^by2) 

2ab 

97.  Since  Art.  260,  j1=  l(a  +  b);  H=  ^^,  and  G  =  V^.  we 

have  by  substituting  these  values  for  ^,  H  and  G 
2ab  /  2ab  \  /  2ab  \ 


2ab  / 

lLt=  1  +  i^ 


+  6        ^J  \a+  b 


a-i-  b  ab 

2 

4a6       _  (2aZ>  -  g^  -  aZ>)(2a6  -  6^  ~  aZ>> 

^"^  (a +  6)2  -  ^  +  a6(a4-6)2 

4a6       _  ab(a  +  bf  4-  (ab  -  a2)(a6  -  b^ 
°'*  (a  +  6)2  -  ab(a  +  bf 

^     a6(a  +  6)2 +fi(6-a)(a- 6)6      a6(a  +  6)='  +  a6(6-a)(a-6) 

'.  4a6  = r — ■ =  1 J 

ab  ab 


^*^  KEY  TO  [Mis.  Ex.  97-lfX). 

or  4a&  =  4ab 

98.  Let  X  :--  minute  divisions  the  hour  hand  passes  over ;  then 
12a-  :=  divisions  passed  over  by  minute  hand.  Also  60  + 
=  minute  divisions  passed  over  by  minute  hand  between  two' 
successive  transits  .-.  Ux  ^  60  +  a:;  or  llx  =  60  .-.  x  =  5,^/ 
=  minute  divisions  passed  over  by  hour  hand,  hence  time  in' 
minutes  =  5-/i-  x  12  =  1  h.  5^^j  m. 

99.  Let  X  and  y  =   sides   of   rectangle  ;    then  xy  =  area 
(X  +  aXy  -  i)  =  xy  +  a7/-bx-ba  =  xy 
(X  +  cXy  -d)  =  xy  +  cy-dx-cd  =  xy-e 
mj-bx.=  ab       ^       ady  -  bdx  =  abd 
cy  -cl,v  =  cd~ej   "  bq/  -  bdx  =  bed  -  be 

•'•  (be  -  ad)y  =  bed  ~  be  ~  abd 

b(cd  -  e-  ad) 

whence  v  =  -- ^— ; — 

^  be -ad 

Also  acy  -  bex  =  abc 

acy  -  adx  =  acd  -  ae 

{be  -  ad)x  =  aed  -  ae  -  abc 

.  a(ed-e-be) 

Whence  x  = ; ; — - 

be -ad 

If  ad  -  be,  and  be  +  e  =  cd 

Then  X  =  ^[^^  -  (be  +  e)]  _  axO        0 

be -ad  ~      0      ~  "o'  -  ^^y  ^^^o^^^iatpvor 

Also    '/  -  H^d_-_e_-_ad)       b(cd  ^  e  -  be) 

be  -  ad  ~  "_       be  -  ad         '    ^'''"'^^  '"^  ~  ^'^: 

bjcd-^e^+bc)]       6x00  ; 

be  -~ad         "^  ~o~  "  "o"  a-  b      ~ 

iooYi-^'y=i.-^^^:i:^-i     '^^,  ,   «-6    .     ' 

V       ^~bj  x-2b-ha~^^^^T^l^or-—jyvYit(}y 

Then  (l-yr=l-j^',    orl-3y  +  3y' -  y^  =  i  .  Jl- 
y  1  +  2/ 
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-  3  +  3y  -  y2  = 


1+y 


or  2i/-  y^=0  .-.  2y^=  y^]  or  2  = 
or  2x  =  a  +  b,  whence  x  =  ^(a  +  b) 

101.        1.5+     0+    0-    3+    0+    1 
+  2      +  10  4-  20  +  10-46 
-  3  -15-30-15  +  69 


-  3  +  3y  -  ^  -  3y  +  31/2  -  t/»  =  -  3  ; 

a-b 

'.  r  =  2  .-.  2x-26  =  a-6; 

X  —  0  ' 


+  0+  0+  0+  0 
-  122  -  104  +  158  +  628 
+  183  +  156-237-942 


5  +  10  +    5-231-61  +  70 

1-61  -53   +    79  +  314  +  391 
61X-70 


5x3  +  iQ^2  +  5j:  _  23  - 


2a;  +  3 


or  5x^  +  10x2  ^  5j. 
+  391X-*  +  Ac. 


23x0  -  61X-1  -  52x-^  +  79x   ^  +  314x-* 


102.   G.C.M.   of   (y  -  3)x^  +   (y^  -  9)x  -  y(2y'  -  Sy  -  9) 
and  (y  +  l)x^  +  2(y  +  l)2x  -  y(3y^  +  5y  +  2) 

-  G.C.M.  of  (y-3)x2+  (y  -  3)(y  +  3)x  -  y(y  -  2){2y  +  3) 

and  {y  +  l)x2  +  2(y  +  l)2x  -  y{y  +  l)(3y  +  2) 
=  G. CM.  of  x2  +  (y  +  3)x  -  y(2y  +  3)  and  x^  +  2(y  +  l)x  -  y(Zy  +  2) 
G.C.3/.  of  (X  -  7/)(x  +  2y  +  3)  and  (x  -  y)(x  +  3?/  +  2) 

-  x-y.    See  Algebra  Art.  73 

If  the  student  does  not'  clearly  understand  this  method  of 
factoring,  he  may  obtain  the  G.C.M.  by  rule. 
Thus  x2  +  (y  +  3)x  -  y(2y  +  3))x''*+  2{y  +  l)x  -  y(Zy  +  2)(l 

x'  +     (y  +  3)x  -  y(2y  +  3) 

(y  -  i)-r  -  y(  y  -  i) 

;  hen  X  -  y)x-  +  (y  +  3)x  -  y(2y  +  3)(x  +  (2y  +  3) 
x^-xy 


(2y  +  3)x  -  y{2y  +  3) 
(2y  +  3)x  -  y(2y  +  3) 


Hence  G.C.M.  -  x 
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When  y  =  1,  the  given  quantities  become  -  2x^  -  Sx  +  10,  and 
Ix^  +  8x  -  10,  of  which  the  G.C.M.  is  evidently  x^  +  4x  -  5 

103.  a  =  w6^  and  c^  =  nh^  .-.  c  =  n^b^  .-.  ac  =  mnh'^  .-.  ac  oc  b^ 

104.  (a^f  +  (»i*/  =  (a*  +  7ft*)(a8  -  a^m*  +  m^)  =  (a^  +  a;nV2  +  m^ 


(a^  -  rtmV^ 

5  +  7ft2)(a4  +  ahn^^JZ  +  m'^)(af^ 

-  a^inS3  + 

7n*). 

See 

problem  23  in  Miscellaneous  Exercises. 

-  (P  -  qy 

+    qy  -   P"    ~ 

fwi    +    (p    - 

-  q)]\ni  - 

(P    - 

q)\ 

^"''-  On 

{(7n    +    5) 

-  i>}{(m    + 

q) 

+  p] 

(7n  +  p- 

q)(m  -p  +  q) 

7n  +  p  -  q 

0»"-p  + 

fXm  +  p-^q) 

m+p  +  q 

. 

p'-iq  -  11 

ly         (p  ^  q   • 
q'   ~    (m  +   p 

f  7ft)(p  +  q 
-  q)(m  +  p 

-  m)        p 

+  q 

-  m 

(m  +  py- 

+  q)         m 

+  p 

■+    q 

q'  -  On  - 

P)^          (9  -  Wi 

I  +  p)(q  +  m 

"  p)       q 

+  m 

-  P 

(p  +  qy  - 

.  m-^    -    {p  +  q 

+  m)(p  +  q 

-  m)    "   p 

+  q 

+  m 

.-.  sum  of 

three  fractions 

m+p-  q- 
~  m+p  +  q"^ 

p  +  q-m 
m  +  p  +  q  ■*" 

q  +  m-p 
p  +  q+m 

m+p  -  q 

r  +p +  q -m  +  q 

+ m -p      m+ 

p  +  q 
p  +  q  - 

^ 

an+p  +  q 

m  + 

106.  2  X 

2«  +  22'  =  80  .-. 

22*  +  2(2')  + 

1  =  81  .-.  2*+  1 

=  9 

2'  =  8  =  2^  . 

•.X  =  3 

107.  Let 

a;2  -  8x  +  22  = 

=  m,  then  x"^  • 

-  8x  +  16  : 

=  m  - 

-  6; 

or  a*  -  4  =  +  V"i  -  <ij  and  x  =  4  ±  *Jm  -  6,  in  which  m  -  6  cannot 
be  negative  if  a:  be  real,  that  is  m  must  not  be  less  than  6 

108.  If  a,  5,  c  had  each  oc  d;   then  a  =  md,  b  =  nd  and  c  =  pd 
.-.  «6c  =  mnpd^j  that  is  a6c  oc  d^ 
Now  by  hypothesis  a  cc  d^  .-.  a  =  md^  .-.  a^  =  mH^ 
Also  6^  oc  nd*  .*.  6^  =  nd* 

And  c' oc  -r  .-.  c^  =  pd'^ 


Then    taking    cube  root  of   each   side,   abc  =  J^m^np  x  c? 
.-.  abc  oc  d'  oc  as  if  each  of  the  three,  a,  b,  c,  varied  directly  as  d 
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109.  5„  of  I  +  3  +  5  -f  &c.  =  «-.  (See  Ex.  LIX,  Example  13). 
S^  of  (2;n  +  1)  +  (2/«  +  3)  +  (2m+  5)  +  &c.  =  {2(2m+  1)  +  (/i-  l)2}y 
=  (i:n  -^  2  -r  2/i  -  2)—  =  (4/n  +  2/z)--  =  (2//i  +  n)n  =  2mn  +  n'', 

aud  it  is  manifest  that  the  latter  sum  exceeds  the  former  by 
2m/j,  i.  e.  by  twice  the  product  of  m  and  7i 

$        m 

110.  Let  $  and  y  be  the  roots,  then  /3  :  y  ::  -JJi  ".  ?i  .*.  — '  ~  "^ 

6  c 

And  Art.  208  Cor.,  /3  +  -/  =  -—,  and  /Sy  =  — 


Then  Art.  106, 


b_ 

$  +  y     7n  +  n  a      m  +  n 

y     ~      71    '  ■  ■      7      ~      n 


b         n  m  m  h         n  b        m 

'  ~       a      m  4-  ;i'  '  n       '^      n  a      m  -r  n         a      m  +  Ji 

/     b         n    \  /    b        m    \     b^         mn  c 

c       b'^        mn  arc         mn  b^      (m  +  n)'^ 

a  ~  a*    (m  +  7i)- '  ^  ~  (//i  -«)-"'  ac  ~      mn 


111.  The  denominator  =  d\b  -  c)  +  6-c  -  Jc^  -  6^a  +  ac^ 
=  a\b  -  c)  +  hc(b  -  c)  -  a(62  -  c=^) 
*  =  (&  -  c){a2  -  a(6  +  c)  +  5c} 

=•(6  -  c)(a  -  fc)(a  -  c) 
Similarly  the  numerator  =  a\b'^  -  c^  +  b^c^  -  bH^  -  a^b*  +  a^c* 
=  a*(62  _  c2)  +  62c2(i2  _  c^)  _  a^b*  -  c*) 
=  (62  _  c2){a4  -  a2(62  +  c^)  +  JZc^} 

=  (62  _  c2)(tt2  _  62)(a2  _  c2) 

(//-c2)(a2-62)(a2_c2)  ^^  ^       ^^ 


176  KEY  TO  [Jlia.  E^.  112-llS 

112.  (ii)  Every  number  is  of  the  form  of  3/1  or  3n  +  I  .•.  everj' 
square  number  is  of  the  form  of  9^^  or  9n^  ±en+lj  the  former 
is  evidently  divisible  by  3,  and  the  latter  becomes  so  when 
increased  by  2. 

(i)  Of  any  three  consecutive  integers,  one  must  be  divisible 
by  3,  and  since  every  even  integer  is  divisible  by  2,  and  two  of 
the  given  integers  are  even,  it  is  manifest  the  latter  of  the  two 
even  integers  is  divisible  by  4,  and  hence  that  the  product  of 
the  three  given  integers  must  be  divisible  by  3  x  2  x  4  =  24 

113.  {n(n  -f  l)f  -  \n(a  -  l)f  =  n'{(n  +  l)^-  (^n  -  1)2] 
=  n\n  +  l-n+  l)(n  +  1  +  Ji  -  I)  =  ii- x  2  x  2n  =  4n?  '• 

114.  X  = .-.  X  +   1   =  ,   and  x^  +   1  =    -ii_lJfJ 

1  +  ^        ^,        ^  ,         (l+a)(l+6)  2(1 +a6) 

r2(l    +    a'0|.         2 

^^^"  (a:7y  +  l)(a^+  1)  ""  t/  +  1  ~   J      2(1+ aft)     T  -"T" 

l(r-a)(l-6)j(«^+l)       1^6 
2  (aft   +    1)(1   +    g^) 

-  (!-•«)'  1    -  j  _  (1   -  a)(l   -  6)       1-6 

~  2(1   +  ab){d'  +    1)  "  1    -   a  -  (i   _  a^         "^  i  '-   a 

(1   -  a)(l    -   b) 
_  1_6       1^  ^ 
~   1  -  a       1  -  a  ~ 

115.    1|'7  +  21  +33  +  35  +  21  +  7 
-  l!    -    7-14-21-  14  -  7 

"7  +  14  +  21  +  14.+  7  =  7x*  +  Ux^y  +  21xV+  14a:y'+  7^* 
117  +  14  +  21  +  14+7 
_  1     _    7_    7_    7 

-1 -7-7-7 

'7  +    7  +    7  =  7x*  +  Ixy  +  7^-* 


Mig.  Ex.  116-120]  ALGEBRA.  17' 

116.    8  +  4-6-1  +  1)72  +  36-68-16+  16(9 
'72  +  36-54-    9+    9 
-  14  -    7  +    7 
-7)  2+    1-    1 
2  +  1-1)8  +  4-6-1  +  1(4  +  0-1 
a  +  4-4 


+0-2-1+1 

-3-1  +  1.-.  G.C.iW.  =  2x2  +  a:~l 

117.  (2x^  +  x-  l)(9x2  -  4)  =  (2x  -  l)(x  +  l)(3x  +  2)(3x  -  2) 
(2.t2  +  X  -  l)(4a:2  -  1)  =  (2x  -  l)(x  +  l)(2x  +  l)(2:c  -  1) 

118.  l.c.m.   of  denominators   =   8(1   +  a:-)(l   +  a:)(l   -  x)^ 
.'.  the  given  expression  = 

6(l+a:)(l+a:^+3(l-x)<l+a:)(;i+z2)  +  (l.a:)'(l+x^.2(l-a:)^(l+ar) 
8(1  +  x)(l  +  a:2)(l  -  xy  " 

_  8  +  83:  +  8x'' 1  +  X  +  x^  1  +  a;  +  x2 

-  8(1  -  x^)(l  +  x^)(i  -  X)  -  (1  -  x*)7rr^)  =  i.x-x^  +  x^ 


-("¥)(.-¥) 


+   ax  =   (X  +  5a)(x  -  3a)  +  ll| 


15a 


.•.x2  4-2ax-  — =  x2+2flx-15a+lli;  2ax-2ax  =  15a--^- Hi 

.-.   x(2a  -   2a)   =   I^^LTJL^     .     ^  _  _45a-45_       45a  -  45 

4          •  •  4(2a  -  2a)  ~          0 

.-.   it  is  an  indeterminate  equation.  If  a  =  l  it  becomes  au 
identity. 


120.  (I)  If  a,  b,  c  are  in  H.  Pros'.,  — ,  -j  and  -i-  are  in  A.  Prog. 


2      1 

1 

b  +  c       a  +  c 
be  ac 


Also 

CO         \c     •     aj 

M 


178  KEY  TO  [Mis.  Ex.  120-124. 


a+c     a+  b     6  +  c     tf+c       a+  b  a+  c         b  +c 

.'. r-  =  —, .-.  — T~, and  -T —  are  in  A.  P. 

ac         ab         be         ac  ab  '    ac  be 

ab        ae  be 

And  — — r,  — ; —  and  7 are  in  If.  Prog. 

a+  b^  a+  e         b  +  c  ^ 

1111 
(11)  Since  -v-  -  —  ~  '~"~'T}  ^^  ^^^^  multiplying  by  a  -f  6  +  c 

a  +  b+c       a  +  b  +  c      a  +  b  +  c      a  +  b  ■{■  c 

b         ~         a         ~         c  S 

a+c  b  +  c  a+b  a+  c 

••■  — +  1-  — -i  =  — •+1--T-1 

a  +  c      b  +  c      a+6      a  +  c 


b  a  c  b 

b  +  c    a  +  e           a  +  b 
.-.  ,  — ; —  and  are  in  A.  Prog. 

c 

121.  A  cc  b  and  c  cc  d  .-.  a  -  mb,  and  c  =  "iid^  .'.  d-  — 

m 
Then  ad  =  — be  .-.  adcc  be 
n 

122.  Area  of  circle  varies  as  <radius)2  .*.  area  =  wi(radiu8)2 
.♦.  area  of  circles  =  m9  +  m9  +  ml6  +  m25  +  m36  +  m49 
=  by  addition  to  7nl44  =  ml2^  .-.  radius  of  resulting  circle  =  12 

n  3   ' 

123.  S  -  {2a  +  (n-l)d}—  =  {22  +  (3  - 1)^}^  =  sum  of  1'*  3  terms 

9 
=  {22  +  (9  -  '^)d\-^  =  sum  of  P'  9  terms 

.-.  (ll+rf)3  =  (11  +  4(i)9;    11  +  d  =  33  +  12i  .-.  lid  =  -  22 
or  d  =  -  2  .-.  series  is  11,  9,  7,  5,  &c.  1 

124.  Let  m  =  the  m^^,  and  n  -  the  n^^  terms  of  a  G.  series ; 
also  let  a  -  pt  term,  and  r  =  common  ratio,  then  m  =  cr"*-!  and 
n  =  ar'^  ~  ^ 

-m  - 1       ».7»  - 1  / «.  \  W -"ff 


m       ar 


n        ar 


n  -  1        «.n  -  X 


Mis.  EX.  124-127.]  ALGEBRA. 


179 


=(?) 


.-.  first  term  =  ^-^j        ,  and  common  ratio 

in  -  n 

,  Where  m  ^  the  mtn  and  n  the  n^^  terms  of  the  series. 
If  one  of  the  terms  be  taken  as  the  first,  the  above  becomes 

125.  a  =  3  ;  ar*  =  15  ...  ,4  =  j«  ...  r  =  ±  5.  Art.  254,  r  =  l^lf 
-  ^^r~3  -if  2  '■" ' 
"  2j',-  -  i5  ""  ■"p"  =  -  Y  .••  the  scries  i3  3-2  +  i-_-i  +  i? 

126.  5„  =  12a  +  („  -   i)rfj|_,    s^  ^  j,^  ^   ^^^  _  ,^^j^ 
and  S3„  =  I2a  +  (3n  -  l)df^.    Then  latter  half  of 
«■«=«»-»„  =  {2a  +  (2»  -  i)rfj«  .  ,2^  ^  („  _  j^_,j«^ 
=  an  +  |„^i  .  ^  =  „,  ^  (3„  _  ,j|  ^  j^^  ^  ^^^  _  ^^^^„ 
=  y(2a  +  (3»-lVj^ 

127^  Since    S,   and    S,   are    eaeh    to    n    terms,   we    hate 

S,  +  5.  =  l  +  5  +  9  +  4c.tont«rm3  +  3  +  7  +  lH-4c.tonterms 
=  1  +  3  +  5  +  7  +  9  +  11  +  &c.  to  2,  terms  =  f2„)^  .  4„. 

-  &c.  to  „  terms)^  =  (  -  2ny  =  in'  .:  5,  +  5,  =  («,  _  5  " 

When  S,  =  sum  to  n  -  1  terms  ' 

J.  +  S.  =  1  +  3  +  5  +  7  +  &c.  to  (2»  -  1)  terms  =  (2»  -  n= 
(^j-^.)'=(lM5-3).(9.7),4c.to(„-i),erms> 


180  KEt  TO  t^ls.  Ex.  128-133. 

128.  General  term  of  (1  +  a;  -  2) "  ^ 

/      iNr     HV  +  g)(P  +  2g)   • '  • '  [y-f-  (r  >  \)q\  ^ 

2-5-8 [2  +  (r-l)3| 

Wheu  (r  +  l)^i>  term  =  7"'  term,  r  =  6 

^,,.   .  s.  2-5-8-rM4-lT        „        2618       „ 

.*.    Y''*  term  =   /'   -    n^   y    r-vi  -  ,.  *  12 

^^°^        ^         ^-^      '^    1-2-3-4-5-6  X  3*^^  -    6561^ 

When  (r  -  1)"»  term  =  lO^^i  term,  r  =  9 

2-5-8-ll-14-l7-20*23-26  559130 

.MOtnerm.(-l)-^x   1.2.3.4-5-6-7-8-9  x  3^  ^'"-1594323^-" 

129.  (a;  -  l)(x  +  l)(a;  -  2)(x  +  2)(x  -  3  -  ^~^)(x  -  3  +  V"^) 
i=  (a:2  -  l)(x2  -  4)(a;2  -  6x  +  11)  =  a:^  -  3x5  +  6a;*  +  30^3  -  Sla:^ 
-  24x  +  44  =  0 

130.  (X  +  l)(.r  -  \){x  -  1)  =  a:^  -  a;2  -  X  +  1  =  0  ;  then 
x^  +  2a:*  -  3a:3  -  3a;2  +  2a;  +  1  4-  a;3  -  a:^  -  a;  +  1  =  a;2  +  3a;  +  1 
.-.  a;2  +  3x  +  1  =  0  ;  or  a;^  +  3x  =  -  1  .-.  x^  +  3x  +  Qf  =  ^  -  1  =  ^ 
.-.  a:  +  I  =  i  iV5,  and  x  =  J(  -  3  ±  V5) 

a  +  x     4c 

131.  Let  X  =  the  quantity,  then  7-7—  =  -y  .•,  ad-^dx  =  ibci  4ca;; 

46c  -  ad 
or  i/x  -  4cx  =  46c  -  ad  .*.  x  =  -7 — 7— 
rf  -  4c 

2  -  V3       4  -  2V3 


^^^'  2  +V3  "  4  +  2V3 


^V3_:iiV 

VV3  +  1; 


2-V3\  ^  ^    /V3  -  1\  ^  _  (V3-1)^(V3+1)^  _  (3-1)^  ^  _  VL 

2 + V3y  ~  \^V3  +  ly  ~        V3  + 1        "  V3  + 1  ~  V3  + 1 

133.  Multiplying  the  lower  equation  by  2  and  subtracting, 

y  1       2/  —  1 

we  have  Ty  -  22;  =  13  (iii)  .•.  3y  -  2;  +  y  =  C  +  ^  •'•  -^—  is  int. 

2/-1 
Let  -X-  =  / ;  then  3/  -  1  =  2^,  and  y  =  2^- 1.    Substitute  this 


MIS.  Ex.  136-126.1  ALGEBRA.  1^1 

in(iii,  and  :z  =  7^/ -  13  =14^+7-13=14^-6  .-.  z=1t-3, 
andy  =  2^+l.    Then,  if  ^=1,  we  have  y  =  3,  and  z  =  4,  and 

*°        ^n+i_yn+i     ^n4.a.n-iy^.a;n-2j^2  4.a.n-3j^3^&c.ton  +  lterms 

x"  +  x'*  +  x^  +  a;^  +  &c.  to  (n  +  1)  terms 
^  when  7/  =  X  to  — ^ 

1  +  1  +  1  +  &G.  to  71  4-  1  terms      n  +  1 


X' 


X' 


135.  Let  7M  be  their  G.C.M.,    and  gr  and  g'  the  quotients 
arising  from  dividing  them  by  this  G.C.M.    Then  mq  +  mg'  =  45 

mg  +  mg'       (/  +   g^  _  j45^  _  }^ 
and   mqcf  =   168.      Therefore        ^^^       =       g^^      "  168  "  56 

Whence  by  solving  the  quadratic,  or  by  inspection,  q=1&nd^ 

45         45 
r.  8,  and  m  =  — -;  =  tt  =  3  .'.  the  numbers  are  7  x  3  =  21, 

and  8  X  3  =  24 

1     a;2  -  2x  -  3       1     a:^-2x-15      ^    a:-'-2x-35  ^  92 

12^-  T  '  x^-2a;-8  '^'d  '  x'-2x  -  24  "  13  '  z^-  2x  -  48      585 

1     7/ -4'      1     y-16       ^   y-36  _  ^ 

Let  (X-  -  1)2  =  2/ ;  then  —  •  ^j^  +  y*  y  -  25  "  13  *  y  -  49  "  585 

1         1         2         92  .  J.       X         . 

vnw  —  +  ---  —  =  T^.'.  subtractmg  corresponding  terms* 
j<ow  5    ^   9        13       585 

1  1  2      _  _1_       _JL_ L_       _i_ 

^  "^773^"F49~^'  *'''2/-9  "■2/-49  "  y-49'"  7/-25 

y  -  49  -  y  +  9  y->25-y  +  49  -40     ^       24 

or  (y-— §)(y  -  49)  "  (y  -  25)(2/  -  49)  '  2/  -  9        7/  -  25 

or  57/  -  125  +  37/  -  27  =  0  ;    or  8y  =  152    .'.  y  =  19.     Then 
(x  +  1)2  =  19,  X  =  1  =  ±  Vl9  and  x  =  1  ±  ^19 

1    y-4    1     1    y-16   1    _2   yjije     2_92    1^  J.     2^ 

*^^"'6"^"5"'^9"^rr25"9~13'2/-49'^13     686     5     9^13 
1   y_4-y  +  9         1       y-16-y4-25       2y-3C-y  +  49_^ 

°''  ¥  7^9  "^9-  y-26  13  y-49  ~ 

1  5  1  9  2^     13     _Q    .^ 

''''    C      ^T-^"^  V  •j/-2&'l3  3/-4y 


182  KEY   TO    .  [MiB.  Ex.  137-139. 

137.  Let  X  =  V  ■\-  z,  and  y  =  v  -  z]  then  2xy  -  Ay^  +  x^ 
=  2(v^'-  z^)-  4(v^-.2vz  +  z^)  +  v^+2vz  +  z^:=4  .'.I0vz-v^-5z^=4 
Also  x^-y^  =  v'^+  ivz  +  z^  -v^  +  Ivz  -  z^  =  Axz  =  36  .-.  rz  =  9 
.-.  lOrz  -  v^  -  5^2  =  90  -  ?;2  _  5^2  _  4  ._  ^2  ^  5.2  =  gg 
.-.  t;2  +  lvz^ih  +  5^2  =  86  ±  18V5.  Extracting  square  root  (right 
hand  member  by  inspection,  and  left  hand  member  by  Art.  189) 
we  have  v  ±  zV5  =  9  ±  V5  .'.  Art.  186,  v  =  9,  and  ±  sV5  =  ±  V5 
.-.  z=  1  .-.  X  =  10,  y  =  8 
1  1 
"^^^'  81  ""  92  ""  ^"^  ""  ^^^  ""  ^)'^-  Expanding  by  binomial 
theorem,  we  have  (10-  l)-2=  10-2+  2  x  10-^  +  3-10-*  +  &c. 

+  •7-10   1  +  8-10-9  +  9-10-10  + 10-10-" +  &C. 

+  l7-10-i«  +  18-10-19  +  19-10-20  +  20-10-21+  &c.  to  infinity. 

Now  8-10-9  +  9.10-10  ^  10-10-11  +  11-10-12  +  12-10-1'+  &c. 

=  8-10-9  +  9.10-10  +  MO-io  +(1-10-11  +  1-10-12)  +  (1.10-12 
+  2-10-13) +  (l-10-iH&c.) 

=  8-10-9  +  10-10-10  +  i0-ii  +  2-10-i2+3-10-i=*  +  &c. 

=  8-10-9  +  1-10-9  +  10-11  + 2-10-12+ 3-10-13 +  &C. 

=  9-10-9  +  0-10-10  +  1-10-11 +.2-10-12+ 3-10-13  + &c. 

Similarlyfor  18-10-19  +  1910-20  +  20-10 -«  +  &c.  and  generally 

for  (10n-2)10-io«  +  i,  &c. 

.-.  (10-  l)-2..  10-2+ 2-10-3  + 3-10-*  + &c.  ^  7,10-8  +  9-10-9 

+  10-11  +  2-10-12  +  &c.  +  Y-lO-i^  \  9-10-13  +  10-20  +  2-10-21 

+  &c.  to  infinity  =  -012345679012345679,  &c.  to  infinity. 

Note.— The  point  in  this  operation  is  the  sign  of  multiplication,  and 
not  the  decimal  point. 

139.  ax^  -  hx  -  a^x  -  ab    .-.   ax"^  -  a^x  -  bx  +  ab  -  0  •    or 
(ax  -  b)(x  -  a)  =  0.    Now  if  we  assume  aa:  -  5  =  0  ;  or  a:  -  a  =  0  • 

the  equation  will  be  satisfied  /.  ax  ~  b  =  0;  or  ax  =  b  .•    x  =  — 

b  ^ 

Also  X  -  a  ~  0  .'.  X  =  a.     Therefore  the  roots  are  — ,  and  «, 

which  are  rational  if  a  and  b  are  rational. 


MiB.  Ex.  140-144.]  ALGEBRA.  183 

140.  z^+  (a  +  b)x  =  (n  -  l)ab  ; 
4x2  ^  ^^  ^  5)^.  4.  (a  +  by  =  4(n  -  l)ai  +  (a  +  6)^ 


2x  +  a  +  6  =  i  V4na6  -  4a6  +  a^+  2a6  +  6^  =  i  ^J4mb  +  a^-2ab  +  b- 
2x  =  -  a  -  6  +  V4na6  +  (a  -  6)^  .-.  x  =  J  { i  V^nad  +  (a  -  6p  -  (a  +  J)| 

141.  6x-v^  =  i;  ^-^V^  =  i;  ^-^V^+TiT=T^+fA-  =  iV4 

.-.  V^;  -  -f^  =  +  -f^-  .-.  *Jx  =  I  or  -  h  .-.  X  =  I  or  ^ 

143.  V-^  =  V^+~l  -  V"^-  1  .-.  X  =  X  +  1  -  2Vx^-  1  +  X  -  1 
.-.  -  X  =  -  2Vx^~l  .-.  x2  =  4x2  -  4,  or  3x2  =  4 ;  ^  _  a  ...  x  =  2^3 
143.  x^  +  xy  +  xc  =  a^  \ 

XJ/  4-  y2  +  t/-  =  62  \  .'.  b^  addition 
xs  +  yr  +  s2  =  c2  ) 
x2  +  2xy  +  2xz  +  1/  +  2yz  +  z^  =  a^  +  b'^  +  c^,  and  extracting  the 
square  root  x  +  y  +  z  =  ±  ^/a^  +  b'^  +  (^ 


X  ~    * 

6* 


X   +  V^  +   52  +  c2   .-.   y   =   + 


«2 

Va" 

+  62 
62 

+ 

C2 

Va2 

+  62 

+ 

T2 

C2 

—   =   ±   Va^  +  ^2  +  c2    .-.    z   =   ±  

144.  Let  ttil'^  +  ajjlO"-! +  03-10^-2  + &c.,  +a„.ilO  +  a^  be 
any  number  =  (10'^  -  l)ai  +  (10™-i  -  l)a2  +  (10"-2  _  i)a.,  +  &c., 

+  (10-  l)an-i  +  «i  +«2  +  «3*"*  +''n-i  +  fln 

Now  9  =  10  -  1,  and  each  of  the  coef.  (10"  -  1),  (10"  1  -  1), 
(l0"-2  -  l)-.-(10.-  1)  is  divisible  by  (10  -  1),  i.e.  by  9 
.-.  the  number  =  9m  +  ay  +  a^  +  a^  +  ••••  fl„.i  +  a„,  where 
n  is  the  quotient  by  dividing  (10"  -  l)ai  +  (10" -1  -  1)0^ 
f(l0"-2-l)a3+  ....  (10-lK_iby9 

Similarly  the  number  reversed  =  9771^  +  ^n  +  ^n -i  +  ^a-a 

f 03+02+0,. 

N'umber  x  4  -  SGttj  +  4a,  +  4a.  +40^+  •  •  •  •  4a„  .^  +  40,1 


184 


XEY  TO 


[Mis.  £z.  16-49. 


Number  reversed  x  5  =  45wii  +  5^^  +  5a„ .  j  +  5a„  _  2  +  •  •  •  •  +603 

.-.  sum  =  36»i  +  45nii  +  ga^  +9^2  +  Sttj  +   •  •  •  •  +  9a»  .  j  +  9a„ 

=  9{4m  +  57n}  +  a^  +  a^  +  ^3  +  *  •  *  *  +  fln-i  +  ^n} 
This  statement  may  be  generalized  as  follows : — 

General  Theorem. — Let  r  be  the  radix  of  any  system  of 
numbers,  then  if  any  number  in  that  system  be  multiplied  by  any 
number  n  and  the  same  number  reversed,  as  to  its  orders,  be 
multiplied  6t/  r  -  (n  +  1) ;  then  the  sum  of  the  two  products  thus 
obiairted  is  divisible  by  (r  -  1). 

145.  (a  +  b)(b  Jr  c)  -  {a  ^r  l)(c  4-  1)  -  (a  +  c)(b  -  1) 
=  aZ>  +  a<:  +  6c+i^-ac-a-c-l-a6  +  a-6c4-c  =  62-l 


-{(fy-3(f)-j(f-)=(fy-^=f 


+  27 


(147) 

cM^2ahxy+l^y+c^x%2cdxyHPy^+aY-2abxy+b^x^+cY-  2cdxy+d^x^ 
x'^  +  y^ 

=    ^Ty^ ^  =  a^4-6^  +  c^  +  ^ 

148.  ^/{a\x^  +  4a:  +  4)  -  2a(x  +  2)  +  1}  =  ±  {a(x  +  2)  -  1} 

149.  G.C.M.  of  a^  +  2ab  +  b'^  -  c\  and  a^  -  b^  +  2bc  -  c'; 
that  is  of  (a  +  6)2  -  c^,  and  o^  -  (6  -  c)^ ;  .that  is  of  (a  +  6—  c) 
(a  +  6  +  c),  and  (a  -  6  +  c)(rt  +  6  -  c)  is  evidently  a  +  6  -  c 


150. 


4  +  0 


+  0 
-2 
+  1 


4  +  0 


+5+0+1 
+  0 

-8  +  0 
+  4  +  0 


3  +  4  +  1  =  4x  - 


3x^  -  4x  -  1 
a;=*  +  2a:  -  1 


:iljs.  Ex.  150-155.] 
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+  0 


+  1 


151.  1 
+  1 
-  1 


4+0+5+0+1 
+0+0+0+0+0 

-8  +  0  +  6-8-14 
+4+0-3+4+7 


4  +  0-3  +  4+7-11-10 

4x-3x-i  +  4x-2+'7x-3„H2r-4-.10a;-5  +  &c. 

1+0+0+0+0+0+0+0 

+1+1+0-1-1+0+1 

-1-1+0+1+1+0 


1  +  1  +  0-1-1  +  0  +  1  +  1  + &c. 


=  1  +  X  -  x^  -  x^  +  x^  +  x"^  ~ 

(a^+b^f      a*+2a262+6* 
a*  -  2a262  +  6* 


a'  +  b^ 


d>+b^ 


(a+6)(a-6)     (a-6)(a+6) 


(a2+62y 

c(a  -  6) 


153. 


154. 


c(a  -  6)     _     c(a-b)       (a+c)(6+c) 
c(^a  -  6) 

1  1 


(a  +  c)(6  +  c)  '  (a  +  c)(6+c)     (a+c)(6+c) 
3(x  -  2)  X  -3  X 


(x-l)(r-3)       (x-l)(a:-3)       (x  -  l)(x  -  3)       x-2 
3(x-2)-z  +  3-x  +  l  1  x-2  1 

CT-  l)(x  -  3) 
(X  -  2)2  -  (X  -  l)(x 


3) 


(X  -  l)(x  -  3)(x  -  2) 

1 


x-2       (X  -  l)(x  -  3)       x-2 

x^  -  4x  +  4  -  x^  +  4x  -  3 

(X  -  l)(x  -  2)(x  -  3) 


(X  -  l)(x  -  2)(x  -  3) 

f(xy  +  1)  +  2x|{(xy  +  1)  +  2j/|  +  (x  -  yY 


155. 


X=^2  4.  1  _  3.-8  _  yi! 


xV  +  2xy  +   1   +  2x(xy  +    1)    +   2i/(xy   +    1)    +   (x   +  y)^ 

x^^  +  1  -  x^  -  y^ 
(xy  +  1)^  +  2(xy  +  l)(x  +  y)  +  (x  +  yY  _      (xy  +  1  +  x  +  yY 
(xV  +  2xy  +  1)  -  {3?  +  2xy.  +  /)        ~  (xy  +  l)"-*  -  (x  +  y)^ 
(xy  +  X  +  y  +  1)^  xy  +  X  +  y  +  1  _  (x  +  l)(y+l) 

(xy  +  x  +  y+l)(xy-x-y +  1)  -  xy-x-y  +  1       (•i-l)(y-l) 


1^6  KEY  TO  [Mis.  Ex.  166-1&9 

156.  (i)  ax^  +  bx  +  c  =  0") 

2  .  ,  ^  }.  Divide  by  coeflacients  of  a;^  •  then 


c. 
And  x2  4-  -^a;  +  —  =  (a?  -^  r)(a;  ^  rg)  =  0 


X   4-      J-  J.  __  s  0   \ 

a        a  **     I  Let  r  and  r  j ,  be  roots  of  first,  and 

b         c 
Then  a;-*  +  — a;  +  —  =  (x  -  r)(a:  -  rj )  =  0 

x2  +  -la:  + 
(Zj         a 

Hence  in  order  that  the  equations  may  have  a  common  root, 

they  must  have  a  common  measure. 

(Ii)  Having  divided  as  before  by  coef.  of  x^,  let  r  and  r^ 

=  roots  of  one,  and  -  r  and  -  rj  the  roots  of  the  other  equation. 

6         c 
Then  *^+  — ^  +  —  ^  (^  -  0(^  -  ^-j)  =  x^  -  (r  +  ri)a:  +  rr^  =  0 

6,-     .c, 
And  a;2  +  —    +  —  =  (x  +  r)(a;  +  r,)  =  a;'-*  +  (r  +  ri)x  +  rr^  =  0 

6  6,  c  c, 

•'•  "7  ""  "  ^^  ■*■  ''J^  ""  "  ^'  ^^^  "7  "  *''i  =  ^-    ^^^c®  ^»  order 

that  the  roots  may  be  equal  in  magnitude  but  opposite  in  signs, 
the  coefficients  of  x  must  be  equal  in  magnitude  but  opposite  in 
.     sign,  and  the  coefficients  of  x^  and  also  of  a;*^  must  be  equal. 

i^T    2(ar  +  1)  -  (3a:  4-  4)       (2a:-  1)  -  (5a:  -  6) 

157.  _ ,  _ ^.^  -  3x  -  6 


158.  (X  -  l)2(x  +  4)  =  (X  +  3)2(x  -  2)  .-.  x^  +  2x2-  73;  +  4 
=  x»+4x2-3x-  18  .-.  x2+2x  =  11;  Va:=*+2x  + 1  =  +  ^B  =  +  2V3 
.-.  X  =  1  ±  2V3 

1  +  2x       2  +  2x  +  2VI  +  2x 

1^^-  r:rrx  =  2-2x  +  2Vnr2^'    extracting  the   square 

V1  +  2X         >/rT  2x  +  1 

root  of  each  aide,  ■    .  =  ±   ,  :  clearing  of  fractions, 

VI  -  2x        Y^  -  2x  -  1 
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Vl  -  4a;^  -   '^l  +  2x   =    ±   (Vl  -  4x^  +  V^  "  2x) 

.-.  (i)  Vl   -  4x^  -  Vl  +  2x  =  Vl~^~4P  +  Vl  -  2x ;    or 


-  Vl  +  2z  =  Vl  -  2a;  .'.  1  +  2x  =  1  -  2x  .-.  2x  =  -  2.r ;  or  a:  =  0 

And    (ii)   Vl  -  4a:^  -  VI   +   2x   =   -  Vl  -  4x^  -  Vl  -   2a; 
.-.    2Vl  -  4x^  =   Vl  +  2a;  -  Vl  -  2x 

Squaring,  4(1  -  4x2)  ,  3  -  2Vl  -  4x'^ .-.  2(1  -  4x2)  ^.  (j  _  4^2)2  ^  ^ 
.-.  (1  -  4x2)  +  1(1  _  4^2)i  =  ^   .,  (1  _  4^2)  ^.  1(1  _  4^2)i  +  a,  =  .^9^^ 

.-.  (1  -  4x2)^  +  I  =  +  5  ...  (1  _  4x2)2  =  1  or  -  1  .-.  1  -  4a?2=  ^  or  1 
.-.  4x2  =  I  or  0 ;  2x  =  +  ^3  or  0  .-.  x  =  ±  ys  or  0 


(n  -  1)2x2  -  2(71  -  l)2x  +  (n  -  1)2  +  471 
^^^'  (n  -  1)2x2  +  2(71  -  l)2x  +  (n  -  1)2  +  An  ^  ^ 
(n  -  1)2x2  -  2(71  -  l)2a;  +  (n  +  1)2       P 
•••  (Tt  -  l)2x  4-  2(7.  -  l)2x  4-  (n  4-  1)2  =  T  •••  ^'^'  1^^  ^^"> 

2(71-1)2x2+2(71+1)2    _    P+l  (n  -  1)2x2 +(7t+  1)2   _    P+1 

-         _  4(n  -  Ipx  ~P-1'*^^         -2(7i-l)-''x  "P-1 

.-.  (n  -  1)2(P  -  1)X2  +  (71  +   1)2(P  -   1)   =  -  2(7i  -   1)2(P  +   l)x ; 
or  (71  -  1)2(1  -  P)x2  -  2(71  -  1)2(1  +  P)x  =  -  (n  +  1)2(1  -  P); 

4(71  -  1)*(1  -  P)2x2  -    8(71   -    1)*(12  -   P2)x    +   4(71   -    1)^(1    +   P)2 

=  4(71  -  l)*(l  +  P)2  -  4(71  -  1)2(71  +  1)2(1  -  P)2.    Dividing  bj 

4(71  -  1)2,  (71  -  1)2(1  -  P^)X2-  2(71-  1)2(1  -P2)X  +  (71-  1)2(1  +  P)2 
=  (71  -  1)2(1  +  P)2  -  (71  +  1)2(1  -  P)2 

.•.(7l-l)(l-P)x-(71-l)(l+P)  =  iV(77-l)2(l+P)2-(7l+l)2(l_p)a 
.-.  (71  -  1)(1  -  P)X    =    (71  -  1)(1  +  P)  ±  ^iPli^  -   4P27l   -   471   +   4P 
...    (71    _    1)(1    _  P)x    =    (71    -     1)(1     +    P)    ±    2V(P71    -     l)(7l    -P) 
1  +  P  2  

•'•  ^  ~  r^  -  (71  -  1)(1  -  P)V(^"^  -  1)(^  -  ^) ;  where  in  order 

that  X  may  be  real  ^/(Pn  -  l)(n  -  P)  must  be  real,  that  is 

(Pn  -  l)(7i  -  P)  must  be  positive,  and  if  71  is  positive,  in  order 

that  (P/i  -  l)(7i  -  P)  may  be  positive,  P  must  neither  be  >  n 

1 

nor  <  — 

n 


I 


^^^  KEY  TO  CMI8.EX.1GI-166. 

161.  ^=  K^  +  6)  =  Kl  +  0  =  i  X  fi  =  1^  =  1-/^ 
^_    2a6      2x  jx|       2 


G 


v^=vr^=vi  =  i 


2a6 
^^^-  ^=  ^TTT  •'•  H(^+  Hb  =  2ab    '.   Ha  -  oft  =  aft  -  J/6 

'    ^Z£ZJL  _  H^H^h         (H-a)^H     H~iH-b) 

n-a     -     H-b     •'•     /r(if-a)    =  -HcH:rb)- 
...  -y,"^ Z _  ^  (H  -  6) 

thatisi    -i -L_    i  1      1  1 

And  ,-.  H^a,  Hand  Zf-  b  are  in  H.  progression  j  that  is,  His 
the  JEf  mean  between  H-a  and  fi  -  & 

163.  The  ni^  term  =  a  +  (;.  -  i)^;  ...  37*1^  term  of  the  series 
¥  +  ¥  +  V  +  &c.  =  3,^  +  (37  -  1)(  -  ^)  =  5.a  -  3^&  =  0 
*3i  =  {2  X  6  +  (31  -  IX-  i)P/  =  (12  +30X-  ^)3i=  7x^,1=  I08i 
^42  =  {2  X  6  +  (42  ~  lX-hW=(l2  +  U  x-^)21  =  (12-6^)21 
=  5i  X  21  =  108i  ...  531  +  S^^  =  1081  +  lOSi  =  217 

ifiA    <?       «(1-/-")     3J{l-(3)«}     i^ 

25     3"-r  ~^~^  "  ~^  '-  f^'  "  ^^^  =  "^^  "  ^'^^ 

165.  ^^=-^=-J L_l 

«      1-r     1(-,V)     1+1--  7  I 

a(l~r")      l>(-.4)^     l-(--4r      5r        /     2\^1 

^~   1-  =r^F^=-rT|-  =  Tf-(-TJ} 

166.0fistseries,5„={2  +  (n-l)l]|-  =  (n+l)|-,and5^=(p+l)| 

Of  2-'^  series  ^„  =  {4  +  (n  -  1)3}^  =  (3^  + 1)^,  and  5^  =  (3^;  +  1)-^ 

-J  "  4 
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Of  3^5  series  -S-n  =  {6  4-  (n  -  1)5}|-  =  (5n  + 1)-^,  and  Sp  =  (5jp  + 1) y 

n  n  P 

Of  4ti»  series  fi-^  =  {8  +  (n  -  l)7}y  =  (7n  + 1)^,  and  5^^  =  (7jj  + 1)^ 

n  n  X  ^        0- 

.-.  of  the  series  (n+  1)-^  +  (3»  +  1)^  +  (5»  +  l)-^  +  *c., 

n 
where  the  first  term  is  (n  +  1)^  *^nd  the  common  difference  is 

2n  X  Y  =  n2,  the  5^p  =  {2(n  +  l)y  +  (f-  l)w2}y  =  (n^ + n  +pn2  -  n^)- 
=  (n+pn2)y  =  (l+pn)y 

Also  of  the  series  (p  +  1)-|-  +  (3p  +  1)^  +  (.^P  +  1) y  +  *c. 
where  the  1«*  term  is  (p  + 1)^  and  the  common  difference  is2px-  =  p^ 
Sn  =  {2(P  +  1)|-  +  (n  -  1)^^}  Y  =  (;>2  ^.  ^  +  „^2  .  _p2)^  =  (p  +  wp2)_. 
=  (1  +pn)--  .-.  Sp  of  the  former  series  =  Sn  of  the  latter  series. 

167.  {(X  +  y)  -  V^}f(x  +  2/)  +  V^l  =  (^^  +  2xy  +  /)  -  a:y 

{(x2  +  y^  +  xy]{(x'  +  2/2)  .  xt/]  =  (x^  +  2/2)2  _  ^y  ^  ^i  ^  ^2^2  ^.  ^,4 

168.  8(52  -  3  X  8)^  +  0(52+  3x8)^  =  8(25  -  24)^  +  5(25  +  24)^ 
=  8Vl  +  5V49  =  8  +  35  =  43 

169.  Vl6a*-  Sea'^ft  +  2160-^62-  216a63  +  816*  =  4rt2-  12a5  +  962, 
and  V4a'^  -  12a6  +  96^  =  2a  -  36 

1        1        1  /  a        \        ^ ,  11  3c        26 

^^^•T-^-ii^^l^T-^^j-     ^^«^-26-3r  =  '"  66^*66^5 

a        c  *    3c         26 

but  since  T"  =  "T)  i^  follows  that  6c  =  ad  .-.   -   ^^  -  -j^ 


3c         26  c  6  f  c         \\        ( h 

Qad  "  6ad  2ad  "  Zad 

b 


111^         \_fa^         \       _i      i.      i.      i. 
•'•  T  -  26  "  3c  "^  4(/  "^   ad\^4    ■^7*"2^aJ"3''ad 

1  /a      6       c       \ 


^^^  KEY  TO  [Mis.  tx.  171-176. 

171.  J\faltiply  by  4<x  +  1),  and  8:.  +  12  =  4x  +  5  +  H^±1I' 
_    ,  3x  +  I 

Reducing  and  then  clearing  of  fractions,  we  have  12:r2+  25x  +  1 
=  12a;^+24a:+  12  .-.  a;  =  5 

x^  +  6a:  ""  d^+  ab  ''•  clearing  of  fractions, 
.-.  2a^x  +  2abx  +  a^b  +  ah^  =  2ax^  +  2a6x  +  Jx^  +  h'x 
.:  2ax^  +  6x2  -  2a'x  +  Px  =  a^b  +  aJ^ 
(2a  +  b)x^  -  (2a2  -  b^)x  =  ab(a  +  b) 
4(2a  +  6)2x2  -  4(2a  +  6)(2a2  -  b"^  +  (2a2  -  62^2 
=  4ai(a  +  6) (2a  +  6)  +  (2a2  -  62)2  =  4^4  +  8a36  + 8a262  +  4«6' +.  t;4 
.-.  2(2a  +  b)x  -  (2a2-  6^)  =  +  V4^^M^~8^  +  8a^62  +  4a&«  +  b^ 
=  ±  (2fl2  +  2a6  +  62)  ..,  2(2a  +  6)x  =  2a2  -  6^  j.  (2a2  +  2a6  +  62) 
=  4a2  +  2a6,  or  =  -  2a6  -  262  =  2a(2a  +  6),  or  =  -  26(a  +  6) 

.    ,     2a(2a  +  6)  6(a  +  6) 

••^  =  -2(2^T6)=^»orx.--^^^ 

173.  Since  x  =  4^,  and  v  =  ^^.  x^v-^±L  ^  «^  +  ^ 
^2_aj,a6^1         «^  ^  ^' '"' '     «^  ^  1 '   ^  "  ^  ^  ^TTT  +  ^6^ 

^^  "*"  ^  2a  +  a6  +  1  2a  +  a6  +  1  -  a6  ^  1 

^  +  y  -  1  _  a6  4-  1        "•  ' 

^  +  y  +  1  ~    2a  +  a}>  +  1       ' 


~^6Tl         +  ^ 


a6+l 

- 

2a  +  a6  +  1  +  a6 

TT 

a6  +  l 

2a 


a 


"  2a  +  2ab+  2  ~  a-hab  +  I 

174.  2x2  _  2^^  _  2xy  +  2yz  +  2/  -  2xy  -  2yz  +  2xz  +  2^2  -  2xz 
+  2xy  -  2j/z  =  2x2  +  2y^  +  2z^  -  2xy  -  2x;s  -  2i/z 

=  (x2-  2x2/  +  2/2)  4-  (x2^  2xr  +  ^2)  ^.  (■^^2yz-hz^ 

=   (X  -  2/)2  +  (a:  -  Z)2  +  (y  _  ;;)2 

1 75.  (a  +  6)2  -  c'\  (a2  -  62)^  +  406^2  -  cy(a  ^by^(? 

(a  +  6)2c2  -  c* 
(a  +  6)2c2_c* 


5Iis.Ex.lT6,lT?.]  ALGEBRA.  191 


x9  +  2x^ 


z*  +  2x=*  +  2x 


2x^  +  2x*  +  2x3  +  2x2  +  2x  +  2 
x8  +  x^  +  X*  +  x^  +  x2  +  X 


-x^  -z*-x*-x2-x-  1 
•'  +-a;2  +  r  -f-  l^x''  +  X*  +  x-^  +  x2  +  X  +  1  (x2  -  X 
a;'  +  x6  +  x^  +  a*  +  x^  +  x^ 
-x^  -  x''  +x  +  1 
—  x^  -  x^  -  x*  -  x^  -  x^  -  X 


x*+x3  +  x2  +  2x  +  l 
x*  +  x3  +  2*+2x  +  l)x«+x*  +  x'  +  x2  +  x  +  l(x 
x"  +  X*  +  x'  +  2x2  +  X 

-    x2+  1 

r2  -  1 )  Jt*  +  X3  +  X^  +  2X  4-  1  (x2  +  X  +  2 
X*-X2 


177. 


?:''+2x2  G.C.Ar.3X  +  l)x2-l(x-l 

fl^-x  0:2  +  3. 

2x2  +  3^  ^x-  1 

2x^-2  ^x-1 
3x  +  3 
3(x  +  1) 

(2x    +    3)(x    -    1)  (X    -    7)(x    +    1)         X    +    2 


(X    +    5)(x2    -    1)         (X    +    5)(x2  _    1)    -   x2  +    I 

2x'  4-  X  -  3  -  (x»  -.  6x  -  7)       X  +2  x'-7x  +  4  x  +  2 

(x  +  6)(x2-l)  "x'+l  ""  (x  +  5)(x»-])  ~  i^TY 

(x^    +    7x    +    4)(x2    +    1)    -    (J    +    2)(x''    -    l)(x    +    5) 

(x  +  5)(x*-l) 
(x'  +  7x  +  4)x2  +  x^  +  7x  +  4  -  (x^  4-  7x  4-  IO)x^  +  x»  +  7x  +  10 

(X  +  5)(x*  -  1) 
2x2  ^.  24j  4-14  .  6x^       14x-4x2+U 
(X  +  5)(x*  -  1)       ""  (X  +  6)(x*-  1) 


1^2  KEY  TO  lMis.£2.1t8,l79. 

_  (1^8) 

(a  -  6V  -  1)(«  +  6V^)    ~  a=^- 62(^^)2 

2a^  >-  26^  _  2(a^  -  Z>2) 

179.  Let  a:  -  3y  be  the  first  of  any  four  positive  quantities  in 

^.P.,  and  let  2y  be  their  common  dijQTerence. 

Then  the  four  quantities  are  a;  -  3y,  a:  -  7/,  a:  +  y  and  x  +  3y. 

And  the  sum   of   the    extremes  =  x  -  Zy  +  x  •{-  Zy  =  2x. 

Also  the  sum  of  the  means  =  x  r-y  ■{■  x  -{-y  =  2x.    And  2x  =  2x 

.-.  the  sum  of  the  extremes  =  the  aum  of  the  means. 

a: 
Again  let  -^  be  the  first  of  four  positive  quantities  m  G.P.^ 

and  let  ij  by  their  common  ratio. 

Then  the  four  quantities  are  — ,  — ,  x  and  xy. 

bum  of  extremes  =  -^  +  a:i/  =  — j~  -  sum  of  means  =  -  +0; ^ 

y  y^    '  y  y 

X  ■{■  xy^   -^  X  +  xy  -> 

Ihen  a — ■  5  ■ — ,  according  as  x  +  xy^  ^  xy  +  xy^^ 

orasl+2/3|  y^y2.   or  as  (1  +  y)(l  -  y  +  y^)  |  y  (1  +3/); 

or  as  1  -  y  +  7/2  I  7/ ;   or  as  1  +  y^  >  2y.    But  1  +  y^  >  2y  by 
X  +  x]^      X  +  xy 

extremes  is  greater  than  the  sum  of  the  means. 
Lastly,  if  as  before  x  ^  Sy,  x  ~  y,  x  +  y  and  a:  +  3y  are  in  ^.P., 

their  reciprocals  ^-^^^  ^^,  ^^  and  ^^^  are  in  JT.P, 

^,  1  1  2a; 

^^^°  .^~r-3^   +  rT~3i   =  a:=»  -  9y^  =   ^^^^    °^   extremes. 

^°^    TTY   +   TT7  '^    a:«  -  2/2    =  Slim    of  means. 


Art.  134  Note  2,  .-.  — -^-^  >  — ;;; — ,  that  is  the  sum  of  the 


His,  Ex.  179-184.]  ALGEBRA.  193 

Now  whether  y  be  positive  or  negative,  y^is  necessarily  positive, 

2x  2x 

and  therefore  x=  -  y^  >  x^  ^  ^y\  and  .-.  ^3  _  g  a  >  ^2   _     a  ; 

that  is  the  sum  of  the  extremes  is  greater  than  the  sum  of  the 

means. 

2/1-1 

180.  ^an-i   =   {-^'^  +   (2/i  -   2)d} — 2 >    ^'i^   ^vheu   d    =    a 

2/1-1  2/1-1 

'S'an-i  =  {2a  -  (2/t  -  2)a}— g—  =  {2a  +  2an  -  2a}— 2—  =  na(^l)i  -  1) 

Also  (2/1  -  ly^  term  «  a  +  (2n  -  2)d  =  a  +  (2n  -  2)a  =  a  +  2a/i  -  2a 
=  0(2/1  -  1)  .'.  sum  of  2/i  -  1  terms  =  the  (2n  -  1)*^  term  x  n  when 
the  series  is  ascending,"  i.  e.  when  the  first  term  is  the  least  and 
the  last  term  is  the  greatest. 

181.  ab  +  h'Joir'  -  x^  =  x^  .•.  h'^d^  -  x^  =  x^  -  ah]  d-b"  -  b^x'^ 
■~x*-  2abx^  +  a^b^  .-.  x*  -  2a5x2  +  b^x^  =  0  ;  or  x\x^  -  2ab  +  b^)=0 
.-.  x  =  0  or  x  =  ±  V6(2a-T) 

182.  3x^  +  a;^=3104;  36x3  +  12x^+1  =  37249;  6x6  +  1  =  +  193; 
6x6  =  192  or  -  194 ;  x6  =  32  or  -  32 J  ;  x6  =  2,  hence  x  =  64; 
or  x5  =  (  -  32J)6,  whence  x  =  V(32l?  =  32J  i^'slj  =  %^  ^ 
-''/VW=VV^857 

x2+2ax  +  x2-x2+2ax-a2       ^2+ 26x  +  x^- 52+  26x-x3 


183. 


X*-  a* 

4ax  4Z>x 


•  •  x2  -  a2  -  62  -  x^  •  •  x^-Z-d^  =  W:rV''  '^'-  '^^=  bx*-ha\ 
or  6x2  ^  flj.2  -.  jj52  ^  5j[2  .  ^5  ^  fi^y.2  -  fjjjQy  ^)  .^  J.2  _  g^j^  whcncc 
X  =  i  -JliS 


184.  Vx2+  V^^  +  96  =  11 -X  .-.  x2  +  Vx2  +  96  =  121  -22x  +  x2 
.-.  V^^+  96  =  121  -  22x.     Again  squaring 
x2  +  96=  14641  -  5324X  +  484x2    .^  483x2-  5324x  =  -  14545; 
5324  14545 

5324        /2662Y     7086244     14545     7086244-7025235 
'"'  ^^"■"is^^'*'  V483y    "233289"    483    "  233289 

N 


194  KEY  TO 


[Mis.  Ex.  184-186. 


2663 _         /  61009  247 

483  ~  -  V  233289  ~  -  483 


2662  +  247      2909  2415 

•■•  ""  =  ~~  483  ~  =  48¥  5   ^'^  483"  =  ^'^^'^  ""'  ^ 

185.  Let  X  -  the  left  hand  digit,  and  y  -  theright  hand  digit ; 

then  the  number  is  10a;  +  y 

lOx  +  y 
.'.     :^~^  =  21,  whence  I0x-i-y  =  21^;-  21y,  or  22y=i  Ua',  orx  =  2y 

lOx  +  y 
Also -— ^  +  IT  =  IOj/  +  .r,  whence  2lx  +  18y  =  llxy  +  10/+  a;^ 

But  X  =  2y;  substituting  this  in  the  last  equation,  we  have 
54y  +  ISy  =  22?/2  +  lOi/^  +  4/  .-.  12  =  36y,  whence  y  =  2 
And  a:  =  2y  =  4  .-.  the  required  number  is  42 

186.  Let  X  =  minutes  per  mile  taken  by  B,  then  x  +  1 

60 
=  minutes  per  mile  taken  hj  jI;   —  =  miles  per  hour  of  B,  and 


60 
x  +  l~ 

miles  per  hour  taken 

hjJ. 

The 

second  time  round 

the  rate 

per 

hour 

of  B 

60 

r   —  • 

X 

-  2 

60  - 

-  2x 

^       ,  and  rate  per  hour  of  J 

=  — 
a. 

60 

+  2  = 

62  + 

X   + 

2x 

i 

:  +  1 

1 

And  since  the  course  is  2  miles  long,  the  time  in  hours  taken  by 

B  to  go  round  =  ^^^  ^  -——  =  gff^  .-.   time  in 
x+l  X  +  I 

60a;  +  60 
mmutes  required  to  go  round  =     _.     —  /.  minutes  per  mile 

30a;  +  30 
taken  hj  Jt  =    ^i  +  x  '  similarly  minutes  per  mile  in  2°^  round 

30a; 
required  hj  B  =  ^^  _  ^,  and  since  j1  does  the  two  miles  in  two 

minutes  less  than  JB,  his  time  per  mile  will  be  one  minute  less 

30a;   +   30  30r 

than  B  .-.     ^^  ^  ^     +   1   =   3Q  ^  ^,  whence  by  reduction 


:Jis.  Ex.  1S6-190.] 

ALGEBKA. 

195 

rtOj-  +  30  +  31+0: 
31  +x 

31j;  +  61        30x 
31+a;    "30-a'*' 

,  930a;  +  1830  - 

31x2- 

•61.r 

=  930j;  +  30a:2;    or 

-61.1-2- 

Glx  =  -  1830, 

whence  x- 

•  +  .r  - 

30; 

2^  +  X  +  i  =  ^i-L  .-.  X  +  J  =  +  Yj  and  a-  =  5 

.-.  .is  rate  P'  round  =5  +  1  =  6  min.  per  mile  =10  miles  per  hour 
B's  rate  1^'  round  =  5  minutes  per  mile,  or  12  miles  per  hour 
..is  rate  2">i  time  round  =  10  +  2  =  12  ro'Ies  per  hour 
^  s  rate  2"'^  time  round  =  12  -  2  =  10  mdes  per  hour 
Whole  time   of  B  for  both  rounds  =   10+   12  =   22   minutes 
Whole  time   of  ^  for  both  rounds  =12  +  10=   22  minutes 
.  .  neither  horse  wins. 

18 1.  Let  z,  X  +  Ij  X  +  2,  X  +  3  and  a:  +  4  be  any  five  conse- 
cutive integers;  then  x(x  +  2)(j;  +  4)  +  (x  +  I)'  +  (.r  +  3)^ 
=  (x  +  2)(x2+  4x)  +  x3  +  3x-  +  3x  +  1  +  x^  +  Qx'-^  +  2Tx  +  27 
=  (x  +  2)(x2+4x)  +  (x3+4x2+5x  +  2)  +  (4x  +  8)  +  (x3+8,i-^  21,r  +  18) 
=  (X  +  2)(x2+  4x)  +  (X  +  2)(x3+  2x  + 1)  +  (x  +  2)4  +  (x  +  2)(x-+  Gx  +  9) 
=  (X  +  2)[(x3  +  4x)  +  (.r-  +  2x  +  1)  +  4  +  (x^  +  6x  +  9)| 
=  (X  +  2){(x=*  +  2x  +  1)  +  (x2  +  4x  +  4)  +  (x2  +  6x  +  9)] 
=  (X  +  2)f(x  +  1)2  +  (X  +  2)2  +  (X  +  3)-}  =  product  of  middle 
number  by  the  sum  of  the  squares  of  the  middle  three. 

18S.  X*  +  y*  +  X*  +  4x*y  +  6xV  +  4x^  +  y* 
=  2.1-1  4-  4x3y  +  6x2/  ^  4j.y  +  2i/*  =  2(x*  +  2x'y  +  3xY^  2xy^  +  y<) 

-  2(r-TiX»/  +  y2)3 

180.  (x3  +  t/  +  x-y  +  xy^(  x^  -  /  -  x=^y  +  xy^) 
=  |(x'  +  xi/^  +  (y^  +  x2y)|[(.r'  +  .T.v^)  -  (|/»  +  xh,)] 
r.  (x^  +  xy-'f  -  (y^  +  xY>  'r  +  ^^i/*  -  (y*  +  2xV  +  a:V) 

x5  +  x*y-  -  x'^y*  -  y6 

190.  x2  =   (VaT5  +  ^fT^rSyi  =  a  +  6  +  2Va-^  -  4^  +  a  -  i 

2a  i  27tt2-rp  ; 
^;x*-  Jx*  =  x2(a  -  ix-)  =  {la  +  2Vi?'^^Hrt  -  {\a  ±  I'/oT^^)] 

-  {-••  1  2V'''  -  6^11  i«  +  Wa-  -  6-|  =  I'i  i  v'<r  -  6-)(«  +  V^»"  -  *''') 

)  =  62 


196  KEY  TO 


[Mis.  Ei.  191-159. 


191.  ax'^  +  (ay  +  az+  2€y)x'  +  (%2  +  2cy^  +  2cyz)x  +  (hy^  +  hfz) 

l\a    +  (ay  +  az  +  2aj)     +  (by^  +  2cif  +  lajz)  +  {bf  +  hxfz) 

"  (y+-)|      -  (^y  +  «-) -  (2cy^  +  2cj/z)  -  (6y3  ^  ^^2^^ 

a  -+ 2cy  +6i/^  " 

.-.  quotient  =  ax^  +  Icyx  +  6^^ 

192.  {x^f  -  (V^f  -f  (a;'*  -  1")  =  a-«  +  1«  =  a;"  +  1 

193.  l-l  +  l-a;  +  2x-3  +  5.c  +  2  +  4-5x  =  4  +  j: 

194.  aQ)^  +  26c  +  c^)  +  6(c2  +  2ca  +  a^)  +  c(a2  +  lah  +  60 

-  {(a2  _  a6  _  flc  +  6f)(6  +  c)  +  (ft^  _  fee  -  a5  +  a£)ia  +  0 
+  (c2  -  ac  -  6c  +  a6)(a  +  6)}  -  aV^  +  acp-  +  ftc^  +  6a2  ^  ^^2  ^  ^^2  ^  g^^^ 

-  a%  -  o?c  -  b^a  -  b'^c  -  c^a  -  c%  +  Qabc  =  12a6c 

195.  f (6  +  c  -  a)  +  (c  +  a--b)  +  (a  +  6  -  c)]x  -i-  {(c  ■]- a  -  6) 
+  (a  +  b-c)  +  (b  +  c-  a)]y  +  {(a  +  6  -  c)  +  (6  4-  c  -  a)  +  (c  +  a  -  b)\z 
'  (a  +  b  +  c)x  +  (a  +  b  +  c)y  +  (a  +  b  ^c)z  =  {^a-\-b  +  c)(x  +  y  +  z) 

196.  (:c  +  22/)3x(x-2J/)3=(a:2-4/)'  =  a;6-i2xV+48xV-64?/6 
(a  +  tV'^Xa  -  iV"^)  =  «^  -  &^(  -  1)  =  a2  +  6^ 

197.  {(a  +  6  +  cXa  +  b  -  c)}{{c  -  a  +  6)(c  +  a  -  b)] 

=  {(a  +  ^,)2  _  c2||^2  _  (a  _  J)2|  ,  ^2|(^  +  ft)2  ^  (^  _  J^2J  _  ^^2  _  ^2)2  _  ^4 

=  2a2c2  +  26^c2 -  a*  +  2^262  _  i*  _  c*  =  2a262  +  2a-c''^.+  2 62c2 -  a*  -  6*  -  c* 
(X  +  1  +  a:-i)(.r  -  1  +  x"!)  =  {(x  +  x-i)  +  l]f(a;  +  a;-i)  -  1| 
=  (x  +  x--^f-  1  =  x^  +  2  +  x-^  -  1  -  x^  +  1  +  x-^ 

198.  (2x4  _  3^3y  4.  43.Y  _  5^2/3  +  6^4)  -f  6x^2/2 
=  ia;2y-2_  Ja:?/-i  +  §  -  tx-i?/  +  a:-Y 

=  8  -{  W.  y.  =  8(a:'  +  !xV  +  i/)  =  Sx'  +  4i:*y  +  2y2 


MiH.  Ex.  199-204.]  ALGEBRA.  197 

(x'-  (ipx^+  n'px  -  a')  f  (x  -  «)  ^  {(x'-  (1^)  -  apx(x  -  a)\  ^  (x  -  a) 
=  (x-  +  ax  +  a~)  -  apx  =  X- ■\- (I  -  p)ax  +  ar 

200.  (I)  (x2  -  3x  -  4)  =  (X  +  l)(x  -  4),  and  (x^  -  2x  -  8) 
=  (X  +  2)(x  -  4)  ;  (x2  +  X  -  20)  =  (x  -  4)(x  +  5)  .-.  G.C.M.  =  x  -  4 

(II)  3x3+4x2-  3x  -  4  =  x2(3x  +  4)  -  (3x  +  4)  =  (x^-  l)(3x  +  4) 
2x*  -  7x^  +  5  =  (2x2  „  5)^.2  _  (2x2  „  5)  =  (2x2  _  5)^3:2  -  i) 
.-.  G.e.M.  =  x2- 1 

(in)  Let  p  be  the  G.C.M.  of  in  and  71;  then  the  G.C.M.  of 
(«™  +  a"^),  and  (x"  +  a")  =  x?  +  a?,  and  of  (x"»  -  a'"),  and  x«  -  a'* 
=  xP  -  aP  .-.  required  G.C.M.  =  (x?  +  aP)(xP  -  a?)  =  x2i'  _  a^P 

201.  (I)  l.c.m.  of  (X  -  2a)(x  +  a),  x2(x  +  a),  and  a(x  +  a)(x  -  a) 
-  aj:2(x-  -  2a)(x  +  a)(x  -  a)  =  ax-^  -  2a2x*  -  a^^x^  +  2a'»x2 

(II)  x3  -  xhj  -  a^x  +  flZy  =  (x2  _  a2)(x  -  y)  ;  x^  +  ax2  -  xy^  -  «/ 
^  (X  +  a)(x2 -f).-.  l.c.m.  =  (x2  -  a2)(x2  -  y2)  =  x*  -  x2y2  «  ^2x2  +  a2y2 

202    (^  +  ^-g  +  <^)(^  +  ^-g-^)       (6  +  c~g-K£)(6  +  c-a-rf) 
•  (a4-6-c-rf)(a-}-6  +  c  +  rf)  ■*■  (6  +  c-f  a  +  ^X^ +  c-a -rf) 

(c-f  a  -6  -hrf)(c  +  a  -  6  -  fi) 

"^  (c  +  a  +  6  -f  d)  (c4-a-6  -rf) 

_  o  +  6-c  +  <j       h  i-  c-  a  +  d       a  +  c-b+d 

~  a-hb  +  c  +  d  "^  a  +  b  +  c  +  d  "^  o+TTcTrf 

_  <»+^-g  +  ^+^  +  c-a  +  rf  +  a-fc-&  +  fZ      a  +  b-h  c  +  Zd 

a  +  b  +c  +  d  ~    a  +  b  +  c +d 

2d 
=  1  + 


a  +  b  +  c  +  d 

203  ^'+2xy  +  7/2-22       (x  +  y)^ -  z^      (x  +  y  +  c)(x  +  ?/- ;) 

•  x2-  2/2  +  2«/i  -  ^2  -    ^.  _  (y  -  s)^  =  (X  +  y  -  c)l:x  -  y  Vc) 
x-\-y  +  z 

X  -  y  +  z 

204  ^'^^  "^  ^^      ^(«  -  ^)  2a6         a^  4-  a26  -  ff(a  -  6)2  -  2flZ>2 

•  6(a2  -  6=^  ""  6(a  +  6)  "  a2  -  62  =  b^a^^l^ 

cr'  +  a^b-a^+  2a^b  -  ab^  ~  2a&2       3a26  -  3aj>2  3ab(a  -  b) 

~^  6(a2  -  ft^)  ^^^  =    6(a2  -  b'^)    =  A(a  -  b){a  +  T) 

a  +  6 


OS 

KEY  TO 

[Mis,  Ex.  205-210. 

205. 

/a^  -  ax 

+ 
.r 

ax 

a^  +  ax  -  ai 

')' 

(a  +  x)2  +  (rt  -  xY 

a  +  x 

a^  -  :»•- 

/"' 

X 

a.  -F  a.-y 

)^ 

2a' 

2  +  2x-2           a* 

Tz  - 

a2  -  a:2                «^ 

(a-. 

-x''    -  a?  -a- 

2(a2  +  x*)  "  2(a'''  +  a;0 

206.  ' 

Aab 

+ 

4a6 

Qab 

Yob 

+  2a2       Gc/6  +  2i)2 
-  2a'^  "*"  2a6  -  2b''  ' 

Aub 

^a 

4a6 

— r  -  2h 

dividing  numerator  and  denominator  of  l^t^by  2a,  and  of  ^"''bj  26, 
36  +  rt        3a  +  6        36  +  rt        3a  +  6        26  -  2a 

we  get  -^^-^:^  +  ^_-^  =  -^-~  -  -^,-::-^  =  -y^-  =  2 


!07.   (1)  V-t''  -  -4a:''^  +  8x  +  4 


<^(a:*  _  Ax^  +  4x^)  -  4(.c^  -  2x)  +  4  =  x^  -  2r  -  2 


a2      2a6      2at'      6^      26c      c^\^      a       b        c 


6^       6c        a6       c^       ac       a'' 


208.  The  sqnare  of  which  aV'^  4-  hx  are  the  first  and  second 

lermSj  is  a'^x'^  +  6a:  +  — ^  .-.  in  order  that  a'^x^  +  bx  +  be  +  b'^  may 

62         c  1 

bo  n  perfect  S(inare,  we  must  have  6c  -I-  U^  =  7^  .-.  -y-  +  1  =  ^-g, 

1         c 

''"'^•••4a^-y=l 

209.  (1)  mnx  +  amn  =  ri^x  4-  am^  .*.  mux  -  n^x  -  aiiv'-  -  amn, 

am(m  -  n)       am 
that  is  (71171  -  n^)x  -  am^  -  amn  .•.  x  =  — ; r  =  - — - 

(11)  2.};''^  -  13x  =  -  6,  whence  a;  =  G  or  | 

Ix  +  1         400  /x  -  \\        400a;  -  200 


210.   (T) 


x-l) 


13   -  Qx         'i    \x-lj  3x  -  2 

whence  2421x^  -  6411.r  =  -  2598,  or  807x2  -  2137x  -~  -  8GG; 

2137  /2137Y=         4nG&7G9    -    2795448    _      1771321 

•^"   ~     807^    "^    [YqTa)      ~  '^(Youy        '■         ~     7 1614)^" 


Mis.  Ex.  210-211]  algebra:  199 

2137  _     VimaJi  _  ±  1330-9  2137  i  1330-9 

•  ■  ^""  1G14~-  "leu"  ^      1614     ■'•^~  i'Gli  =  +  2-14 

or  -  0-49 

(II)  a;2  -  2(a  +  b)x  +  (a  +  by  =  i(a^  -  2ab  +  6^)  =  4(a  -  b)^ 
.-.  X  -  (a  +  b)  =  ±  2(a  -  6),  whence  x  =  3a  -  b,  or  3b  -  a 

211.  ex    -    acy    =  abx   +    by    .:    x(c    -   ab)    =    y{ac   +    b) 
x(c  -  a6)  ax(c  -  ab) 

'  ac  +  o  ^  ac  +  b 

OCX   +   bx  -  acx  +  a^bx        bx   +  a^bx  b  +  a^b 


ac  ^  b  ac  +  b 

ac  ■{■  b  c  -  ab 


7ii  and  y 


1    +  a^' ^        1    +  a^ 

(ii)  x*-^  +  2xy  +  y2  =  49^  and  x^  +  xy  +  y^  =  37  ...  xy  -  12 

x^  -  2xy  +  2/^=1 
»•.  X  +  y  =  +  7,  and  X  -  y  =  +  1  .*.  2x  =  +  8,  and  x  =  ±  4  or  +  3, 
and  y  =  ±  3  or  +  4 

212.  Subtracting  the  second  of  the  given  equations  from  the 

first,   we  liavo   ij{z  -  x)  ~  a-  ~  c-;    to  wliich  aiding  the  third 

equation,  we  have  2yz  =  2a^  .'.  yz  ~  a^  .-.  xz  =  ft^,  and  xy  =  c'^ 

yz      y       a^  a^x  a*x  b'^c^  be 

.    —  -  — .  ^  .   y  :.  __-  .  xy  =  X'-r=r  =  c^  .*.  x'^  =  — j-  .'.  x  =  +  — 

xz      X       b'       ^       b^         ^  b^  a^  -  a 

ac  ab 

whence  also  y  =  +  -7-,  arid  c  =  +  — 

213.  Let  X  =  ^'s  age,  y  =  B's  age,  and  c  =  Cs  age;    then 

3c  4 

y  -  X  =  2(z  -  y) ;    x  +  y  =  y,  and  x  +  y  -  12  =  ^(1  -  G)  ; 

3y  -  /'=  2c; ;    2x  +  2i/  =  3s  ;    3x  +  3y  -  4c  =  12  ;    6x  +  Gy  -dz-O, 
and  Ox  +  Gy  -  8c  =  24  .-.  z  =  24  ;  y  =  21,  and  x  =  15 

214.  S^^  =  {2a  +  (7i-  1>/}  -  =  {3 +  (12-  1)3}G  =  (3+  11  x  3)6 
=  (3+  V)x  C=  117 

A'„  01  Ij  +  2f  +  3-/v-  =  'S:^  of  1  +  2  -»-  3  +  &c +  5„  of  ?  +  H  ^ 
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=  (2  Mn  -  i)i!|-  =  (2  +  „ .  1)1- ,  "±±}} ,  Mi^jm 

n(n  +  1)  ^ 

=   -  -y-    +  2  -  2(ir  =  n«(«  +  1)  +  4  -  4(i)"} 

^ac  ofV2  +  §V^^+  §V2  =  Y-r;^  =      i_|     =         ^        =3V24-2V3 

215.  tti-a^-a^ Of   =   a^^   .-.   aj-rt^-Oj a^^^   =   a/J'-i^^ 

formed  from  o,...i  by  mnltiplying  it  by  a^^  .-.  a^  +  a.^  +  a^  +  &c., 
is  a  Geom.  series  having  a,  for  first  term,  and  a^'^  for  common 

ratio.     Then  .S,  =  a. '  V^TT   =  «'  'i^Viri 

216.  Squaring  each  side  and  transposing,  we  get 

X*  -  20a:'  +  94x'  +  GOx  +  9  =  0 ;  extracting  the  square  root  of 
each  side,  we  hare  a'-' -  lOx  -3  =  0.*.  x'^  -  lOz  +  25  =  28• 
x  -  5  =  +  2V7  .-.  x  =  5  +  2VT 

217.  Multiplying,  we  have  -  .".Ox*  +  46x^  +  Ya-^  -  23ar  +  4  ='4 
.-.  ar(30x3  -  46a-^  -  1x  +  23)  =  0 

.-.  t|30x»  -  30x'=  -  16x2  +  lex  -  23t  +  23]  =  0 

.-.  r[30ar2(a:  -  1)  -  iex(x  -  1)  -  23(a;  -  l)j  =  0 

.-.  x(x  -  l)(30a:2  -  16x  -  23)  =  0  .-.  X  =  0.   Also  x  -  1  =  0  .-.  x  =  1 

Also    30x2  _    ig^    ^-23^    whence    x-^  -     a^-a;    +    jjig*^.    =    sj^ 

.-.  X  =  -^5(4  ±  ly/Y54) 

218.  The  given  series  is  double,  i.  e.  is  equal  to  the  j1  series 

1  +  2  +  3  +  4  +  5  +  &c.,  +  the  G  series  1  -  2  +  4  -  8  +  16  -  &c. 

Then  sum  of  Jt  series  as  follows  : — 

4/1 
-^471  =  {2  +  (4n  -  l)}y  =  (4n  +  l)2n 

^4n+i  =  [2  +  (4n  +  1  -  l)]-^-2 —  =  (271  +  l)(4/i  +  1) 

4^1  +  2 
^4n+2  -  [2  +  (4n  +  2  -  1)] — ^ —  =  (4n  +  3)(2;i  +  1) 

or  4n  +  3 

5'4n  +  s  -  [2  +  (4/1  +  3  -  1)}— 2 =  2(n  +  l)(4n  +  3) 
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Also  suiu  of  G  sericij  as  follows : — 
(-2)*'*-  1       16"-  1        1 


*■-  =  -    -2-1    -=      -3      =    3(l-'«> 

/_3)4n  +  3_j          ^ 
^V.3=              _3          -=    3{l-(-2)*"-=^} 

.-.  of  given  series  ^"^^  ^  2n(4w  +  1)  +  \{l  -  16") 

^4n.i-(2n  +  l)(47i  +  l)  +  ^[l-(- 

.  2)4n  +  1 

(_2)4n..| 

219.  Let  X  =  number  in  width,  and  y  =  number  in  the  length ; 
then  xy  =  whole  number  in  the  bunch.  Also,  since  y>  10  but 
<  20,  y  =  a  number  of  two  digits  .-.  when  x  is  written  to  the  left 
of  y  it  must  occupy  the  third  or  hundreds  place  .-.  100a:  +  y 
=  the  number  in  scale  of  10. 

Also  since  x  <  10,  it  consists  of  but  one  digit,  therefore  when 
written  to  the  left  of  y,  the  number  will  be  represented  by 
lOfj  +  X  which  .-.  =  number  in  scale  of  10 

Again  in  similar  rectangles  the  perimeters  are  as  the  cor- 
responding sides,  ^nd  whole  perimeter  of  first  bunch  =  2(x  +  y), 

x^y 

and  of  second  bunch  xy  .-.  2(x  +  y)  :  xy  ::  x  :  — r  =  width 

2(x  +  y) 

'xy"^ 
of  2nd  bunch,  and  2(x  +  y)  :  xy  ::  y  :  — r  =  length  of  2nd 

^{^x  +  y) 

bunch    .'.    whole   number  of   matches   in   the  second    bunch 

x^y  xy'^  x^tfl 

X 


.2(x  +  y)       2(x  +  y)       4(x  +  y^ 
Then  from  first  condition  lOOx  +  y  :  xy  ::  a  :  2  Q) 

"         second     "  lOy  +  x  :  xy  ::  a  -  10  :  A  (11) 
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From  (ii)  201/  +  2x  :  xy  : :  a  -  10  ;  2  .-.  20y  +  2^  +  Dy  :  xy  : :  a  :  2 
.-.  20?/  +  2x  +  5xy  :  xy  ; :  100a.-  +  ij  :  xy 

.',  202/  +  2x  +  5a;3/  =  100a;  +  y  .'.  5xy  =  98x  -  19?/  (iv) 
Also  from  (in)  xY=  I6(a;  +  yy  .-.  xy  =  4(a:  +  y)  .-.  5a:t/  =  20(a:  +  y) 
Substituting  this  in  (iv),  we  have  20a;  +  2y  =  98a;  -  19?/,  whence 
2a-  =  y. 

Again  substituting  this  in  (in),  we  have  x^  =  I6(a;  +  yy 
that  is  4a:*  =  16(a.-  +  2xy  .-.  2x'  =  4  x  (3a:)  .-.  2a:^  =  12a:,  or  a;  =  6 
.-.  y  =  12;  md  xy  =  G  X  12  =  12  =  number  of  matches  in  ti.e 
bunch. 

220.  Since  the  conditions  giving  the  equations  (i)  and  (ii) 
remain  the  same,  these  equations  and  .-.  also  (iv)  which  is  derived 
from  them  independently  of  (iii),  remain  the  same. 

.'.  we  ha.ve  but  to  solve  in  positive*  integers  the  equation 
5xy  =  98a:  -  19?/,  remembering  that  x  <  10,  and  y  >  10  but  <  20 
5a-y  =  98a:  -  19^ 
.-.  5xy  +19y  =  98a: 

98a; 
•'•  y  ~  5x  +  19 

400a;  18G2 

•*•  ^^  -  5iTT9  =  ^^  ~  5r+l9 

XT         .  .         .  1862 

Now  since  y  is  an  integer,  ^^  ^  ^^  is  also  an  integer. 

And  since  x  is  integral,  5x  +  19  must  equal  an  integral  divisor 
of  1862,  and  further  since  x  is  finite,  positive  and  less  than  10, 
5a;  +  19  will  be  >  19  i)ut  <  69  and  will  end  in  9  or  4  according 
as  X  is  even  or  odd. 

Now  the  onlj  divisor  of  1862  fulfilling  these  conditions  is  49 
.'.  5x  +  19  =  49 

.-.  y  =  6 

98a; 
^  "^  5a;  +  19  ^  ^^ 
.-.  xy  -  72 


*They  must  be  positive  from  the  nature  of  the  problem. 
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L'2l.  Le(  X  -  rate  per  hour  of  the  express  down ;    y  =  rate  per 
hour  lif  uccommodation  dowa,  aud  d  =  distance  from  Stratford 

m  ^  d 

to  Toronto.     Then  —  hours  =  time  down  by  express,  and  — 

d 
=  time  down  by  accommodation.     Also  —  =  cents  per  mile  in 

d  rf2 

express    tare,    and   —   x  </  =   —   =   whole    fare    by  express. 

d                 ,              .                 "^                d 
•*■  -  ~  =  i''^te  of  expressing  going  up  .-. j  =  hours  on  road 

going  back  x 

But  if  the  fares  had  varied  as  the  velocities;    then  fare  at 
X  :  tare  at  y  : :  v  :  y  .-.  fave  at  x  -  fare  at  y  :  fare  at  x  ::  x-y  :  x 

But  in  this  case,  fare  at  x  -  fare  at  y  =  d  cents,  and  since  fare 

d^ 
by  express  to  Toronto  remains  the  same,  d  :  —  :\  x  -y  :  x  (i) 

d 
X  :  X .-.  fare  at 


d 

—    cents 


Using  the  formulas  now  found  in  expressing  the  remaining 

d         \  /  d\'^ 
statements   in    the   problem,   we   obtain    —  =  — (  —  )      (in); 


Also  f:\re  at  x  :  fare  at  Ix- 

i) 

::  X  \  X 

X  -  fare  at  (  ^'  -  —  )  .'  fare  at  x  : 

d 

X 

;  X 

But     fare    at    ;r    -    fare    at    | 
d      d-'         d 

(x^ 

i)' 

•••"-T^T^'T'^C") 

Then  from  (iii)  dy  =  2x~  (iv) 

from    (I)  x'^  =  d(x  -~y)  =  dx-  2x\  by  (iv)  .-.  d  =  3x  (v) 
from  (ii)  a;^(a;2  -d)  =  d^  .-.hy  (v)  x\x^  -  Zx)  =  27a;=» 

•,  x^  -  3x  =  27x  .-.  X  -  3  =  27  .-.  x  =  30  .-.  d  =  3x-  =  90  miles 

d^       90  X  90 

»!    from    Toronto    to    Stratford:    and    —  =  — 

'  X  30 

-   2  70  «tnt3  -  $2-70  =  fare  from  Toronto  to  Stratford. 
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222.  ,:y,:~^:,^.,^  l  ox/.^  !-  25  -  i)  -  45VPT15  ^  5(x^  +  45) 
.-.  (0  A^  25(^:2 +9)(VP+T5  -  1)  .^  5(xH  25  +  9VFT25  +  20) 
=  G{(VFT25)(VPt;-25)  ^.  9^:^^5  ^  20} 

=  5[(VS^T5)(V:?n^T5)  +  5VP+T5  +  4VFTT5  +  20} 

^-  5(V?q:T5  +  5)(VPi:X5  +  4)  (n) 

But  (VF+T5  +  5)(VH?TT5  -  5)  =  x^       -j 

And  (V:FTT5  +  4)(VS2+T5  -  4)  =  x^  +  9 J    •'•  ^'""'^   ^'^  ^"^  ("> 

(V^^25  +  5)(ViM^5  -  5)(Vx2T25)(Vi^ir5  +  4)(y:i^T5  -  4) 

(V^^  25  -  1)  :r  5(Vi^T5  +  5)(Vx2T"lJ5  +  4) 

.'.  (V^nT5  -  5)(Vi^+T5)(V"i^?T5  -  4XV^^T'Z5  -  1)  =  5  (i,i) 

.-.  (x-^  +  25  -  6y/i-^T25Xx'  ■'r  25  -  5vG:"2T"2"5  +  4)  -  5 

.-.  (x^  +  25  -  5V.?^T5)2  -f=4  (x2  +  25  -  S^^^+Ts)  =  5 

•  ••  (x-^  +  25  -  5V^^+-2-5)2  +  4(x^  +  25  -  V^+T5)  +  4  =:  9 
.-.  x^  +  25  -  5Vi-^T5  =  -  5  or  1 

.-.  (x2  +  25)  -  5V5^+'2'5  -f-  ^£-  =  f  or  -^       \^^ 

•  V^^^r25  _  S  ±  V5         5  ±  V29  '^ 
-  •  .  V-^    +  2y  =  — ~ —  or  - — r 

.-.  X'  +  25  -  :|(30  ±  10V5)  or  ^(54  +  10V29) 

U-lieuce  X  =  KVi  10V5-Y0)  or  ^V  ±  10V29  -  46' 

Also  V^^25  +  5  =  0,  whence  V.^^25  =  -  5,  or  x^  +  25  =  25  .-.  x  -  ■- 

VJ^25  +  4  =  0,  whence  V^FT25  =  -  4,  or  x'^  25  =  16  .-.  x^  -  -  9, 

or  X  =  +  3V^n; 

22.-^.  Letx  =  number  of  yards  dug  at  $1-25;  then  100  -  x 
=  nuraberof  yards  dug  at  $0-75  .-.  l-25x  =  50  =  -75(100 -x). 
Therefore,  we  have  two  independent  equations  containing  only 
one  unknown  quantity,  and  any  solution  obtained  from  one 
equation  is  inconsistent  with  the  other;  consequently  the 
problem  is  impossible. 

224.  Let  X  =  length  of  one  side  of  rectangle  and  y  =  other  ; 
then  xy  =  area,  and  2(x  +  y)  =  perimeter  of  the  rectangre;' 
and  xy  =  area  and  4-/?^  =r  perimeter  of  the  square. 
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(I)  .-.  xy  =  \m^Jxy  (i),  and  xy  =  2n{x  +  y)  (n).  From  (i>  'fxy 
=  4m  .-.  xy  =  U??i-  (m),  substitute  this  in  (ii),  and  we  get  IQm^ 
=  2n(x  +  y)  .-.  8,?t2=  „(j;  +  y)  (i^)_  Squaring  (iv),  we  have 
64/n*  =  n'-(.r  +  yf ;  multiplying  (iii)  bj  Aii",  we  have  64ffAi2^  4^2^,^ 

•.  bj  subtraction  QAm^iti^  -  n^)  =  n^x  -  yy  .-.  +  8wV«i^""^^^ 

Adding  (iv)  and  (v)  and  reducing,  we  get  x  = (m  ±  V/zi^  -  tt^) 

Taking  (v)  from  (iv)  and  reducing,  we  get  y  =  — (m  +  ^^^  _  n^) 

(II)  When  the  perimeters  are  equal  J  then  takings  and  y  as  before, 

we  have  2(x  +  y)  =  perimeter  of  the  square,  and  ^^^^  =  its  area ; 
(X  -{-  yy 

J        =  2/n(x  +  y)  (i)  ;  or)/  =  2n(x  +  y)  (n).     From  (i)  x^  y 

=  8in  (in),  substitute  this  in  (11),  and  xy  =  iQnm  (iv) 
Square  (iii),  subtract  4  times  (iv)  and  then  take  the 
square  root,  and  we  have  x  -  y  =  +  S's/m^  -  mn  (v) 
Adding  (iii)  and  (v)  and  reducing,  x  =  A(m  ±  V»i^  -  nm) 
Subtracting  (v)  from  (iii)  and  reducing,  y  =  4(m  +  V'^^  -  vm) 
225.  Let  X  =  age  of  younger  at  first  trial,  and  y  =  age  of  elder. 
Let  r  =  ratio  of  throw  to  age  at  first  trial,  and  r  =  ratio  of  gain 
of  one  to  age  of  the  other  at  second  throw  .-.  first  throw  of 
younger  =  rx,  and  first  throw  of  elder  =  ry;  gain  of  younger 
=  ^,(y  +  0  ;  gain  of  elder  =  r  (ar  +  1)  ;  second  throw  of  younger 
=  rx  +  r^(y  +1);    second  throw  of  elder  =  ry  +  r(x  +   1). 

Also  H.  mean  of  their  ages  at  latter  trial  =  ^(^  +  '^ISAtll. 

x  +  y  +  2       ' 
t(x  •}-  v) 
Jl.  mean  of  first  throws  =  — ^ — >  and  A.  mean  of  2nd  throws 

_  r(x  +  y)  +  r,(x  +  y  4-  2)                                               rXx  +  y  +  2) 
-  2 •"•  difference  of  ^.  means  =  — ^^ — ^- 

Longest  throw  =  second  throw  of  the  elder  =  ry^r{x  +  !)• 
value  of  ratios  compounded  of  ratio  of  throw  (o  age  ami  gain 
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to  age  of  other  =  rr  ;    value  of  ratio  formed  by  multiplying 

antecedent  of  this  compound  ratio  by  i  product  of  ages  at 

second  trial  =  lrr^(x  +  l)(t/ +  1)  j   value  of  the  ratio  of  Avhich 

this  is  the  duplicate  =  Wrrjx~+lj(ir+li) ;    value  of  the  ratio 

compounded  of  the  ratio  of  throw  to  age  of  one  with  gain  of  one 

r 
to  age  of  other  =  — 

Then  using  the  values  thus  expressed  in  stating  the  problem^ 
we  have  the  four  equations  : — 
ry  -  rx  =  24 ;  or  r(y  -  x)  =  24  (i) 

{ry  +  r  (X  +  1)}  -  {rx  +  rfjj  +  1)]  =  25 ;  or  (r  -  r,)(2/  -  a:)  =  22  (u) 
ry  +  r,(x  +   1)  _  1{x  +   l)(y  +   i) 

r,{x  +  y  +  2)    ~  x  +  yT2  '    or  r  =   r^(x  +   1)  (ni) 

2 


l^lrrfx  +   l)(y  +   1)  =  _;    or  {x  +   l)(y  +  r)rf  =  4r   (iv) 

Then  (i)  -  (ii)  gives  r  (y  -  ar)  =  2  (v)  ;  substituting  (iii)  in  (ii) 
rx{xj  -  X)  =  22  (VI)  ;  dividing  (iv)  by  (v),  we  have  x  =  li 
=  age  of  younger  at  first  throw  (vii).  Substituting  (vii)  in  (iii) 
r  =  12r ,  and  in  (v)  rf^y  -  11)  =  2  ;  also  substituting  (in)  in  (iv) 
and  reducing,  rf{y  +  l)  =  4  (viii).  But  r  (y  -  11)  =  2 
•••  r^(M  -  11)  =  2r  ;  subtracting  this  from  (viii),  we  have 
12;;^  =  4  -  2r  .-.  6r;^+r^  =  2  .-.  r^  +  ^r  +  ^k  =  ^  +  rh  =  /A' 
•'.  r,  =  ±  iV  -  iV  =  ^  But  r  =  12r  .-.  r  =  G,  and  since 
r(y-ll)  =  2;  i(j/-ll)  =  2  .'.  2/-il  =  4,  orjr  =  15  =  age  of 
elder  .-.  throws  at  first  trial  =  11  x  6  =  66,  and  15  x  6  5=  90  j  and 
throws  at  second  trial  =  66  +  ^15  +  1)  =  74;  and  90+^11  +  1) 
=  96 

THB  END. 
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